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The infrared and Raman spectra for phosphoryl chloride, thiophosphory] chloride, and phosphory] fluoride 
were collected and examined for the most probable values for the wave numbers, intensities, and depolariza- 
tion factors. The data are as follows: The Raman displacements Ao in cm™, the relative intensities 7, and 
the depolarization factors p are for POCL;: Ag(1)p=192.85 (8) 0.83, 267.39 (6) 0.64, 337.44 (7) 0.81, 
4186.24 (10) 0.05, 581.2 (3) 6/7, and 1289.9 (5) 0.04; for PSCl;: 172 (5) 6/7, 247 (7) 6/7 
430 (10) 0.1, 538 (1) 6/7, and 753 (1) P; and for POF;: 337 
infrared) P, 875 (s) 0.05, 982 (vw) 6/7 


, 247 (calculated 
w) 6/7, 476 (m) 6/7, 483 (from 
, and 1395 (m) 0.1. As for the infrared spectral data, those of 
G. Cilento et al., were used for PSCl;, and those of Gutowsky and Liehr were used for POF;. No published 
infrared spectral data were found for POCI];. Also normal coordinate treatments were conducted for POCh, 
PSCl;, POF;, and PSF; on the basis of a model having C;, symmetry. The normal coordinate treatments 
gave the listed wave numbers as fundamentals and lend support for the 247 cm™ band for PSCl; and 483 
cm™! band (observed in the infrared and assigned as fundamental by Gutowsky and Liehr) for POF; as the 
missing Raman bands. Moreover, the F matrix elements obtained for these molecules were determined in 
such a manner that those potential constants for the PCl; group had nearly the same values in both POCI; 
and PSCl;, those for the PF; group had nearly the same values in both POF; and PSF, the one for the PO 
group had nearly the same value in both POCI; and POFs, and the one for the PS group had nearly the same 
value in both PSF; and PSC];. The potential constants determined had the following values in md/A: For 
POC, fpo = 9.890, frci= 2.466, frecrrci= 9.399, for PSC], frs=0.030, freci= 2.466, frcwei=9.399; for 
POF, fpo =9.890, fpr =5.633, fprpr = 0.483, and for PSF3, fps= 2.9694, fpr=5.333, fprpr=0.183. Finally, 
the values of the thermodynamic properties for these substances were computed for the ideal gaseous state 
using the rigid rotor harmonic oscillator approximation at 1 atm from 200° to 1000°K. 


INTRODUCTION Phosphoryl Chloride 


N examination of the literature for the Raman (POCI;, Phosphorus Oxychloride) 
and infrared spectra of phosphoryl chloride, 
thiophosphoryl chloride, and phosphoryl fluoride re- 
vealed the absence of the normal coordinate treat- 
ments for the first two substances and only a partial 
one for the third. In an attempt to fill in this gap the 
normal coordinate treatments for these substances 
were undertaken on the basis of the most probable 
model and the thermodynamic properties of these 
substances were computed up to a rigid rotator har- 
monic oscillator approximation. 


Seven separate investigations'” have included 
Raman displacements for POCI; and seven investiga- 
tors** have measured depolarization factors. These 
data are summarized in Table I. The most probable 
data for the Raman spectrum were taken as follows: 
displacements and relative intensities of Langseth? 
(obtained under a high dispersion) and the depolariza- 
tion factors of Cabannes and Rousset.* 


1H. Nisi, Japan. J. Phys. 6,'1 (1930). 
2 A. Langseth, Z. Physik. 72, 350 (1931 
3S. Venkateswaran, Indian J. Phys. 6, 275 (1931 


* ; : . , : a se aper Te e c we a 1 . 22\ 
Based in part on a thesis in partial fulfillment of the require J. Cabannes and A. Rousset, Ann. Phys. 19, 229 (1933 
1 


ments for the Masters Degree in Chemistry 
trowski. 


Acad. 


4 
by Mr. E. A. Pio- 5H. Moureau, M. Magat, and G. Wetrofi, Proc. Indiar 
Sci. 8A, 356 (1938). 
6 H. Gerding and R. Westrick, Rec. trav. chim. 61, 842 (1942). 
7M. Delwaulle and F. Francois, Compt. rend. 220, 817 (1945). 


tT Present address: Illinois Institute of Technology, Department 
of Physics, Chicago, Illinois. 
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TABLE I. Raman spectral data for POCI;.* 








G.W. 
‘4 








M.M.W. 
I 





267. 
337 
486. 

585 581.2 
1295 1290 1290 


* Ag is the Raman displacement, J is the relative intensity, p is the depolarization factor, H.N.=Nisi, footnote 1, A.L.=Langseth, footnote 2, C.R.=Cabannes 


and Rousset, footnote 4,M.M.W.=Moureau, Magat, and Wetroff, footnote 5, D.F.=Delwaulle and Francois, footnote 7, G.W.=Gerding and Westrick, footnote 6, 
and S.V.= Venkateswaran, footnote 3. M.P.=most probable data selected from those that are listed. 








Pasce II. Raman and infrared spectral data for PSC\;.* 








Infrared spectrum Raman spectrum 


DF 
I 





1089 
1197 
1321 
1530 








® Ao=Raman dis; 
footnote 8, GW=Ger 


lacement in cm“, /=relative intensity, p=depolarization factor, Je=estimated intensity, Ss=Simon and Schulze, footnote 9, T=Thatte, 
g and Westrick, footnote 6, DF = Delwaulle and Francois, footnote 7, MP=most probable values, s=strong, vs=very strong, m=medium, 


w=weak, v ery weak, sh=shoulder, br=broad. o(/) and o(g) =wave numbers in K for liquid and gas, respectively. 
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TABLE III. Raman and infrared spectral data for POF;* and PSF;. 








POP; 
Raman spectrum 


I 


Infrared spectrum 


PSF; 
Raman spectrum 


I, 











® See Tables I and II for definition of the symbols. 


Thiophosphoryl Chloride 
(PSCl;, Phosphorus Thiochloride) 


Seven investigators®”® reported the Raman spectrum 
of this phosphoryl chloride. First Thatte and Simon 
et al.® reported six displacements. Later Gerding and 
Westrick® repeated this work and found only five. 
By comparing the spectrum of PSCl; with that of POCI; 
they estimated the missing displacement to be near 
240 cm™ and claimed that this band could be obscured 
by the one at 250 cm™ which they observed. This 
observation was later confirmed by Delwaulle and 
Francois.” As for depolarization factors, four investiga- 
tors®” reported the overlap of the 167 cm™ band with 
the exciting line. The large value for the 247 cm™ 
Raman band (reported by Gerding e¢ al.) could be due 
to the missing band overlapping with the 247 cm" 
band. All these data along with the report of the in- 
frared spectrum by Cilento” are summarized in Table 
II. An examination of Table IT indicates that the band 
at 382 cm™ was taken as a band due to the presence of 
an impurity. As may be seen from Table II, there is 
general agreement with respect to the displacements, 
relative intensities, and depolarization factors. The 
average values of the Raman displacements as reported 
in Table II were taken as the most favorable values of 
the fundamental frequencies. 

The most probable values for the relative intensities 
and depolarization factors were taken as those reported 
by Delwaulle and Francois.” 


8 V. N. Thatte, Nature 138, 468 (1936). 

9 A. Simon and G. Schulze, Naturwissenschaften 25, 669 (1937). 

1G. Cilento, D. A. Ramsey, and R. N. Jones, J. Am. Chem. 
Soc. 71, 2753 (1949). 


Phosphoryl Fluoride 
(POF;, Phosphorus Oxyfluoride) 


Deiwaulle and Francois’ reported only five Raman 
displacements for POF; in the liquid state along with 
values for the relative intensities and depolarization 
factors. Recently Gutowsky and Liehr" have reported 
infrared spectral data. These data were taken as most 
probable and are listed in Table ITI. 


Thiophosphoryl Fluoride 
(PSF;, Phosphorus Thiofluoride) 


Delwaulle and Francois’ reported the Raman dis- 
placements for PSF; along with values for the relative 
intensities and depolarization factors. These data were 
taken as most probable and are listed in Table III. 
No infrared data were found. 


Most Probable Model 


Previous nonspectroscopic investigations indicated 
the tetrahedral structure for the phosphoryl halides. 
The electron diffraction data of Brockway and Beach” 
and those of Beach and Stevenson" for PSCl; indicate 
that the most probable structure has C3, symmetry. 
This is in agreement with the report of Weisenheimer 
and Lichtenstadt that the enantiomorphs of organo- 
phosphorus compounds of the type RiR:R3PO can be 
resolved. Furthermore, the results of dipole moment 


11H. S. Gutowsky and A. D. Liehr, J. Chem. Phys. 20, 1652 
(1952). 

2 1,. O. Brockway and J. Y. Beach, J. Am. Chem. Soc. 60, 1836 
(1938). 

sy. Y, 
(1938). 


Beach and D. P. Stevenson, J. Chem. Phys. 6, 75 
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TABLE IV. Potential constants for X Y;P.* 


6a\2 6043 ") 29 5b; 


toa 


So 





determination“ lend support to this evidence. More- 
over, Williams, Sheridan, and Gordy” reported micro- 
wave data for POCI;, POF3, PSCl;, and PSF; on the 
basis of the same model and the results for PSF; and 
POF; were confirmed by Hawkins, Cohen, and Koski." 
Then according to the group theory methods this model, 
Y3PX(C3,), should have six fundamental frequencies, 
all allowed in both the infrared and Raman spectra. 
Also, the Raman spectrum of each substance should 
contain at least three depolarized lines and at least 
three polarized lines. An examination of the Raman 
spectrum of all three phosphoryl halides reveals that 
there are at least three depolarized lines in each case. 
As for the polarized lines, three are found for POC; 
and two are found for POF; and PSCl3. Hence, the 
most probable model is the one that has symmetry 
belonging to the point group C3». 


NORMAL COORDINATE TREATMENT 


In order to establish the fundamental frequencies of 
POF;, POCIl;, and PSCls, normal coordinate treat- 


Fic. 1. Equilibrium con- 
figuration for the XY;P 
molecule. 


. myth, G 

nings, J. Am. Chem. 

14. Williams, J. 
20, 164 (1952). 


L. Lewis, A. J. Grossman, and F. B. Jen- 
Soc. 62, 1219 (1940 


Sheridan, and W. Gordy, J. 


16 N. J. Hawkins, V. W. Cohen, and W. S. Koski, J. Chem. 


Phys. 20, 528 (1952). 


Chem. Phys. 


ments (FG matrix method) were carried out on the basis 
of the C3, model. The equilibrium configuration along 
with the bond distances and bond angles is given in 
Fig. 1. 

The changes in the bond distances and interbond 
angles as depicted in Fig. 1 were taken as internal co- 
ordinates. According to the selection rules, there are 
three fundamental frequencies of the a; type and three 
fundamental frequencies of the e type. Then the follow- 
ing set of linear combinations of internal coordinates 
was chosen as the symmetry coordinates (orthonormal) 
set): for the type a, 


R,=68D, 
R2=374(6d:+6d2+ 6d3) , 
R3= 674 ( 6ai2+ 6423+ 5a13— 5b: — 5b2— bs), 
Ry=674( 5ay2+ 5423+ 5413+ 5b; + 5b2+ 563) =O 
(a redundant coordinate) ; 
and, for type e, 
Ria= 67 (26d, — 5d.— 6d) , 
Ry =274(6d.—6d;), 
Roa = 674( 266; — 5b2— 8bs), 
Ry = 274(6b2— 6s), 
R3q= 674 ( 2623— 612— 5a43) , 
Ry = 274 (6a13— Say). 


The symmetry coordinates R3(a:) and R,(a;) are 
valid only for angles which to a sufficiently good approxi- 
mation are tetrahedral. However, for small deviation 
from tetrahedral angles, it is found that the symmetry 
coordinates as given are still adequate for a satisfactory 
normal coordinate treatment. 

The potential function had the coefficients given in 
Table IV. From the potential energy matrix and the 
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TABLE V. F matrix elements for POCI;, POF:, PSCl;, and PSF;3.* 








POC]; POF; PSCl, 


POC]; POF; PSCl; PSF; calc obs cale obs calc obs obs 





1404.9 
874.3 
469.6 


.8900> .8900 .0300 2.9694 1288. 


488 . 
265. 


1290 
486 
267 


759.6 
426.2 


753 
430 


874 
695 


. 2000 5000 4800 .5500 


.0770 . 5000 .3500 
2640, 
.3000 


.7050 


. 2300 
. 2640 . 7000 


.0000 


.6000 
. 7500 9.7070 
.1985 8500 


.0678 . 1500 .0678 


.0800 . 1400 
0500 
.6366 
.3300 


1.1730 


.0500 
. 2900 
. 2000 
. 2300 
.0470 


. 2900 
.3800 
. 1900 
.0470 


248.2 247 440 


538.0 
246.3 
172.4 


538 
(247) 
172 











® Fix, Fi2*, Foo*, and Fii* are given in md/A, F13", F23*, Fi2*, and Fis® are given in md/rad, and F33", F2®, Fes’, and Fas are given in md A/rad?. 
5 This number of significant figures is not justified except that they are necessary to give the best reproduction of the observed wave numbers and to secure 


internal consistency in the calculations. 


matrix formed from the coefficients contained in the 
symmetry coordinates, the following F matrix ele- 
ments were obtained: 
for type a, 
Fu =fp, 
Fy2=3fpa 
F3= ( 3)4#d(foa—fo» hy 
Fo =fat 2fad, 
Fo3= 274d (f' dat 2fta) — (fat+2f'a), 
F33=@( (fat 2faa) + (fotfw) —2(f’a+ 2fas) 1/2; 
and, for type e, 
Py =fa—faa, 
Fy2=d( fao—f'a), 
F\3=d( Tide — faa) ’ 
Fn=d"( fr—fw), 
Fr3=d"( f'a—fas), 
F33=d( fa—faa). 
The elements of the G matrix were obtained from 


relations given by Wilson.” 


1 E. B. Wilson, Jr., J. Chem. Phys. 7, 1047 (1939), 9, 76 
(1941). 


They are: 
for type a1, 
Gu*=uy+up 
Gy = 34up cosb 
Gis? = (3) 4up[(A) (cosh) +B] 
Got =ux+up(1+2 cosa) 
og? = 2-4up[ (A) (14+2 cosa) —3(B) (cosd) ] 
733° = (4) bux (2C—4D+1) 
+-up[ (4) (14+2 cosa) (2E—F)?+ (3) (B)?-+34B(cosb) ] 
+ (uyr?/2 sin*b) (1+2 cosb—3 cos*d) 
Gy? =ux+up(1— cosa) 
Gy =up(F) (cosa—1) 
Gi3° = up( E)(1— cosa) 
Go? =ux?+up(F)*(1— cosa) + (ay?/ sin’b) (1— cosa) 
Gos’ = up EF (cosa— 1) —uxe(1— cosa) (cosb)/ sina sind 


G3s°=uxe(2— cosa— cos*a)/ sin’a+upE*(1— cosa), 
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and PO! 


PSCl,, 


~ 

- 
a 
5) 
y 
= 
v 


entropy, 


Heat content, free energy, 


VI 


\BLE 


ZIOME 


® All quantit 


le 


A. PIOTROWSKI 


where 
(T € cosb) /(sinb) 2e(1— cosa) 
(e—7 cosb) /(sinb) 
(1—2 cos*a+ cosa) sin’a 


/ sina sinb 


(cosh cosa cosb), 
os 
(e—e€ cosa) / sind 


(r—e cosh) / sinb 
and 


e=1/d  r=1/D. 


The equilibrium values of the bond distances and inter- 
bond angles taken from Gordy et al.,!° were: 


for POC], 
d(P-O) =1.45+0.03A, 
d(P—Cl) =1.99+-0.02 A, and a=103.6+2°; 
for PSCl,, 
d(P—S) =1.85+0.02 A, 
d(P—Cl) =2.02+-0.01 A, and a=105+1°; 
for POFs, 
d(P—O) =1.45+0.03 A, 
d(P—F) =1.5340.02 A, and a=102.5+ 
and for PSFs, 
d(P—S) =1.87+0.03 A, 
d(P—F) =1.53+0.02 A, and a=100.3+2 
The values for the u; 
uci = 1.69943 X10"; ur =3.17140X 10”, 
up = 1.94533 K 10”, 


Uo = 3.16604 X 10”; ug = 1.87914 10”. 


Calculations 


The F matrix elements of the two types (/;;° and 
F ;*) for each molecule were estimated from the values 
of the potential constants for similar molecules. For 
POC]; and PSCl; the values of the potential constants 
for PC]; as given by Howard and Wilson" and those of 
Gore” for the P—O and P—S bonds were used as a 
first approximation. For POF; the values of the F,;* 
and F,;* as reported by Gutowsky. and Liehr"™ and 
the F;;° and F;,¢ of Wilson and Polo” for PF3 were 
used, together with the constants for the PO and PS 
bonds as given by Gore.” First, for each molecule the 


18 J. B. Howard and E. B. Wilson, Jr., J. Chem. Phys. 2, 630 
(1934). 

19R. C. Gore, Discussions Faraday Soc. 9, 138 (1950). 

20M. K. Wilson and S. R. Polo, J. Chem. Phys. 20, 1716 (1952). 





PROPERTIES OF POC])s, 
I’;;* were estimated and then modified to give cal- 
culated wave numbers to within 1% of those observed, 
Then these were used as a first approximation for the 
I’, ; as a test of their validity. Once their validity was 
established the F;;* were then modified to give cal- 
culated wave numbers of the e type to within 1% of 
those observed. Then the values of whatever potential 
constants that could be calculated from linear combina- 
tions of the F,;* and F;;* were obtained and compared 
with those reported for similar molecules. If the com- 
parison was favorable then these values of the potential 
constants would be used in the estimation of the F,; 
of the common part of another molecule. Thus the F; 
and F;;* for the PCl, group were used for POCI, and 
PSCl;, those /;;* and F;;* for the PF; group were used 
for POF; and PSF, and fps was used for both PSF; 
and PSCl;. PSF; was included here for the purpose of 
establishing the potential constant for the P—S bond. 
Since only the values of fr Cl, fp Cl P—Cl, fr Fy frrr, 
and fp_s could be computed, it was decided to report 
only the F;;* and F;;* which are given in Table V along 
with the calculated and observed wave numbers. An 
examination of Table V reveals that the values of the 
potential constants computed from the linear com- 
binations of F;;* and F,,¢ for the foregoing molecules 
are in agreement with those reported by Wilson and 
Polo* for PF;, Howard and Wilson" for PCls, and that 
by Gore” for the PO group. As for the PS group in 
PSF;, the value of the potential constant was taken as 
2.9694 md/A in order that the values of the potential 
constants for PF; group be near those of Wilson and 


PSCl, 


AND POF; AND PSCl; 1093 
Polo# and obtain calculated wave numbers to within 
1% of those observed. As evidence in favor of this value 
for the PS group, it was found that if in PSCl; the PS 
group had a value of 3.030 md/A while the values of 
potential constants for the PCl; group were nearly the 
same as those for the PCl; group in POCI;, the cal- 
culated wave numbers of PSCl; were within 1% of 
those observed. 


THERMODYNAMIC PROPERTIES 


The probable values of the wave numbers in Tabl 

I, If, and IIL were used to calculate values of the heat 
content, entropy, free energy, and heat capacity for the 
ideal gaseous state at 1 atm pressure using the rigid 
rotator, harmonic oscillator approximation. The pre- 
viously given bond distances and interbond angles were 
used to calculate the product of the principal moments 
of inertia. The symmetry number was 3 in each case and 
the molecular weights were computed from the follow- 
ing atomic weights: For P=30.975, F=19.000, O= 
16.000, Cl=35.457, and S=32.066. Nuclear spins and 
isotopic mixing were neglected. The values so com- 
puted are listed in Table VI, for the temperature 
range from 200° to 1000°K. 
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A perturbation treatment, carried to third order in the energies and first order in the intensities of the 
analysis of the propyl group spectra, is presented. Accurate values are given for the coupling constants and 
the chemical shifts of the common propy! derivatives, both for the pure compound and as extrapolated to 


infinite dilution in carbon tetrachloride. 





INTRODUCTION 


HE NMR spectra of the alkyl derivatives might be 

expected to display interesting regularities with 
respect to the variables which determine the chemical 
shift. Within this group of molecules the propyl 
derivatives play an important role. The methyl and 
ethyl derivatives of most of the common occurring 
functional groups have been investigated in detail, but 
to date few accurate chemical shift data for the propyl 
derivatives have been available. The spectra of most 
propyl derivatives observed at frequencies of 30 or 40 
Mc are quite complicated and while, at 60 Mc, the 
multiplet patterns of the three chemically distinct 
groups of protons are clearly delineated, the analysis of 
the spectrum cannot be successfully approximated by a 
simple first-order treatment. An exact analysis of the 
spectrum, including the solution of the secular equa- 
tions as a function of the chemical shift and spin-spin 
coupling parameters, would be tedious and time 
consuming. However, since the coupling constants J 
have values ranging from 6 to 8 Mc and the minimum 
value of the chemical shift 6 observed in this series is of 
the order of 25 cps at 60 Mc, the corresponding values 
of J/é (less than 0.4) make it appear that the spectra 
might be safely analyzed using perturbation methods. 


SOLUTION OF THE SPIN HAMILTONIAN 


The method of setting up and solving the spin 
Hamiltonian follows that of Bernstein, Schneider, and 
Pople.! The propyl group may be designated as an 
ABC; system, where A, B, and C refer to the a- 
methylene, 6-methylene, and methyl groups, respec- 





Fic. 1. Chemical shift 
and spin-spin coupling 
parameters for propyl 


derivatives. 


| ) » National Science 
of Scientific Research, Air Re 
, U. S. Air Force, and the 


ee & 


Foundation, 
search and Development 
\lfred P. Sloan Foundation. 
cony Research Laboratories, Paulsboro, 


] Pople, W. G. Schneider, and H. J. Bernstein, High 
Resolution Nuclear Magnetic Resonance (McGraw-Hill Book 
Company, Inc., New York, 1959), Chap. 6. 


tively. Since only mono-substituted propanes are being 
studied, there will be sufficient internal rotation about 
the two carbon-carbon bonds so that the protons in 
each group will be chemically equivalent. Conse- 
quently, at most five parameters will be needed to 
describe the system, two internal shifts, and three 
coupling constants, as shown in Fig. 1. 

The coupling between the protons within the groups 
may be equated to zero since one is unable to observe 
experimentally the coupling between equivalent pro- 
tons. Also, let us assume that the coupling between the 
a-CH, protons and the CH; protons will be negligible 
and the coupling constant J; may be set equal to zero. 
Hence the system may be described by just four 
parameters: 61, 62, J1, and Jo. 

The Hamiltonian for the system is 


H=H°+H’. (1) 


Here H® is the zero-order Hamiltonian and may be 
written 


H= on I.(i), 


1 


where 2mm; is the gyromagnetic ratio of nucleus 7. 
Since we are dealing only with the proton, 7 will be the 
same for all nuclei, H; is the total field of resonance of 
nucleus 7 in the absence of spin-spin coupling, J,(7) is 
the z component of the nuclear spin I of nucleus i. The 
sum is over all nuclei in the system. 

Here H’ is the perturbing Hamiltonian, given by 


H => Jil) -1(3), (3) 


i<j 


where J ,; is the coupling constant between nuclei 7 and 


j. The sum is over all pairs of nuclei in the system. 


In numbering the nuclei, let 1 and 2 be the protons 
in group A, 3 and 4 the protons in group B, and 5, 6, 
and 7 will be the protons in group C. Then, 


Hy, Ho= Hy(1—aa) 
H3;=H, -H)(1—op) 
H,= He= H;=H)(1—«c), (4) 


where o4, op, and gg are the shielding constants for 
protons A, B, and C, respectively, and Hy is the applied 
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field. Also, 
6:=nHo(cs—on) 
b= nH (en—<c) 
Ji3= Ju=Ja= Ju=Si 
J5= I= I= Js= Je= I= Jo 
J2= Ju= Jse= Ise= Jer=0 
Jis= Jv= Ju= Ja= Je= Jn=9. 


Next it is necessary to choose a set of basis functions 
for the Hamiltonian. A simple product wave function 
for the molecule will be formed from a product of the 
individual wave functions for each nucleus, where 
these will be either a or 8, the eigenfunctions of J, 
with eigenvalues +h/2 and —h/2, respectively. 

However, one may first form a set of wave functions 
for each of the three groups and from these form a set 
of wave functions for the molecule. Since there are 2, 2, 
and 3 nuclei, respectively, in groups A, B, and C, 
there will be 4, 4, and 8 simple product wave functions 
for these three groups, respectively, as follows: 


A B 
aa aaa 


ap ap 
Ba Ba 


Bp pp 


app 
Bag 
BBa 
BBB. 


a v3 
aba 
Baa 


Now, from the four functions for A, symmetric and 
antisymmetric wave functions will be formed, similarly, 
for group B. From the eight functions in the group C, 
functions are formed which are a basis for a proper 
representation of the symmetry group C3. This will 


Fic. 2. 


Spectrum of butyronitrile 
at 60 Mc. 








PROPYL 


DERIVATIVES 
yield the following: 


A B 
Symmetric 
ad ad 


1/V2(a8+Ba) 1/V2(aB+Ba) 
BB Bp 


Aaa 
1/v3 (aa8+a8a+Bax) 
1/Vv3(B8a+BaB+ afB) 
BBB 
A Cc 
Antisymmetric 
1/V2(a8—Ba) 1/V2(a6—Ba) 
E Representation 
1/(6)'(28Baa—aBa—acp) 
1/V2(aBa—aaB) 
1/(6)4(2a88 —BaB — 88a) 
1/V2 (BaB—BBa). 


Forming products of the wave functions from each 
group as a wave function for the molecule, products of 
the following eight types may be formed: 


pe 


No. 
36 
36 
12 
12 
12 
12 
4 
4, 


Pee RDUHHN DW 


S 
S 
A 
A 
S 
S 
A 
A 
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CPS from Unperturbed C Line 
Fic. 3. CHs group, butyronitrile. 

Using this set of wave functions as a basis for the 
Hamiltonian, the matrix elements may then be cal- 
culated. If the wave functions are chosen in this way, 
it may be shown that there is no mixing, i.e., no con- 
necting off-diagonal elements, between states of one 
designation with states of a different designation of 
the above eight types. 

Applying the usual perturbation formulas,?* the 
corrected energy states and wave functions may be 
calculated. The result is a power series expansion in 
J/6 for the stationary-state energies and wave func- 
tions, as follows: 


En= >> dnm(J™/5"—) 


m=( 


(6) 
Yn= > [> anpm(J/5)" Wp(0), 
p 


m= 


* W. A. Anderson, Phys. Rev. 102, 151 (1956). 
P. L. Corio, Chem. Revs. (to be published). 
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where J and 6 stand symbolically for all the J’s and 
5’s needed to describe the system. In the present case, 
the energies were corrected to third order and the wave 
functions to first order. Transition energies and intensi- 
ties were calculated. Again, it may be shown that transi- 
tions occurring between states of different designation, 
as given above, are forbidden. Transitions were labeled 
A, B, or C, depending on the way the transition may be 
described in the limit of the vanishing value of J. Com- 
bination transitions, in which all three groups change 
spin simultaneously, were not considered. Detailed 
results are available as a supplementary document 
from the American Documentation Institute.‘ 

The groups A and C both contain an unperturbed 
line. They are the right and left lines, respectively, of 
the center of the a-CHe» and CH; triplet resonances. A 
comparison of the predicted and observed spectra for 
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1+ 7—— 


=-5 10 
CPS from Unperturbed A Line 
Fic. 4. aCHg2 group, butyronitrile. 


4For supplementary material, order Document 6607 from 
American Documentation Institute, 1719 N Street, N. W., 
Washington 6, D. C., remitting $1.25 for microfilm (images 1 in. 
high on standard 35 mm motion picture film readable in micro- 
film reader or under low-power microscope) or $7.25 for photo- 
copies (68 in. readable without optical aid.) 





NMR SPECTRA OF PROPYL DERIVATIVES 


butyronitrile is given in Figs. 2 to 5. The predicted 
spectrum is based on the following values of the param- 
eters: Ji=6.7, J2=7.7, 6:=42.2, 62.=36.3 in cps at 
60 Mc. 

In order to investigate the upper limit of the validity 
of the perturbation method carried to third order, the 
energies calculated by the perturbation method were 
compared to the energies as calculated by an exact 
solution for two sets of parameters with J/6 equal to 
0.2 and 0.4. The two sets of parameters and the agree- 
ment of the exact and the perturbation energies are 
shown in Table I. 

As seen from Table I for a value of 0.4 for the ratio 
of J/6, the third-order perturbation calculation is a poor 
approximation. Higher-order terms would have to be 
included when the value of J/5 becomes this large. 
However, for a value of 0.2 for J/é, the method is 
reasonably accurate. Hence the upper limit of the 
validity of the perturbation method carried to third 
order will fall in the region, 0.2<J/5<0.4. Since, in 
the compounds studied, the ratio of //5 never becomes 
larger than 0.3, it can be assumed that the perturbation 
method sufficiently approximates the exact solution 
for these cases. 


EXPERIMENTAL RESULTS 


The measurements were made on a Varian Associates 
high-resolution nuclear magnetic resonance spectrom- 
eter, operating at a fixed frequency of 60 Mc. The fre- 
quency separations between lines were measured using 
the usual audio-modulation side-band technique, em- 
ploying a method similar to that of Tiers.® The audio- 





| ) 
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20 25 30 35 40 45 0 55 60 
CPS from Unperturbed A Line 
Fic. 5. 8CH2 group, butyronitrile. 


5G. V. D. Tiers, J. Phys. Chem. 62, 1151 (1958). 
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TABLE I. Comparison perturbation and exact energies for 
J/6=0.2, 0.4. 








Agreement to % 


; Agreement to % 
within (in cps) Transitions 


within (in cps) Transitions 





Exact 66 Exact 20 
0.1 82 0.5 54 
0.2 92 1.0 81 
0.4 99 2.0 89 
0.6 100 6.0 


10.0 100 





Set No. 1 Set No. 2 





6,=20.0 5.=30.0 


J/6=0.2 


J,=4.0 


6,=10.0 5.= 20.0 








modulation frequency was counted directly using a 
Hewlett-Packard frequency counter model No. 521 A, 
equipped with a 10-kc crystal-controlled time base and 
a 10-sec gate. Frequency separations so measured could 
be reproduced to within +0.2 cps. 

The samples were contained in cylindrical sample 
tubes of 3 mm, i.d. Benzene, sealed in a capillary 
tube, was then inserted into the sample tube and used 
as an external reference. Samples were obtained from 
commercial sources and were of the highest purity. 

Measurements were taken on the pure compound 
and a set of parameters where chosen for Ji, Je, 61, and 
6, that best fit the perturbation analysis to the meas- 
ured lines. On the basis of the fit obtained for the pre- 
dicted spectra to the observed spectra, the accuracies 
of the assignments made are estimated to be: Ji, Jo, 
54, dc =0.2 cps; 6g=0.3 cps. Measurements were then 
taken on 20% and 10% concentrations by volume in 
carbon tetrachloride and the chemical shifts were 
calculated on the basis of the assignments made on the 
pure compound. The results were then linearly extrapo- 
lated to zero concentration in carbon tetrachloride. In 
all cases, the three points fell on the extrapolation line 
within their experimental accuracy. 

It is to be noted that the extrapolation lines for the 
a, 8, and y protons have different slopes, i.e., the in- 
ternal shifts in these compounds vary with the con- 
centration in carbon tetrachloride. While the shifts at 
infinite dilution are to be regarded as the true shifts, 
the measurements made on the pure compounds will be 
added for completeness. The results are given in Table 
II. All values are given in cycles per second at 60 Mc 
relative to benzene as an external standard. 

It should also be pointed out that in some of these 
compounds several small lines were observed to lie 
between the 6-CH2 and CH group resonances that 
could not be accounted for by an analysis of the spectra. 
It is assumed that these anomalous lines are due to the 
presence of small amounts of impurities in the sample. 





1098 ie - CAVANAUGH AND B. P. DAILEY 


TABLE II. Data on propyl derivatives.* 








Pure compound Infinitely dilute in CCl, 


Substituent J; Jo B-CHe2 a-CH2 B-CH2 CH; 





CH 0 “ 314.5 = ‘ 334.4 
CN ; | : . . 52. ; 323.6 
COOH a : ; 314. 54. Sh. 289. $29: 
CeHs e : fii : : . ; 332.5 
—O- : es 8 P : , ; 334. 
NO. se : : 312.8 “iP 26.7 ; 326. 
$25. 
328. 
329. 
CHO* Jo+1.6 7. Va 278. , ‘ 248. : 331. 
NH2 re : 52. 8 ; 232. ‘ 334. 
NO; 8 4 58. ‘ : ; : 327. 
I di ; 9 : ors. : : wat 
Cl < ; 194.0 295. 341.8 








® All values for the chemical shifts are given in cps at 60 Mc relative to benzene as an external standard. 

> §1:=(8—CH2)—(@—CH2), 5:=(CHs)—(8—CH2). 

© The CHO and a—CH:z protons couple in butyraldehyde. The chemical shift between them is sufficiently large that a first-order approximation to the splitting 
is accurate. The a—CH: analysis was made by splitting each transition calculated from the perturbation method into two transitions which were 1.6 cps apart. 


DISCUSSION 


presence of different functional groups at the other end 
Certain obvious regularities are present in the of the chain. The 6-propyl shifts are all consistently 

chemical shift data for propyl derivatives. The shifts larger than the §-ethyl shifts. 

for the a protons are quite similar to those observed These points are discussed at greater length in the 

for the corresponding a-ethyl protons. The chemical following paper on the chemical shifts of the alkyl 

shift of the y protons is relatively insensitive to the derivatives. 
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The chemical shifts of a series of methyl, ethyl, propyl, and 
isopropyl derivatives have been studied in an effort to determine 
the distance and angular dependence of any contribution to the 
chemical shift arising from magnetically anisotropic substituent 
groups. It was found that electron withdrawal effects play a 
dominant role in determining the chemical shifts for methyl 
derivatives. The nearly exactly linear relation of the methyl 
shifts to electronegativity for the methyl halides seems to rule 
out any large influence due to magnetic anisotropy. The ethyl 
shifts were found to be determined by electron withdrawal effects 


INTRODUCTION 


P to now, at least, rather disappointing progress 

has been made in understanding the chemical 
shifts, (—H-+éy) observed in high-resolution nuclear 
magnetic resonance spectra. A general theory of nuclear 
shielding has been given by Ramsey,!” leading to the 
equation in approximate form 


on = (€/3mc?) V (0) — (4/3AE) 


<0 | >> m,°- (m,°/r2) | 0]. (1) 
jk 


In this equation, oy is the nuclear magnetic shielding 
constant at nucleus NV, averaged over all molecular 
orientations, V(0) is the electrostatic potential pro- 
duced at the nucleus NV by all of the molecular elec- 
trons, AE is an average electronic excitation energy, 
m;° is the angular momentum of electron 7 about an 
origin centered on nucleus V. Unfortunately, it is quite 
difficult to apply this equation to most molecules and 
while numerous approximate calculations have been 
made not all of them have been completely successful. 

McConnell* and Pople* have attempted to divide 
the contributions to oy into those arising from one- 
center integrals centered on N and proportional to 
Zy, the effective nuclear charge of NV; and into terms 
arising from various magnetic anisotropies. It would 
appear that an equation of the following from 


ON =CeatGeptCan (2) 


* Supported by grants from the National Science Foundation, 
the Alfred P. Sloan Foundation, and by the office of Scientific 
Research, Air Research and Development Command, U. S. Air 
Force. 

t Present Address: Socony Research Laboratories, Paulsboro, 
New Jersey. 

1N. F. Ramsey, Phys. Rev. 78, 699 (1950). 

2N. F. Ramsey, Phys. Rev. 86, 243 (1952). 

3H. M. McConnell, J. Chem. Phys. 27, 226 (1957); (a) J. A. 
Pople, W. G. Schneider, and H. J. Bernstein, High Resolution 
Nuclear Magnetic Resonance (McGraw-Hill Book Company, 
Inc., New York, 1959), pp. 175-183. 


plus a factor which acted equally at the a and 8 positions. It was 
found that this factor arises from the carbon-carbon bond. By 
assigning a chemical shift due to the presence of the C—C bond, 
which is dependent in size on the substituent attached to the a 
carbon, the apparently anomalous frequencies observed for the 
alkyl derivatives can be accounted for. A possible explanation 
for the C—C bond shift may be regular changes in the para- 
magnetic term in the Ramsey equation due to changes in the 
excitation energy denominator when a C—C bond replaces a 
C—H bond. 


might be found to describe the behavior of chemical 
shifts in related series of molecules. Here o,4 is a term 
proportional to the electron density (and therefore to 
the effective nuclear charge) of the atom to which the 
proton N is bounded; o» is the paramagnetic term 
involving electrons surrounding this nucleus, oan is the 
long range shielding term dependent on the anisotropy 
of neighboring groups. 

dep includes terms arising from the second-order 
paramagnetic term in the Ramsey equation and from 
what Pople refers to as the paramagnetic part of the 
neighbor-anisotropy effect. In Eq. (2) it is assumed 
that ring current effects for alkyl chains are negligible. 

Numerous attempts have been made to fit an-equa- 
tion of the foregoing form to data obtained for series of 
molecules. In certain cases, correlations have been 
made between the chemical shift and electron densities, 
emphasizing the role of the first term in the equation. 
Dailey and Shoolery* have shown the direct dependence 
of the proton chemical shift as measured in benzene 
solution of the methyl derivatives and the internal 
shift of the ethyl derivatives on the electronegativity 
of the substituent. The methyl derivative shifts, as 
measured in the infinitely dilute solution of carbon 
tetrachloride, also have been shown by Allred and 
Rochow’ to correlate with the electronegativity of the 
substituent. However, cases in which there is this 
agreement appear to be small in number. 

The present study represents an attempt to investi- 
gate the role of the other two terms in Eq. (2) ina 
simple series of compounds, namely, the alkyl deriva- 
tives. In particular this series offers an opportunity to 
investigate the distance and angular dependence of 
any chemical shifts arising from anisotropic substituent 
groups. 
com P. Dailey and J. N. Shoolery, J. Am. Chem. Soc. 77, 3977 
CL. Allred and E. G. Rochow, J. Am. Chem. Soc. 79, 5361 
(1957); (b) Varian Associates, Technical Information Bulletin 


from the Radio-Frequency Spectroscopy Laboratories of the 
Instrument Division of Varian Associates, Vol. 2, No. 3. 
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TABLE I. Chemical shifts of some alkyl derivatives. Shifts to lower field in cps at 60 Mc reference methane. 








Substituent Methyl Ethyl 


a 


Isopropyl! 
B 


Propy| 





Cl 170* 
Br 148* 
I 116* 
OH 
CN 
COOH 
CcHs 


190* 
105* 
117" 











EXPERIMENTAL 


Details concerning methods of measurement are 
given in the preceeding paper on the analysis of the 
propyl group spectra. Included in this paper are data 
on the ethyl and isopropyl derivatives, some from this 
laboratory and some collected from other sources. 


Ethyl Derivatives 


The assignments made for the chemical shifts of 
the ethyl derivatives were usually made on the basis of 
a first order approximation, i.e., the center line of the 
methyl triplet and the average of the two center lines of 
the CH quartet were chosen as the chemical shifts for 
the CH; and CHe: groups respectively. In those cases 
in which these lines were split, the average of the high 
field lines of the center lines of the CH» quartet and 
the low field line of the center of the methyl triplet 
were chosen. The results are shown in Table I. These 
measurements are estimated to be accurate to within 
+0.4 cps. All values are given in cps at 60 Mc with 
benzene as an external standard. As in the previous 
paper, the data for both the pure compound and for 
extrapolation to infinite dilution in carbon tetrachloride 
are given. 


Isopropyl Derivatives 


The assignments for the isopropyl derivatives were 
also made on the basis of a first-order approximation. 
The center line of the CH septet and the center of the 


CH; doublet were chosen as the chemical shifts of the 
CH and CH; groups respectively. In three cases, only 
the CH group chemical shift was measured as the CH; 
data were obtained from other sources. These results 
are given in Table I. All values are given in cps at 
60 Mc with benzene as an external standard. 


Methyl and Ethyl Amine 


Since these compounds were gases at room tempera- 
ture, the measurements could not be made in the usual 
way. Also, it was found that the amines reacted with 
carbon tetrachloride. Therefore, measurements were 
taken on these compounds as solutions in cyclohexane, 
with 2% benzene by weight added as an internal stand- 
ard. In order to conform to the present scale, measure- 
ments of several compounds were taken in solutions 
in cyclohexane and compared to the results in carbon 
tetrachloride. Though the results vary slightly, depend- 
ing on what compounds were being compared, the value 
of —22 cps at 60 Mc was taken as the correction from 
CeHie to CEi. 

Also, the benzene resonance had to be measured as a 
function of concentration in carbon tetrachloride, in 
order to relate the internal to the external standard. 
The extrapolated value is — 27.6 cps and the value for 
2% is —27.0 cps. The final results for the methyl and 
ethyl amine are given in Table I. Because of the un- 
certainties involved, the results are probably no better 
than +2 cps. 
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Other Data 


The data on several hydrocarbons, as measured in 
solutions in carbon tetrachloride with benzene as 
external standard are from Varian Associates.** The 
results are given in Table I. 

In the text of the discussion, all data will be given in 
reference to the chemical shift for methane. In Table I 
is a complete tabulation of all data used. All values 
have been rounded off to the nearest cps. The values 
marked with an asterisk (*) are taken from Tiers.® 
The data of Tiers are converted to the present scale 
by expressing the results in cps at 60 Mc and subtract- 
ing 211 cps. The average deviation of 14 measurements 
in both scales was 1.1 cps. 

The value for ethyl chloride (**) is taken from the 
data of Bothner-By et al.’ Their data are converted to 
the present scale by subtracting 997 cps and multiply- 
ing by 1.5. 

DISCUSSION 


Chemical Shifts and Electron Densities 


The correlation of the chemical shifts of the methyl 
derivatives and of the internal shifts of the ethyl 
derivatives with the electronegativity of the sub- 
stituent has been demonstrated by Dailey and Shoolery. 
Their empirically derived formula relates the internal 
shift of the ethyl derivatives, i.e., 6 CH;—6 CHe, with 
the Huggin’s electronegativity® of first atom of the 
substituent bound to the carbon atom, in the following 
equation: 


Electronegativity =0.011586tnternai+1.71, (3) 


where 6 is given in cps at 60 Mc. 

However, their measurements were carried out on 
benzene solutions, with the benzene resonance as an 
internal standard. Consequently, since benzene has been 
shown to have anomalous dilution effects, their results 
must be reviewed in the light of measurements made on 
dilute solutions of these compounds in carbon tetra- 
chloride or as extrapolated to zero concentration in 
carbon tetrachloride. The methyl derivatives, as 
measured by Allred and Rochow in the infinitely dilute 
solution in carbon tetrachloride, still show this excellent 
correlation. The nitro group is anomalous. The low- 
frequency position is perhaps due to contributions from 
resonance structures of the following kind, leading to 
decreased electron density about the a proton: 


H O 


6G. V. D. Tiers, “Tables of 7 values for a variety of organic 
compounds” (1958) (privately circulated). 

7A. A. Bothner-By and C. Naar-Colin, J. Am. Chem. Soc. 80, 
1728 (1958). 

8M. L. Huggins, J. Am. Chem. Soc. 75, 4123 (1953). 
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TABLE II. Internal chemical shift of ethyl derivatives in 
CeHe and CCI, solutions. 








Internal chemical shift 
of ethyl group 
in benzene®* 


Internal chemical shift 
of ethyl group 
Substituent in CCL 


Cl 128 129 





Br 106 103 
I 84 7 
OH 154 14: 
CN 70 

COOH 

CoHs 

=e: 

CHO 

NH2 110 

NO;- 190 

NO, 182 








® Shifts are in cycles per second at 60 Mc between @ and 8 protons in ethyl 
derivatives. 


The proton resonances of the other nitro-alkanes 
are also anomalous. Since the cause of the deviation is 
probably due to the double-bond character of the C—N 
bond, it will not be pertinent to discuss the nitro group 
in relation to the other derivatives. 

The internal shifts of the ethyl derivatives as meas- 
ured in carbon tetrachloride differ slightly from those 
measured in benzene. A comparison of the two sets of 
data is given in Table II. However, the correlation of 
the internal shifts with theelectronegativity of the 
substitutent is still apparent. A revised Dailey and 
Shoolery equation may be set up using the new data 


Electronegativity =0.01146tnternai+1.78, (4) 


where 6 is in cps at 60 Mc. 

A tabulation of the calculated electronegativities of 
the substituents is given in Table III and may be 
compared to the electronegativity values as found 
from the previous data. 

Using this scale of electronegativities, one may set up 
a relation for the methyl shifts to the electronegativi- 
ties of the substituent. The following equation relates 
the chemical shift of the methyl derivatives, using 
methane as a reference, to the previously found elec- 
tronegativities: 


Methyl shift = 100 Xelectronegativity—151, (5) 


where the shifts are in cps at 60 Mc. 

The frequencies calculated from this equation may 
be compared to the observed frequencies in Table IV. 
The agreement is excellent. 
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TabLeE III. Electronegativity of substituent groups. 











Electronegativity 


Electronegativity 
this study (calc) 


Substituent Dailey and Shoolery 





Cl 3.25 3. 
Br .96 2° 
I 

OH 

CN 

COOH 

CeHs 

i 


.69 


3.90 3.91 


Chemical Shift and Magnetic Anisotropy 


Equation 2 suggests that in addition to the electron 
density effects discussed in the preceding section there 
could also be present long-range effects due to mag- 
netically anisotropic groups. For axially symmetric 
groups sufficiently distant to permit use of the dipolar 
approximation, this term has been given by McConnell’ 
as 


° 


San = (Ax/3.R*) (1-3 cos*@) , (5a) 
where R is the distance between the nucleus V and the 
center of the anisotropic group, Ax=xj;—x.1, and 
xi; and x, are the components of the magnetic sus- 


TABLE IV. Chemical shifts of methyl derivatives calculated 
from derived electronegativities. 








Methy] shift 
calc 


Methy! shift 


Substituent obs Difference 





Cl 174 
Br 145 
I 115 
OH 
CN 98 
COOH 
CeHs 


170 
148 
116 


+4 
—3 
192 190 
105 
109 
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ceptibility tensor parallel and ‘perpendicular to the 
bond axis. 

6 is the angle between R and the axis of axial sym- 
metry. For the methyl halides McConnell estimated 
shifts of +6(CH3F), +18, (CH;Cl), +18 (CH;Br), 
and +24 cycles (CH;I). The presence of an effect, due 
to magnetic anisotropy, of this size seems unlikely 
when examining the results of the preceding discussion. 
Chemical shifts calculated from Eq. (5) for the methyl 
halides agree with observed shifts to within two or 
three cycles at most. Since the expected change in 
anisotropy shift in going from F to I is in the opposite 

















L5 
C-X Distance in A 


Fic. 1. Geometric factor a proton. 


direction to the electronegativity shift and is probably 
far from linear, the observed linear relation would seem 
to place, for these molecules, a rather low limit on the 
shift due to magnetic anisotropy. However in com- 
paring toluene to methyl cyanide, which has the lowest 
shift of the observed carbon compounds, it is con- 
ceivable that the shift of 26 cycles in the methyl 
resonance does reflect a sizeable anisotropy for the 
benzene ring. 

Despite the fact that the internal shifts of the ethyl 
derivatives correlate very well with the electronega- 
tivity of the substituent, the absolute shifts of the a 
and 8 protons cannot be explained on this basis alone. 
Indeed, a plot of the @ proton shift vs the electro- 
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negativity of the substituent shows large deviations 
from a linear scale. The 8 proton shifts show no obvious 
regularities and in fact, the halides show a reversal of 
the expected trend, i.e., the 8 proton resonance of 
ethyl iodide is at the lowest field in the halide series. 

In order to evaluate the effect of a magnetically 
anisotropic distribution in the substituent on the 
alkyl chain, the value of the geometric factor, (1-3 
cos*#) /R®, must be evaluated for the a, 8, and y pro- 
tons. Figures 1-3 show the results of such calculations 
for the a, 8, and y protons. It was assumed that the 
center of the anisotropy could be placed along the 
carbon-substituent bond and that it was axially sym- 
metric, coaxial with the bond. This assumption is 
true for the halogens, but not for many of the other 


+016 














C-X Distance in A 
Fic. 2. Geometric factor 8 proton. 
derivatives. The C-X distance is the distance from the 
a carbon atom to the center of the anisotropy along 
the carbon-substituent bond. The values are in A~*. 

For the 6 and y protons, the geometric factor was 
averaged over the appropriate internal rotations of the 
molecule, using the freely rotating model. However, for 
the case of hindered rotation it can be shown that the 
values for the 8 proton as shown do not change ap- 
preciably. For the y proton, on the other hand, the 
values given decrease towards zero as the rotation 
becomes more and more hindered. 

The geometric factors for the a and £ protons of 
ethyl chloride, bromide, and iodide are given in Table 
V. The three halogens all have electronegativities 
lower than oxygen and therefore we can assume for the 
moment that the extra 8 proton shift in the ethyl 
halides over diethyl ether is not due to electron with- 
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5 








C-X Distance in A 


Fic. 3. Geometric factor y proton. 


drawal and may be due to magnetic anisotropy effects. 
The shifts with respect to 8 ethyl in diethyl ether are 
given in column I and the corresponding calculated a 
proton shifts due to anisotropy are given in column 
IV. If the methyl shifts of the three halides are corrected 
by the amounts indicated in column IV, the electron 
withdrawal shifts for I and Br become negative, while 
for Cl it is still a sizeable positive quantity. This result 
is in very poor agreement with the observed linear 
dependence of the total shift on electronegativity. If 
the anisotropy of the oxygen in diethyl ether is not 
negligible as was assumed above, the agreement with 
experiment becomes even poorer. 

It may be objected that the a/8 ratio is exaggerated 
by the use of the dipolar approximation. But since the 
observed deviation from a linear dependence on elec- 
tronegativity is less than three cycles, it seems safe to 
conclude that the behavior of the 8 proton shifts in 
these molecules cannot be accounted for solely bv 


TABLE V. Anisotropy calculations for ethyl halides. 








I II III IV 


Anisotropy 
shift for 
8 proton 
(shift in 
excess of 
Substituent 55 cycles) 


Corrections 
for @ proton 


(1X II1/11) 


Geometric 
factor for 
a proton 


Geometric 
factor for 
8 proton 





Cl 11 
Br 31 
I 44 


—0.0188 
—0.0201 
—0.02075 


—0.112 66 
—0.0985 152 
—0.0840 
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TABLE VI. C—C bond shifts.* 











II 


C—C bond shift 
in ethyl 
(a@ ethyl-a methyl) 


Residual 8 
ethyl shift 
(6 ethyl-/) 


Substituent 


(a Isopropyl- 
a methyl) 





Ill IV ‘ VI 


C—C bond 
shift in isopropyl 


(III/2) 


Residual Extra C—C bond 
isopropyl shift shift in 8 propyl 
(8 isopropyl-IV) (8 propyl-8 ethyl) 





CN 


COOH 


46 
44 
37 
40 
46 
44 
45 
41 
36 
47 
30 








* All shifts are in cycles per second at 60 Mc. 


b Does not include iodine value. 


involving the electron density and substituent aniso- 
tropy terms in Eq. (2). 


Chemical Shift and the Carbon—Carbon Bond 


One would expect to find for the a-proton shifts in 
the ethyl derivatives a close correlation with the 
corresponding methyl shifts. The substitution of a 
methyl group for a hydrogen should make a roughly 
constant difference in electron density. The anisotropy 
shifts, at least on the basis of the above model, should 
be the same for methyl and a-ethyl protons. Actually, 
the difference in chemical shift between methyl and 
a-ethyl as seen in Table VI, is found to be far from 
constant, ranging from 60 cps for the iodides to 8 cps 
for the others. 

If we make the hypothesis that the extra shift 
experienced by the a@ proton arises from the carbon- 
carbon bond, then the 8 protons should to first order be 
equally affected, since the a and 8 protons are symmetri- 
cally placed with respect to the carbon-carbon bond. 
Assuming that the difference in the methyl and a- 
ethyl shifts is due to the carbon-carbon bond, in Table 
VI we present the result of subtracting this difference 
from the 8 proton shift. This second difference varies 
over a moderate range, but its average value for all 
substituents is 41 cycles, while the corresponding shift 
for ethane itself is 38 cycles. The implication here is 
that, when corrected for the extra shift due to the 
carbon-carbon bond as affected by the various sub- 


stituents, all of these 8-methyl groups have a similar 
electronic environment. 

The chemical shift of both the a and 8 protons ap- 
pears to arise from at least two distinct terms, one 
which includes an electron withdrawal effect (and 
possibly includes an anisotropy shift also) and one 
which is associated with the presence of the C—C 
bond. 

Therefore we may write 


da ethylLX = 6(elect.a)x+6(C—C)x, 


68 ethylX = 6(elect.8)x+6(C—C)x. (6) 

From this it is obvious why there is the excellent 
correlation between the methyl derivative shifts and 
the internal shifts of the ethyl derivatives since there is 
a contribution from the C—C bond which equally 
affects both the a and 6 protons. 

If this interpretation is correct, then for the case of 
the isotropy] derivatives, the change in the @ proton in 
going from methyl to isopropyl should be twice that in 
going from methyl to ethyl since, now there are two 
carbon-carbon bonds adjacent to the a proton. That is; 


da isopropyl X — 6 methylX =26(C—C)x. = (7) 


This is exactly what is observed, namely that the 
change in the @ proton in going from methyl to iso- 
propyl is approximately twice the change in going from 
methyl to ethyl, as can be seen from Table VI. Also, in 
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Table VI note that the 8 proton resonances of the ethyl 
and isopropyl! derivatives are approximately the same. 
This is what is to be expected if the source of the shift 
is at the carbon-carbon bond, since the 8 proton is 8 
to the other carbon-carbon bond and would not be 
expected to change appreciably. 

The data on the propyl derivatives can also be 
explained on this basis. The a proton propyl resonance 
is approximately the same as for the a proton of the 
ethyl derivatives, indicating that the addition of a 
methyl group to the 8 carbon does not greatly affect 
the @ position. Also, the y proton resonances of all the 
substituents are at approximately the same frequency, 
as is expected since the y proton is three bond lengths 
removed from the substituent. On the other hand, the 8 
proton experiences a down-field shift that is roughly 
constant for all substituents, the average value of 
which is 24 cps. The value for the iodide is anomalous. 
These results are also shown in Table VI. 

Thus, the shift for the 8 proton in the propyl] deriva- 
tives may be written 


68 propylX =6 ethane+ 6(C—C)x+6(C—C) const, (8) 


where 6(C—C) sonst is an extra contribution from the 
added C—C bond, which is the same for all substituents. 
That the value for the contribution from this carbon- 
carbon bond is constant for all substituents is consistent 
with this interpretation since the “substituent” at the 


8 carbon is in all cases the a carbon of the propyl 


chain. The value of 24 cps for this (C—C) bond shift 
is to be compared to the 26 cps for the internal shift in 
propane. In that case, the 8 proton sees the effect of 
two carbon-carbon bonds, whereas the @ protons see 
only one. 

It is probably true that the C—C bond shifts ob- 
tained above include effects due to changes in electron 
density. The effective formal charge on the a carbon 
of an ethyl derivative should be somewhat smaller than 
for the corresponding methyl] derivative and because of 
a small electron withdrawal effect the effective charge 
on the 8 carbon should be larger than in ethane. In 
general these changes are difficult to estimate but a 
procedure is available for doing so approximately in 
the alkyl halides. Smith et al.°"° have derived a set of 
empirical parameters which reproduce the molecular 
dipole moments in terms of the effective charges cal- 
culated for the various atomic positions. The effective 
charges for the carbon atoms in the ethyl, isopropyl 
and propyl halides are given in Table VII, as calculated 
by Dailey." 

The assumptions necessary to obtain this set of 
charges are such as to give little reason to believe that 
they are correct and accurate in detail. However, their 

9R. P. Smith, T. Ree, J. L. Magee, and H. Eyring, J. Am. 
Chem. Soc. 73, 2263 (1951). 


1 R. P. Smith and E. M. Mortensen, J. Am. Chem. Soc. 78, 
3932 (1956). 


1B. P. Dailey, J. Chem. Phys. 33, 1641 (1960). 
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agreement with dipole moment and nuclear quadrupole 
coupling data is excellent and it seems probable that 
they give a correct qualitative picture of the charge 
distribution in these molecules. 

Using the ratio of the methyl chemical shift to the 
methyl effective charge the effective charge data can be 
used to calculate shifts due to the electron density term 
alone. Subtracting these from the observed shifts 
should give the corrected C—C bond shift for these 
molecules, which should be approximately constant 
for all molecules containing the same halogen sub- 
stituent. An inspection of Table VII shows that with 
one or two exceptions the derived C—C bond shifts 
are reasonably constant. 

Also, there is probably a small residual electron 
withdrawal effect present at the y carbon in the propyl 
derivatives. From the effective charge data for the 
halides, 8, 7, and 5 cps are estimated to be the effect 
for the y protons in the propyl chloride, bromide, and 
iodide respectively. Note that the average shift of the 
proton resonances for all substituents is 6 cps from 
the methyl resonance in propane. 


Origin of the C—C Bond Shift 


It has been suggested by Bothner-By” that the 
C—C bond shifts observed in hydrocarbon spectra 
were due to the magnetic anisotropy of the bond. It 
was shown that the chemical shifts observed in cyclo- 
pentane, cyclohexane and numerous other hydrocar- 
bons could be accounted for in terms of a large aniso- 
tropy for the C—C bond. Narasimhan and Rogers 
have made calculations on the internal chemical shift 
in propane which indicate that a molar anisotropy of 
at least 4.1 ppm for the C—C bond would be required. 
Since the theoretical results of Tillieu* gave a value for 
the C—C bond of 1.2 ppm they rejected this explana- 
tion as implausible. It would be even more difficult to 
account for the very large increase in the C—C bond 
shift due to the presence of an iodine atom. It would 
appear that some factor other than magnetic aniso- 
tropy is making a major contribution to the C—C bond 
shift. 

It is interesting to point out that the effect of the 
carbon-carbon bond in changing from methyl] to ethy] 
as dependent on the substituent group can be related 
to the size of the substituent. In Table VIII the cube 
of the van der Waals radius for the first atom in the 
substituent group has been multiplied by the constant 
5.4. The results for all substituents yield values that 
are very nearly equal to the a proton shift in changing 
from the methyl to the ethyl derivative. 

Because of their similar direction and dependence on 
distance along the chain it does not seem possible to 


2 A. A. Bothner-By and C. Naar-Colin, Ann. N. Y. Acad. Sci. 
70, 833 (1958). 


13 P, J. Narasimhan and M. J. Rogers, J. Chem. Phys. 31, 1302 
(1959). 


44 J. Tillieu and J. Guy, J. Chem. Phys. 24, 1117 (1956). 





ie . CAVANAUGH AND 3B: ?. DALEY 


TABLE VII. Effective charges and chemical shifts for alkyl halides. 








I et Il f V 


Ratio Effective 

methyl charge Electron C—C 
shift to (statcoulombs withdrawal bond 
effective X10~) on shift Actual shift 
charge Derivative adjacent carbon (1X II) Shift (IV-III) 





Cl 239 a proton ethyl +0.65 155 195 40 
8 proton ethyl +0.15 36 66 30 
a proton propyl +0.65 195 40 
@ proton isopropyl +0.60 235 
8 proton isopropyl! +0.14 79 46 
8 proton propyl +0.14 
y proton propy] +0.03 


a ethyl +0.58 
8 ethyl +0.14 
@ propyl +0.57 
@ isopropyl +0.53 
8 isopropyl +0.13 
8 proton propyl +0.13 
y proton propyl +0.03 


a ethyl +0.51 64 
8 ethyl +0.12 73 
a propyl! +0.49 69 
a isopropyl +0.46 (140) 70 
8 isopropyl +0.11 76 
8 proton propyl +0.11 


y proton propyl +0.02 











TasBLe VIII. C—C bond shift calculated from van der Waals separate electron withdrawal effects from the residual 


see influence of magnetic anisotropy. Still, the question of 


, ae eee the size of this anisotropic shift is of great interest. The 
van der Waals Change in 3 z 
Radius a proton calculations of the distance and angular dependence of 
Substituent in A 5.4. R° — methyl-ethyl Difference —_ the anisotropic shifts reported here may be criticized 
because use was made of the dipolar approximation. 
The calculations of Johnson and Bovey" are not subject 
Br : 41 to this criticism although in applying their results to 
I ; ros 61 alkyl chains they had some difficulty with averaging 
OH ; 5 12 over hindered internal rotation. They obtained a ratio 
of a to B shifts of 2.4 with a calculated ring current 
shift of 48 cycles for a proton @ to a benzene ring and 
20 cycles for a proton 8 to a benzene ring. 

The chemical shift data for the @ protons in ethyl 
and isopropyl benzene seem to clearly indicate the 
presence of a C—C bond shift. If the 8-proton shifts for 
these two molecules are corrected for the C—C bond 
shift they become 42 cycles for ethyl benzene and 45 











Cl 8 31 25 


CN 
COOH 


4 C. E. Johnson, Jr., and F. A. Bovey, J. Chem. Phys. 29, 1012 
(1958). 
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cycles for isopropyl benzene (cumene). These figures 
allow a maximum of 5 cycles for the anisotropy “‘ring 
current” shift which is only one-fourth the calculated 
amount. Similar results are obtained for the 8 position 
in propyl benzene. 

This makes it appear now that the supposed agree- 
ment of Johnson and Bovey’s results with the observed 
data on alkyl benzenes is no longer valid and suggests 
that their calculations represent an appreciable over- 
estimate of the ring current effect. 


CONCLUSIONS 


There can be little doubt that electron withdrawal 
effects play a dominant role in the chemical shifts of 
the methyl derivatives. The correlation of these shifts 
with electronegativities is almost within experimental 
error. This nearly exactly linear relation for the methyl 
halide chemical shifts as a function of electronegativity 
seems to rule out any large influence due to the magnetic 
anisotropy of the carbon-halogen bond since this would 
have the opposite trend with increasing atomic size. 
The excellent correlation of the internal shifts of the 
ethyl derivatives with the electronegativity of the 
substituents and with the methyl derivative shifts 
seems to indicate that the a and £ shifts in the ethyl 
derivatives are determined by electron withdrawal 
effects plus some effect which acts equally at both 
positions. 


The results of this study indicate that this factor 
arises from the carbon-carbon bond. By attributing a 
chemical shift arising in some fashion from the pres- 
ence of the C—C bond, which is dependent in size on the 
substituent attached to the @ carbon, the apparently 
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anomalous frequencies of both the a and 8 protons of the 
ethyl derivatives can be accounted for. The analogous 
role of the C—C bond in the propyl and isopropyl 
derivatives is also indicated by the data obtained 
for these compounds. It does not seem possible to ac- 
count for these chemical shifts simply in terms of 
electron withdrawal and the magnetic anisotropy of the 
substituent. It is unlikely that this conclusion would 
be changed if more elaborate calculations of the aniso- 
trophy shift were to be made. 

The question of the origin of the C—C bond shift and 
the role of the substituent in determining its magnitude 
remains to be answered. It has been suggested that the 
C—C bond shift arises in the magnetic anisotropy of 
the bond and it has been shown that this is in agree- 
ment with the spectra of the hydrocarbons. However 
it is difficult to reconcile this idea and the large values 
for the C—C bond shift observed for the halide sub- 
stituents, with the small theoretically calculated value 
for the C—C bond magnetic anisotropy, and the ap- 
parently small role of anisotropy in determining the 
shifts of the methyl derivatives. 

Another possible explanation might be a change in 
the paramagnetic term in the chemical shift o, in 
Eq. (2) involving the excitation energy denominator 
caused by the substitution of a C—C bond for a C—H 
bond. This is a change which could be strongly in- 
fluenced by the presence of a substituent and yet which 
might display most of the regularities observed in this 
study for the C—C bond shift. 

Regardless of the correct theoretical explanation, the 
results of this study seem to establish the C—C bond 
shift as a new empirical regularity in the study of 
chemical shifts in NMR spectra. 
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An extension of Brinkley’s generalized procedure is proposed for calculating the equilibrium compositions 
of complex systems in which several phases are possible but their actual number and identities at equi- 
librium are not known a priori. In contrast to other methods, the present method eliminates the trial and 
error associated with presence or absence of phases. Thus, little computational effort is required beyond 
that expended when the number and identities of all phases are known. The essential equations are given 
together with a description of the computational procedure. 


INTRODUCTION 


NUMBER of methods !~" are available for calcu- 

lating the equilibrium composition of a gas con- 
taining many constituents. Most of them might be 
extended to include the presence of condensed phases, 
and several ?*,7-°!° have been. However, the extensions 
require an initial assumption as to which phases are 
present. The correctness of this assumption is deter- 
mined only after an iterative computation has been 
converged. If wrong, a new assumption must be made 
and the computation repeated. 

Such procedures encounter one or both of two diffi- 
culties when applied to cases where several condensed 
phases are possible but the actual presence of each is 
not known a priori. The first is the expenditure of 
considerable computer time and programming effort, 
for the number of different initial assumptions increases 
very rapidly with the number of possible condensed 
phases. The second is that a change in the identity of 
the phases assumed to be present may demand a change 
in the set-up of the problem,?*’ which is at least awk- 
ward and, on some machines, time consuming or im- 
possible. The present purpose is to describe a simple 
modification of Brinkley’s method!? which surmounts 
both of these difficulties, yet requires very little addi- 
tional computation. 


METHOD 


The present method is built upon Brinkley’s deriva- 
tions!? and most of its equations are his. The essential 
departure lies in writing one set of equilibrium condi- 
tions as inequalities rather than equalities. Except 
where new symbols are needed for the modification, 


1S. R. Brinkley, Jr., J. Chem. Phys. 14, 563 (1946). 

2S. R. Brinkley, Jr., J. Chem. Phys. 15, 107 (1947). 

3 F. J. Krieger and W. B. White, J. Chem. Phys. 16, 358 (1958). 

4H. J. Kandiner and S. W. Brinkley, Jr., Ind. Eng. Chem. 42, 
850 (1950). 

5V. N. Huff, S. Gordon, and V. E. Morrell, Natl. Advisory 
Comm. Aeronaut. Rept. 1037 (1951). 

6 W. B. White, S. M. Johnson, and G. B. Dantzig, J. Chem. 
Phys. 28, 751 (1958). 

7D. S. Villars, J. Phys. Chem. 63, 521 (1959). 
8S. R. Goldwasser, Ind. Eng. Chem. 51, 595 (1959). 
9R. L. Potter and W. Vanderkulk, J. Chem. Phys. 32, 1304 
1960). 
10 F, P. Boynton, J. Chem. Phys. 32, 1880 (1960). 


Brinkley’s? nomenclature is used throughout. A com- 
plete tabulation is provided at the end of the text. 

If the kth phase in an equilibrium mixture is correctly 
assumed to be absent, then the equilibrium composi- 
tion will lead to 


i=c+1 i=c+1 


yVje+ - N= Fiat py XiQx%.<1. (1) 
j=1 7=1 


If the kth phase is incorrectly assumed to be absent, 
then 


Festa > x iK> he 


7=1 i=c+1 


Account may be taken of this circumstance by writing 
the G,-equilibrium condition as 


1— > xen— p 40K Gy (x1, siete | *X-) >0, (3) 


7=1 i=c+1 


instead of G,=0 as Brinkley has it. 

The problem is set up as though all p phases were to 
be present. Since the value of G;“” depends only upon 
the rth set of values x; it is a relatively simple matter to 
temporarily eliminate (in effect) any phase (&) on the 
(r+1) approximation if G,~>0. If G.<0, the kth 
phase is present, at least for the (r+1)th approxima- 
tion, and the treatment proceeds according to Brinkley. 
Thus, tests for the presence of the various phases may 
be included within the secondary (Newton-Raphson) 
iteration loop, and the final composition will then 
include the correct phases. 

Exactly how this procedure works is indicated by the 
following equations and outline of computational steps. 
The relationships and steps which differ from Brinkley’ 
are indicated by an asterisk. 

Equilibrium Conditions 
F;(xj;n)=0, j=1,2, «+c, 


G;, (xj) > 0, 
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Definitions 


p s ) 
F;=q;—-x;2,ayn— >> vie oun soi" 
k=1 k=l 


i=ce+1 


i=c+1 


c 8 
G.=1- yx an— ye X id i; 
j=1 


a= are, aes 


k= K @40f 0, f™, 


xi=b J [xy%, 
j=l 


b=K [ICS yf, 
=l 


N ; = ajX;, 


N ; k A Xi. 


Newton-Raphson Linearization 
h j Ar) 


an), 


2 ¢ 
ji = 2,8; 2ann™+ >> WET, 5 
k=l 


i=ce+1 k=l 


es Bix, 


a 
jk= Xj + z. V ijX iC ik, 


i=c+1 
= By, 


=0, G,>0) 


— Bi, G,.<0} 


=0, 
| 
{ 
k= po+l, pot2, ~s P| 


} 


(19) * 


=,  G,>0] 
G.<0} 


k= oy 


“= 0 


, 


xj = x (1+0h,), (20) 


and 


[n+ =[n}-rge, (21) 


Outline of Computational Procedure 
In the following it is understood that the indices, 
j, i, and k, take on their full range of values: j=1, 2, 
*s¢c;1=c+1, c+2, -++s;k=1, 2, -++p, except as noted. 
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(1) Read in data:g;, vin, Kj**?, K%*?, Kj, f,, 6. 

(2) Read in initial assumption: «;, 1™. 

(3) Calculate: V;, NV; via Eqs. (8)—(13). 

(4) Calculate: F;, G, via Eqs. (6) and (7). 

(5)* Test: G,>O?, R= pot1, pot2, «+p; if yes, 
set n™<—O, GO. 

(6) Test convergence; if converged, print 
N™, n™ and stop. 

(7)* Calculate: Aj, By, Bey, Cie via Eqs. (15)- 
(19). 

(8) Solve Eqs. (14) for: hy™, gee. 

(9)* Set 1. 

(10) Calculate: xj°*?, [n™ ]**» via Eqs. (20) and 
(21) 

(11)* Test: is any «;°*” or [n™ ]°* negative? If 
yes, set A} and return to step (10). If no, return to 
step (3). 


T (k) 
N; 


? 


DISCUSSION 


Equations (18) and (19) and steps (5) and (7) have 
the effect of eliminating from consideration the phases 
whose absence is indicated. Excluding the phases known 
to be present (kR=1, 2, -++fo) from the G, tests and 
conditions, Eqs. (18) and (19), may not be essential, 
for even if a k; phase were eliminated (n“;) =0), there 
would be no reason why a fictitious value for the 
corresponding «x; might not be computed and used in 
the continuing computation. As is, however, there is no 
possibility that a known phase will be even temporarily 
eliminated, and faster convergence should result. 

The linear Eqs. (14) may be solved by several pro- 
cedures.'! Computing time might be shortened in some 
cases if the equations corresponding to absent phases 
were completely, instead of only partially, eliminated. 
However, the partial elimination, Eqs. (18) and (19) 
and step (5), has the advantage that exactly the same 
procedure can be applied regardless of the number of 
identity of phases considered present on any given 
iteration. Thus, the detailed machine program is 
shortened. 

The factor \ in Eqs. (20) and (21) and steps (9) 
and (11) is introduced to guard against negative values 
of x; in case any x; becomes small in comparison with 
the corresponding q;. Negative values, x; can cause the 
computation to diverge or, if free-energy values and 
Inx; are used to calculate the x;, to stop. 

The computational procedure outlined here embraces 
Brinkley’s® ‘‘secondary iteration” only. Where activity 
coefficients, f;® and /;, vary with concentration, his 
“primary iteration” can be superimposed. 

We have successfully used a specialized version of 
this general procedure to obtain the equilibrium con- 
centrations of minor constituents in the combustion gas 


1K. S. Kunz, Numerical Analysis (McGraw-Hill Book Com- 
pany, Inc., New York, 1957), Chap. 10. 
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of power boilers." The system amounted to the seven- 
component COHNSCINa system. The gas _ phase 
contained about 30 constituents (including com- 
ponents) and five possible condensed phases, Na2O, 
NaCl, NaOH, NasSO,, and NazCO;, were considered. 
The gas was assumed to be ideal and the condensed 
phases pure. The detailed program was written for an 


IBM-650. It required 15 to 30 min running time per: 


case, depending upon the temperature and fuel-air ratio. 
NOMENCLATURE 


=element of matrix= «; (0F;/0x;-) 
modified phase equilibrium constant for the 
distribution of jth component between the &th 
phase and the representative, kjth, phase 
=same as aj, but for the ith constituent 
=element of matrix 
= element of matrix. 
= OF ;/dn®? = xj (OG, /dx;) 
=modified chemical equilibrium constant for 
the reaction forming the 7th constituent in its 
representative phase (& th) from components 
in their respective (jth) phases. 
=element of matrix. When G;<0, is equal to 
dG;,/dn*? =0, 
=number of components. 
= function defined by Eq. (6). 
-activity coefficient for 7th constituent in kth 
phase. 
’=same as f;“, but for jth component. 
-function defined by Eq. (7). 
=correction to be applied to [n™ ]® to obtain 
[n® orn, 
=correction to be applied to x; 


. (r+1) 
x. 


to obtain 


- index for constituents; ranges from c-++1 to s. 


2 R. H. Boll and H. C. Patel, “The Role of Chemical Thermo- 
dynamics in Analyzing Gas-Side Problems in Boilers. Part I. 
Minor Constituents of Gas’, presented at the Winter Annual 
Meeting of the ASME, New York, November 27—December 2, 
1900. 
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j, j= index for components; ranges from 1 to c. 
K;“*?}=phase equilibrium constant for the reaction 
forming the jth component in the &th phase 
from the jth component in the kjth phase= 
exp(—AF®/RT). 
K**2=same as K;“*?, but for the ith constituent. 
K;=chemical equilibrium constant for the reac- 
tion forming the ith constituent in its repre- 
sentative phase (&ith) from components in 
their representative phases (k;th) = 
exp(—AF’"/RT). 
= index for phases; ranges from 1 to p. 
=mole fraction of jth component in kth phase. 
= mole fraction of ith constituent in &th phase. 
n = total number of moles in kth phase. 
p=number of possible phases. 
fo= number of phases whose presence is certain. 
gj=number of moles of the jth component if the 
mixture were to contain only components. 
R= universal gas constant. 
s=number of molecular species in equilibrium 
mixture. 
T= temperature. 
x,= N ,;“”=mole fraction of ith constituent in its 
representative phase. 
x;= N;*? =mole fraction of jth component in its 
representative phase. 
vij=coefficient of the jth component in the 
chemical reaction forming one mole of the ith 
constituent from components. 
5;;", dx. = Kronecker delta. 
A= “overshoot” protection parameter. 


Superscripts 
(k) = kth phase. 
(k;) =representative phase for the 7th constituent. 
(k;) =representative phase for the jth component. 
(r) =evaluated according to the rth approximation 
to the equilibrium composition. 
(r+1) =pertaining to the (r+1)th approximation to 
the equilibrium composition. 
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General formulas are derived by first- and second-order perturbation theory for the changes in the transi- 
tion moment, transition probability, and frequency of aromatic cyclic-polyene transitions produced by 
ideal chemical substitutions. The changes are described in terms of the interactions of three kinds of proto- 
type electronic states: carbon-ring states, substituent states, and charge-transfer states. The interaction of the 
ring states with one another is regarded as an inductive effect of substitution; the interaction with the sub- 
stituent and charge-transfer states, as a conjugative effect. Using the symmetry properties of the prototype 
states and assuming that the interactions are caused by a sum of perturbation operators for the individual 
of substituents, it is shown how the changes depend on the nature, the number, and the positions of the 
substituents on the ring. Formulas pertaining to the singlet-singlet pi-electronic transitions in benzene are 


given. 





INTRODUCTION 


HIS series of studies concerns the effects of chemical 

substitution in aromatic hydrocarbons on the 
electronic transitions associated with the visible and 
near-ultraviolet absorptions. As is well known from 
comparisons of the absorption spectra of aromatic- 
hydrocarbon derivatives, each transition of the parent 
hydrocarbon changes in intensity and shifts in fre- 
quency in a characteristic manner as a function of the 
nature, the number, and the positions of the substi- 
tuents. The purpose of these studies is to show how the 
behavior of the intensity changes and frequency shifts 
may be described and interpreted for certain types of 
aromatics on the basis of some theoretical properties of 
the electronic states involved. 

Incorporating ideas of Sklar,! Platt,? Moffitt,’ and 
Murrell and Longuet-Higgins,t we assume that in 
general three kinds of prototype electronic states are 
involved in the transitions in the substituted hydro- 
carbon: (a) carbon-framework states characteristic of 
the carbon framework in the parent hydrocarbon, (b) 
substitutent states characteristic of the substituents in 
their hydrides, and (c) charge-transfer states resulting 
from electron transfer between the carbon framework 
and the substituents. The parent-hydrocarbon transi- 
tions, which initially occur between the ground and 
excited carbon-framework states, are considered to 
change as a result of certain interactions of the carbon- 
framework states with one another with the 
substituent and charge-transfer states. 


and 
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In the event of relatively weak interactions a per- 
turbation-type approach is adopted; it is supposed 
that the cause of the interactions is some substituent 
perturbation operator P associated with the difference 
between the carbon-substituent bonds and the original 
carbon-hydrogen bonds. To the extent that the carbon- 
substituent bonds are independent of one another, P 
for polysubstitution is regarded as a sum of perturba- 
tion operators for monosubstitution. 

Paper I deals with weak interactions in the case of 
highly symmetrical, aromatic cyclic polyenes of general 
formula Ciy,oHiwi2 (where NV is an integer). The main 
objectives here are twofold: (a) to show how for ideal 
substituted cyclic polyenes, the perturbation matrix 
elements for polysubstitution are related to those for 
monosubstitution as a consequence of the symmetry 
properties of the prototype states and (b) to derive 
the resultant general first- and second-order perturba- 
tion formulas for the changes in the transition moment, 
the transition probability (intensity), and the fre- 
quency of the cyclic-polyene transitions. 

In paper IT® the perturbation formulas are applied to 
the near-ultraviolet absorption spectra of benzene 
(N=1) derivatives. Here the chief aims are (a) to 
show which terms in the formulas are important for 
the 2600-, 2050-, and 1850-A transitions of benzene, 
(b) to determine for which range of chemical substitu- 
tion in benzene the formulas are applicable, (c) to 
evaluate some substituent perturbation parameters from 
the observed intensity changes and frequency shifts, 
and (d) to interpret the empirical values in the light of 
theoretical expectations. 

Paper III® extends these considerations to the 
aromatic ring systems of general formula Cyy42How 4s, 
known as catacondensed hydrocarbons, which include 
the polyacenes and their isomers. These hydrocarbons, 
having the same number of carbons as the cyclic poly- 


Petruska, J. Chem. Phys. 34, 1120 (1961). 
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enes of paper I, are regarded as crosslinked derivatives 
of the cyclic polyenes obtained by replacing V —1 pairs 
of hydrogens by V—1 carbon-carbon bonds. Following 
Platt’ and Moffitt,® it is assumed that their carbon- 
framework states are derived from the carbon-ring 
states of the parent cyclic polyenes. The changes in the 
catacondensed-hydrocarbon transitions on chemical 
substitution are then treated as changes in the parent 
cyclic-polyene transitions produced by 
plus crosslink perturbations. 

Strong interactions, for which the first- and, second- 
order perturbation formulas break down, are discussed 
in paper IV.8 


substituent 


BASIC THEORETICAL CONSIDERATIONS 


In the hypothetical aromatic cyclic polyenes of 
general formula Cyw42Hiyy2 the 4N+2 carbons may be 
considered to lie equally spaced on the circumference of 
a circle; the 4N-+2 hydrogens, to lie on the same radii 
as the carbons, equally spaced on the circumference of a 
somewhat larger concentric circle. For convenience, let 
the carbons and symmetry axes of the carbon ring be 
labeled as shown for the one real cyclic polyene of this 
type, benzene (V=1), in Fig. 1. Then, m=0, 1, -->, 
4N-+1 numbers the carbons in order on going clockwise 
around the ring; X is the twofold axis passing through 
carbons 0 and 2N+1; Y is the twofold axis bisecting 
the bond between carbons V and NV+1 and the bond 
between carbons 3N+1 and 3N+2; Z is the (4N+2) 
fold axis normal to the plane of the ring; and X,, is the 
twofold axis through m corresponding to X rotated 
clockwise about Z by the 
a/(2N-+1). 

In ideal substituted derivatives of these cyclic poly- 
enes let it be assumed that the carbon ring remains 
undistorted and that the substituent replacing the 
hydrogen at m is symmetric with respect to (w.r.t.) 
reflection in the XY and X,,Z planes. Also, suppose 
that the carbon-substituent bonds are the same for 
polysubstitution as for monosubstitution, i.e., there is 
no interaction between the substituents. Then, regard- 
ing the prototype state functions and the substituent 
perturbation operator P for polysubstitution, we note 


angle mp, where p= 


Fic. 1. Labeling of 

carbons and symmetry 

>Y axes for the benzene 
ring. 





7jJ. R. Platt, J. Chem. Phys. 17, 484 (1949), 
8 J. Petruska, J. Chem. Phys. (to be published). 
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that (a) the state functions have certain properties 
associated with the symmetries of the carbon ring 
and the substituents and (b) the operator P is of the 


form 
P= ee (1 ) 
m 


where P,,, the monosubstitution perturbation operator 
for the substituent at m, is symmetric w.r.t. reflection 
in XY and X,,Z. 


Symmetry Properties of the Prototype States 


Consider the prototype state functions ® describing 
the various electronic states of the carbon ring. The 
ring being symmetric w.r.t. reflection in XZ, rotation 
about Z by mp, and reflection in XY, these functions 
have the following properties in accordance with group 
theory®: (a) they are expressible in (real) forms ®, 
and ®, that are symmetric and antisymmetric, respec- 
tively, w.r.t. reflection of the ring in YZ; (b) they are 
also expressible in equivalent ‘“‘rotated” forms ®m. and 
Rm,» (corresponding to ®, and R, rotated clockwise 
about Z by mp) that are symmetric and antisym- 
metric, respectively, w.r.t. reflection of the ring in 
X,,Z; and (c) they are either symmetric or antisym- 
metric w.r.t. reflection in XY. 

From group theory it is known that Rm and Ryn,» 
are related to Ra and ®, by 


Ric cos(Mmp) sin(Mmp) || @®a 
{ | | } 

fa | ‘ 
| Rm,b | 


cos(Mmp) | | Ro | 


| —sin(Mmp) 


' 


where M is a whole number in the range 0 to 2\ +1. 
The value of M is determined by the number of radial 
nodal planes normal to the ring in ®, and MR, i.e., by 
the ring quantum number for ®, and ®». Specifically, 
M=0, 1, 2, «++, 2N-+1 when there are (4N+2)n, 

(4N+2)n+1|, |(4N+2)n+2|, «++, |(4N+2)n+ 
(2N+1)| radial nodal planes, respectively (where 7 
may have the values 0, 1, 2, -++). From Eq. (2) it is 
apparent that the ring states are nondegenerate if M=0 
or 2N-+1 but twofold degenerate if M=1, 2, +++, 2N. 
In the latter cases the ring states each have two com- 
ponents of equal energy; the two components being 
describable by an ®, and ®, pair of functions or by an 
equivalent Rm and Rn,» pair or by any other ortho- 
gonal linear combination of the ®, and ®, pair. 

In particular for the ring states of interest here (those 
involved in the visible and near-ultraviolet absorp- 
tions) it may be assumed that the functions are sym- 
metric w.r.t. reflection in XY, in accordance with 
molecular orbital theory.** The ground state may be 
considered to be described by a function ®,°, with 
M=M°=0, that is of symmetry type Ai, in conven- 
tional group theoretical notation. The excited states 
may be considered to be described by functions ®.* 
and &,* that, for M@=M*=0, 1, 2, ---, 2N, 2N+1, 


=9 ’ 
9H. Eyring, J. Walter, and G. E. Kimball, Quantum. Chem- 
istry (John Wiley & Sons, Inc., New York, 1944), pp. 172-189. 
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are of symmetry type (in the case of ®a*) Ai, Ea; 
Ega, ***, E2nga, Bru, respectively, and (in the case of 
Rs") Avg, Ere, Eogv, +++, Eangs, Bou, respectively. These 
symmetry types are illustrated for benzene (V=1) in 
Fig. 2. 

Now consider the prototype state functions §,, 
describing the various excited electronic states of the 
substituent at m and charge-transfer states obtained 
by transferring electrons from the carbon ring to this 
substituent or vice versa. With the substituent and the 
ring both being symmetric w.r.t. reflection in X,,Z and 
XY, these functions have the following properties: 
(a) they are either symmetric or antisymmetric w.r.t. 
reflection of the substituent and the ring in Y,,Z and 
(b) they are either symmetric or antisymmetric w.r.t. 
reflection in XY. 

Of the various possible §,, only those, labeled §,,“, 
that are symmetric w.r.t. reflection in X Y will interact 
with ®® and &*; the perturbation operator P being also 
symmetric w.r.t. this reflection, all matrix elements of 
P between ®&® and &* and the antisymmetric §, are 
necessarily zero on symmetry grounds. Following the 
notation for the ring state functions, one may designate 
the §,,4 as Sma" or Sno according as they are symmetric 
or antisymmetric, respectively, w.r.t. reflection in X,,Z. 


Perturbation Matrix Elements 


Let us examine the matrix elements of P that con- 
tribute to the first- and second-order perturbations of 
®&*. To begin with, suppose that the most important 
interactions are those with the various ring state 
functions ®* (where A includes, 0, x, and all the other 
ring states symmetric w.r.t. reflection in YY) and the 
various substituent or charge-transfer functions §,,“. 
Charge-transfer state functions §,, resulting from 
electron transfer between the substituents at m and 
n are also theoretically possible, but suppose for the 
time being that the interactions with these are not very 
important. Then, within the framework of first- and 
second-order perturbation theory, the matrix elements 
to be considered are (&*|P|®) and (R*| P| Sn"). 
How these depend on the individual substituents may 
be determined simply by examining the matrix elements 
of P,, and applying Eq. (2). 

Taking into account the “a” and ‘b” character of the 
state functions, we note that the matrix elements of P» 
between functions of different character w.r.t. reflec- 
tion in X,,Z are zero on symmetry grounds, 1.e., 


| i as | ' = 
‘a it | ®m,v» = (ne Pa Rear =0 tor all r 


> 
{(Mm,a 


| = / . ° ? 
\ Nina” Pe Sind" ) . (Rin v* Pol Swat) = for all ML. (3) 


Further, on the grounds that the ring-substituent bonds 
are independent of one another, we may set 


/ 


(R*| le | S.“)=0O for mn, 


(4) 


the 
Pn, between 


and ‘d” classification of 
states. The other matrix elements of 


regardless of the “a” 
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Bi H 


1 
Fic. 2. Symmetry types of benzene ring states. 


state functions of the same character w.r.t. reflection 
in X,,Z, however, are nonzero in general: 

(Rm,a*| Fx | a =a," 

'e | la Raa 

(Rin, o* | f2e8 (1 at /= ba 


‘ > le — 
if Rn Py | I m | Sm a = 4 1 nw 


j ! ! \ 
{ i} Dp ie — 
(Rin, v* | I m | Smo" = f 3 ha 


(5) 
These will have values characteristic of the substituent 
at m. Applying the linear transformations given by 
Eq. (2) for ®* and ®* we find the following general 
expressions for the matrix elements of P= >omPm: 
(Ra* | P| @,.*)= > fam® cos(M*mp) cos(M*mp) 


m 
+6," sin(M*mp) sin(M mp) } 
\)= > fam cos(M*mp) sin(M*mp) 


m 


(Rat | P| 6 


—b, sin(M*mp) cos(M*mp) } 


| Ra )= >> fam® sin(M*mp) cos(M*mp) 
—bm® cos(M*mp) sin(M*mp) } 
| te )= D2 fan sin(M*mp) sin(M*mp) 


ms 
+5,," cos(M*mp) sin(M*mp)} (6a) 

\P | Sma )= Am cos(M*mp) 

ot) = —B,.™ sin(M*mp) 
»)  sin(M*mp) 


OY owe As y 


t= B,,* cos(M*mp). 


(6b) 
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The matrix elements in Eqs. (6a) may be considered 
to represent inductive perturbations of the substituents; 
those in Eqs. (6b), conjugative perturbations. The 
inductive effect of substitution in aromatic hydro- 
carbons, as defined in molecular orbital (MO) theory,*4 
refers to the change in the “core” potential acting on 
the pi orbitals of the carbon framework. In linear 
combinations of atomic orbitals (LCAO) MO theory 
this is expressed in terms of changes in the one-electron 
coulomb (a) and resonance-bond (8) integrals for the 
2pm atomic orbitals of the carbons. By describing the 
prototype state functions in terms of configurations of 
LCAO MO’s,** one finds that the matrix elements 
designated by a, and b, are linearly related to the 
changes produced by the substituent at m in the 
coulomb integral for the carbon m and in the resonance- 
bond integrals between this carbon and the neighboring 
carbons in the ring. The conjugative effect, on the other 
hand, refers to the resonance interactions of the pi 
orbitals of the substituents with the pi orbitals of the 
carbon framework.‘ This leads to the formation of new 
resonance-bond integrals between the substituents and 
the carbons to which they are attached. It can be shown 
that the matrix elements designated by A» and By 
are linearly related to the resonance-bond integral for 
the substituent at m.! 


DERIVATION OF PERTURBATION FORMULAS 


Transition-Moment and Transition-Probability 
Changes 


We are now in a position to describe the changes 
produced by ideal weak substituent perturbations in the 
transition dipole moment and transition probability 
of the original cyclic-polyene transitions. Consider the 
electric dipole transition from the ground ring state 
described by ®° to the excited state described by &*. 
Before substitution the transition dipole moment is 
Q™= (@°|r|@*) where r represents the sum of the 
position vectors for the individual electrons. The 
corresponding transition probability or dipole strength,” 
measuring the intensity of the transition is D%*= 
|Q%|2. After substitution, when ®° and ®&* have been 
changed by small amounts A®® and A@*, the transition 
moment is changed (to first order) by 


AQ*= (AR| | R*)+ (R°| F| AR‘), (7) 
and the transition probability by 


AD*= | Q*+AQ™ = Q™ | 2 


=2Q™- AQ™+ | AQ" | 2. (8) 
Upon taking 


as the criterion for weak perturbations 
of @* 


| { | | |~ | ‘ y fr 
(Q*| P|R)|K| Ex—E | for 


\Xk 
| (R*| P| Snt|<«<| E*—En"| for all p, (9) 


. 8, 231 


10 R. S. Mulliken and C. A. Rieke, Repts. Progr. Phys 


(1941). 
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where E*, E*, and £, are (unperturbed) excitation 
energies of &*, ®, and §,“, we have the following 
general expression for A®* from perturbation theory 
(assuming the prototype states are orthogonal), 


AR = —Y' READ IR+ DY Lin Sn4, 
\¥*x m MB 


(10) 
where 
5°= (R*| P| @)/(EX- EB), 
Sm*= (R*| P| Sm )/(E*— Em"), 
oD 5) +E Tout) 
\x*« m “ 

Writing a similar expression for A®® and substituting in 
Eq. (7), we have for the transition-moment change 


AQu= ot (y°+*) Q*+ >5°Q2+ >5.Q™ 


A+0 wx 


HDD (Sm™Qmnt# +5 mm) 


m B 


(11) 


where Q®= (&*| r| ®), Q,.%= (R*| |S“), etc. From 
Eq. (11), using the expressions for the perturbation 
matrix elements given by Eqs. (6a) and (6b), one can 
derive formulas for AQ™ in terms of the individual 
substituents. These, along with the corresponding 
formulas for AD, are derived below assuming that 
&*, like ®°, is a singlet state (in which the total electron 
spin is zero). Three types of transitions are distin- 
guished: (a) nondegenerate and symmetry-forbidden, 
(b) twofold-degenerate and symmetry-forbidden, and 
(b) twofold-degenerate and symmetry-allowed. 


Nondegenerate, Symmetry-F orbidden Transitions 


If M* is equal to 0 or 2N+1, the transition is non- 
degenerate and symmetry-forbidden since &*, like ®°, 
is nondegenerate and Q® is zero (in accordance with 
the selection rule for electric dipole transitions that 
AM must be equal to 1 for the transition moment to be 
nonzero"), Setting |Q%*|=0 in Eq. (11) along with 
|0®|=0 when |M*—M*|41 and |Q®|=0 when 
M*+1, we have as the transition moment arising on 
substitution 


AQ*= + 5"Qn’ of. >. 6"’Q2" 
7 


x 


+ D5 (EmQmn! + 5in Qn), (12) 


where \’ and N” are those of the ring states \ with M* 
equal to 1 and | M*+1\, respectively. The directions of 
the contributing moments are readily determined after 
taking into account the ‘“‘a” and “6” character of the 
state functions. For example, in the case of Q® with 


1H. Sponer and E. Teller, Revs. Modern Phys. 13, 75 (1941). 
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M*= M*-+1, it is easily verified that 


i for Ra, R. and for Ry", Re 


| 
Q/|a8|=) j 


for Rat, Ry 


—j for®s", ®.*) 
and in the case of Q,,"# 


[Tm 
Q,,. / | Om* | = { 


[tn for Rm aes Sn ae and for Res,d", Sm of 
(14) 


where i and j are the unit vectors along the Y and Y 
axes, respectively, and r,, and t,, are the unit radial 
and tangential vectors at m, respectively, defined by 


FOP Raiic®) Sea” anid fOr Re.o8; Sn" 


I'm= i cos(mp) +j sin(mp) 


t.=jcos(mp) —isin(mp). (15) 


After substituting for the matrix elements of P the 
expressions given by Eqs. (6a) and (6b) and collecting 
similar terms, it becomes apparent that AQ™ of Eq. (12) 
may be written as follows for ®*= @.*, 


AQ se AQ, = > gm" T a_atym; 


m 


(16) 
where gn is the value of the transition moment in- 
duced by the substituent at m and 

Ta—m*)m=icosl(1—M*) mp ]+j sin[(1—M*) mp], (17) 


is the unit transition moment vector for the position m. 
On the other hand, for R*= R;*, 


AQ*= AQ,*= > 9m"ta_uym; (18) 


where 
ta_a\m=jcosl(1—M*)mp]—isin[(1—M*)mp] (19) 


is the unit transition moment vector for the position m. 
The corresponding formula for AD® in either case, 
Ra* or Ro, is 


AD™= | iam exp[i(1—M*)mp]|*. (20) 
When M*=0 this becomes simply 

AD™= | Sqm exp(imp) |2, 
and when M*=2N-+1 


AD™= | Sam exp (i2N' mp) 2, (21b) 
Twofold-Degenerate, Symmetry-Forbidden Transitions 


It M* is equal to 2, 3, «++, 2N—1, or 2N the transi- 
tion is not only symmetry-forbidden but also twofold- 
degenerate, since ®* is twofold-degenerate. There are 
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now two components to AQ™ corresponding to the two 
components of &*. 

The two components of ®&* are describable by ®.* 
and ®&s* or by any orthogonal linear combinations of 
these two functions. The desired linear combinations 
for the perturbation problem at hand are those with a 
zero matrix element of P between them, namely, 


Ry*= Ra* cosw+Ro* sinw (22) 
R_*= Rp" cosw— Ra* sinw, 
where w, the angle making (®,*| P| R*)=0, is given by 


ae 2 (Rat | P| Re") 
2 . 
(Ra*| P| Rak )— (Ro*| P| Re) 





(23) 


Substituting ®*=R,* in Eq. (12) and proceding as 
in the case of the nondegenerate, symmetry-forbidden 
transitions, we arrive at the following formulas for the 
two components of the transition moment arising on 
substitution, 


AQ, *"= p's { mE a—M*)m4o/oF Agm™T (14.0f")m—w/p} 


™m 


AQ_*= Zz {qm™ tC _M*)mtw/p— Am™t 14.a0")m—w ip} 5 


m 


(24) 


where In*= 3 (Ga,m"*-+-Gb,m"™) and Agn*= 3 (dam —Go,m"*) 
are the values of two transition-moment parameters 
(Aq<q) for the substituent at m, and 


Ta4M*)mtw/p 

=i cos[ (1+M*)mp+w ]+j sin[(1+M*) mp+wo | 
Car) mtw/p 
= j cos (1+M*)mp+w|—isin[(1+M*)mptw], (25) 


are the unit transition-moment vectors for the posi- 
tion m. 
The corresponding transition-probability formulas are 


AD."= | Dim exp[i(1—M*) mp]|? 
+ | > Agm™ exp[i(1+M*) mp] |? 


+2 >> Y-gn*Agp™ coslM*—1) mp+(M*+1) pp—2w]. 


Pp 
(26) 


For the total transition probability induced, AD*= 
AD,*+AD_, the resultant formula is 


AD*=2{ | Sqm exp[i(1—M*) mp ]|? 


(27) 


+| do Agn* exp[i(1+M*) mp ]|*}. 


Twofold-Degenerate, Symmetry-Allowed Transitions 


If M*=1 the transition is twofold-degenerate but, 
unlike the transitions above, it is symmetry-allowed. 





1116 


Now the initial moment Q is large and the principal 
contribution to AQ" is likely to come from the terms 
containing Q™ in Eq. (11). Keeping only such terms, 
we have 


AQ*= —30"{ > Do ([5n%|2+ | dn?) 
+ >> | 5 [24 >> | 5] 2}, 


A+*0 \~*« 


(28) 


and to a first approximation 


AD*= 2Q™- AQ”. (29) 


Substituting ®*=R,* in Eq. (28) and proceding as 
above we obtain 


AQs™= —3Q"1 D2 {7m AYm™ cos[2(mp—w) ]} 
+ >>| 556, exp(iMmp) |? 


A~<0 m 


+EU[ Dee expLi(t— HP) me] 


AH*« m 


+| >> A6,." exp[i(1+M>) mp ]|? 


+2>> 375,05," 


m Pp 


X cosl(1—M*) mp+(1+M*) pp—2w ]}], (30) 


bn = dm™/( E°— BE), 


bm = 3 (dm +m") /(E*— EX), 


Abn = 3 (Am™— Dm") / (EX— E*) 


are quantities arising from the inductive perturbations 
of the substituent at m; 


Am" / (E*— En") |?— 


are quantities arising from its conjugative perturbations. 
The changes AQ,™ lie in the directions of Q,.%, where 


Q,%*= |0,%| (i cosw+j sinw) 


Ou os (j cosw—7 sinw), 31) 


os 1 1 1 1 nw | 1 j ° 
with |Q,%) = |Q_™%! = |Q,%| = |Q,%| being the mag- 
nitude of the initial transition moment for each com- 


ponent. 
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From Eq. (29) similar formulas are obtained for 
AD,. The resultant formula for ADt*= AD,%"+AD_% 


is 


AD®= — DL ym™+ >, | D58n exp(iMm,) |? 


A+<0 m 


+51 | 555, expi(1—M*) mp|? 


AK m 


+| 5546," exp[i(1+M*)mp]|2}], (3 


where D*= |Q,%|?+4|Q_%|? is the initial transition 
probability for the two components together. This 
formula may be simplified by assuming that the in- 
ductive perturbations are proportional to a single 
parameter 6 as indicated by simple LCAO MO theory.*4 
On setting 6,°%=fSn, dm®=f dm, Adn™= Af 5, where 
f%, f", Af™ are constants for the transition, the 
formula becomes 


2N+1 


AD™= —D"L > ym™+ D> Cu™| do5m exp(iMmp) |*), 


m M=0 m 


(33) 
in which Cy™* are coefficients characteristic of the 
transition given by 


Cy*= x fr" y+ye f 24S" (Af ri)? (34) 
U wT? N 


tr 


where )’, X’’, and \’” are those of the ring states \ with 
M* equal to M, |14M)\, and M—1, respectively. 


Frequency Shifts 


Let us now examine the frequency shifts that ac- 
company the changes described above. Initially, the 
transition from ®° to ®* has a frequency (in units of 
energy) v*“= E*—E°. After substitution, when £° and 
E* are changed by small amounts AF and AE*, the 
frequency is shifted by the amount Av*=AE‘*—AE®. 
Corresponding to the general expression for A®* given 
by Eq. (10), we have the following expression for 
AE* (to second order), 


AEt=d*+ Di (0)?+ 7 Do (tmt)?, 


A\~*« m 


(35) 


where d*= (@*| P| R*), v= (R*| P| @)/(EX— PE )}, 
and m= (R*| P|Sp)/(E*—E,#)*. Writing a similar 
expression for AE°, we obtain for the frequency shift 
(toward the red), 


—Ay™*= d°—d*+ D> (v)?— 3 (v9)? 


A+*0 Ax 


HD DEE (2m)? (Dmt) 2} 


(36) 


The dependence of the frequency shift on the individual 
substituents is described below for the nondegenerate 
and twofold-degenerate transitions. 
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Nondegenerate Transitions 


For the nondegenerate transitions, with M* equal to 
0 or 2N-+1, after substituting in Eq. (36) the expres- 
sions for the matrix elements of P given by Eqs. (6a) 
and (6b) and collecting similar terms, we find that the 
frequency shift may be expressed as follows, 


— Av = Dm *+ D2 | 2itm” exp(iMmp) |? 


m A#*0 m 


— >>| Son” expli(M*—M*)mp]|2, (37) 
AK m 

where J,“ comes from the first-order inductive and 
second-order conjugative energy changes produced by 
the substituent at m; v9 and v,,., from the second- 
order inductive energy changes. If we assume that 
Um and v»"* are proportional to a single parameter, 
1.€., Un"*= gr, and vm*= gv, where g™ and g* are 
constants for the transitions, then we obtain the 
formula 


2N+1 
— Ap*= Dolo pM Cu | > om exp ( iM mp) 2, (38) 


m M=0 m 


in which Cy," are constants for each transition deter- 


mined by 
Cy*= > ( g’)r— + (ge), 
/ , 


(39) 


where \’ and \”’ are those of the ring states \ for which 
M? is equal to M and |M*+M1, respectively. 


Twofold-Degenerate Transitions 


For the twofold-degenerate transitions, with M*= 
1, 2, -++, 2N, there are two components to the fre- 
quency shift corresponding to the two components of 
@*. After substituting in Eq. (36) the expressions for 
R," given by Eqs. (22), the matrix elements given by 
Eqs. (6a) and (6b), etc., we obtain 


— Avy *= D> {Int Al cos2 (M*mp—w) | 


m 
+5 | Soo, exp(iM*mp) |? 


A+0 m 


os Dt | doom exp[i(M*—M?*) mp ]|? 


AK m 


+ DAtn® expli(M*+M) mp ||? 


m 


+2>5 Sons Av, 


m Pp 


X cos (M*—M*) mp+(M*+M?*) pp—2w]}, (40) 
where In =3 (La m™+lym™) and Alm = 4 (Lam —lsm*) 
arise from the first-order inductive and second-order 
conjugative energy changes; %m,"= }(Vam™+5,m™), 
Atm™=$(Va,m—Vo,m™), and Um =t—m%, from the 
second-order inductive energy changes. Thus for the 
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average of the frequency shifts of the two components, 
Av®= 3 (Av,™+ Av_), we have 


—Av*= dln*+ >, | SS, exp(iMmp) |? 


m A¥0 m 


— >of | Soon expi(M*—M?) mp|? 


\HK« m 


+ | S540," expi(M*+M*)mp|?}, (41) 


m 


and for their difference, A( Av) = Avo*—Av,%, which 
represents the frequency splitting, 


A( Av") = > 2A no cosl2(M*mp—w) | 


a 
~ > do 40nt+ Av, 


m Pp 


X cos (M*—M*) mp+(M*+M?*) pp—2w]. (42) 


Assuming that m,%=g0n,, m*°=g,, and Av,= 
Ag*v,, We may write Eqs. (41) and (42) as follows, 


eS exp(iMmp) |? (43) 


m 


2N+1 
— Ayt= ohn pt Cu 
1=0 


m M=( 


A(Av™) = 5° 2Al,,° cos[2(M*mp—w) ] 


m 


2N+1 

> 0 >) 00 

=I Cu" > Ontp 
M=0 


m Pp 


<cos[ (M*—M)mp+(M*+M) pp—2w], (44) 


where Cy and Cy’ are coefficients determined by 


Cy*= pe (go )2_. h» (g®”’) 2 = (Ag) ‘ 


wr Wd 


(45) 


Cu —o >4g*’- Ag’, 
V7 


with \’, \’’, and ’” being those of the ring states » 
having M* equal to M, M*+M, and M—M*‘, re- 


spectively. 


FORMULAS FOR BENZENE 


Setting N=1 and p=72/3 in the perturbation for- 
mulas derived above, one obtains formulas applying to 
the transitions in benzene from the singlet ground 
state, '4:1,(M=0), to the singlet excited states that, 
for M=0, 1, 2, 3, are of type 1A, and !Ag, 'Eiu, 1E29, 
1B, and 1Bs,, respectively. 

The formulas for the changes in the transition 
dipole moment (AQ) and transition probability (AD) 
are as follows: 
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(1) Nondegenerate, symmetry-forbidden transitions 
to excited state 


1Ay: AQ= > Mala (46a) 


AD= | )ogm exp(imm/3) |? 


m 


AQ = pare 


(46b) 
(47a) 


AD= 


| dod exp (imm/3) |? 


m 


(47b) 


(48a) 


AQ= > dmP 2m 


AD (48b) 


> gm exp (i2mr/3) 


AQ: >a t on 


m 


(49a) 


AD= | dam exp (12m7/3) |?, (49b) 


where gm is the value of a transition-moment param- 
eter for the substituent at m and fim and tim are the 


unit transition-moment vectors 
Tim= i cos(kmx/3) +j sin(kmm/3) 
(50) 


tim=j cos(kmm/3) —isin(km7/3). 


The vectors for k= 1, —2 are shown in Fig. 3. 


| 
| 


ss 
a 
tm 


. 


(Bo,) _ Fic. 3. Unit transi- 
2u" tion-moment vectors for 
the symmetry-forbidden 


transitions of benzene. 
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(2) Twofold-degenerate, symmetry-forbidden transi- 
tions to excited state !E2,: 


AQ, = z= ' Qn m $30 /e t+ Agm¥3m—3u/x} 


m 


AQ_= re { Qmt—m+-30 x — AGmtam—ao/x} 


m 


(51a) 


AD= | AQ,|?+|4Q_|? 


= 2{ | dam exp(imm/3) |?+ | > Agn( =~ 1)*| 


$}. (516) 


m m 


where gm and Agm(<qm) are the values of two transi- 
tion-moment parameters for the substituent at m and 
Timiso/r ANd thmsso/r are the unit transition-moment 
vectors 


Piemssw/r= 1 cos(kmr/3-w) +j sin(kmar/3+w) 
timsso/r= j cos(kma/3-+w) —i sin(kmm/3+w). (52) 


The value of w, in terms of the diagonal perturbation 
matrix elements a» and 8,, for the ‘‘a’’ and ‘“b” com- 
ponents of the twofold degenerate excited state, is 
determined by 


>> (dm—Bm) sin (2m /3) 


m 


(53) 


2w= tan“! $$ ____ 
>> (dm—bm) cos(2mm/3) 


m 


The directions of the unit transition-moment vectors for 
k= —1, 3 when w=0 are shown in Fig. 3. 

(3) Twofold-degenerate symmetry-allowed transi- 
tions to excited state 14j,: 


AQ, =-— 1Q.0 >> {ym AYm cos(2mr/3—2w) } 


m 


3 
+ >> {Car| 55, exp(iMmr/3) \?Cu’ >> 35,5, 
m Pp 


M=0 m 


(54a) 


Xcosl(1—M) mr/3+(1+M) pr/3—2w }} ] 
AD= AD,+AD_=2{Q,-AQ,+Q_-AQ_} 


=—D{ DmtdiCul Don 


m M=0 m 


Xexp(iMmm/3) |2}, (54b) 


where Ym, AY¥m(<Ym), and 6, are the values of three 
parameters for the substituent at m; Cy and Cy’ are 
coefficients characteristic of the transition; Q, are the 
initial transition moments 

Q..= 10,.| (i cosw+j sinw) 

Q_= |0_| (j cosw—i sinw), (55) 

| lo | 9 

and D=|0,|?+|Q_|? 
probability. 


is the initial total transition 
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For the frequency shifts (—Ayv), on the other hand, 
the formulas are as follows: 


(1) Nondegenerate transitions to excited 
1Aig, ‘Ady, "Bi, or 'Bou: 


state 


3 
—Av= olm+>_>Cu| doom exp(iMmn/3)|2, (56) 
m M=0 m 

where /,, and v,, are the values of two parameters for 
the substituent at m, and Cy are constants for the 
transition. 

(2) Twofold-degenerate transitions to excited state 
By or 1 Fog: 


—Av= —}(Av,+Av_) 
3 
= ln +>>Cu| dm exp(iMmr/3)|? (57a) 
m M=0 m 


| A(Av) | = | Av, —Av_| = | 55241, cos(2mr/3 —2w) 


3 
+20Cu' DD LitmtyF 


M=0 m Pp 


Xcos[(1—M) mx/3+(1+M) pr/3—2w]|, (57b) 


where Im, Alm(<lm), and %m are the values of three 
parameters for the substituent at m; Cy and Cy’ are 
constants for the transition; and F= 1 for ‘A,,, (—1)™+? 


for ' Fay. 
Predictions for Homosubstitution 


If the substituents are all the same the following 
predictions are made: 


(1) The transition probabilities induced in a sym- 
metry-forbidden transition, exhibit a characteristic 
pattern determined by the M value of the excited state. 
For the various types of excited states the transition 
probabilities relative to monosubstitution are given as 
follows: 


"Aig, 'Aoo(M=0): 
AD/AD(1) = | 2) exp(imn/3) |? 
1 Fog(M=2): 
AD/AD(1) = (1-+-w)—"{ | SFexp (im/3) |? 


+w|d0(—1)"|2}  (58b) 


* Bitsy 'Bou(M =3) ° 


AD/AD(1) =| >> exp(i2mx/3) |2, (58c) 
where w= (Aq)?/q?<1. The resultant patterns for the 
twelve possible homosubstitutions in benzene are 
shown in Fig. 4. 

(2) The changes in the total transition probability 
of a twofold-degenerate symmetry-allowed transition 
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Fic. 4. Homosubstitution intensity patterns for the syme 
metry-forbidden transitions of benzene. 


(excited state 'E,, with M=1) exhibit a pattern made 
up of two parts; one part being proportional to the 
number of substituents, the other varying in a char- 
acteristic manner with their arrangement, 


3 
—AD/D=7n,+8)>.Cu| >> exp(iMmr/3) |, (59) 
M=0 m 


where n is the number of substituents. The variation 
with arrangement, determined by the coefficients Cy, 
depends upon the relative amounts of mixing of the 
parent ground and excited states with the various other 
benzene states. 

(3) The frequency shifts of a nondegenerate transi- 
tion or the average frequency shifts for two components 
of a twofold-degenerate transition alsa exhibit a pattern 
with two parts (one part proportional to the number of 
substituents, the other varying with their arrange- 


_ment), 


8 
—Av=Int+-">>Cu| >> exp(iMmr/3) |%. (60) 
M=0 m 
Here the coefficients Cy, which determine how the 
frequency shift varies with the relative positions of the 
substituents, depend upon the magnitudes of the energy 
changes caused by the interactions with the various 
benzene states. 
(4) Although the coefficients Cy may be different 
for different transitions, the frequency shift for 1,3,5- 
trisubstitution is always three times the difference be- 
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tween the shifts for 1,3-disubstitution 


substitution according to Eq. (60), i.e., 


and mono- 


. 


(61) 


Also, the difference between the shifts for 1,4- and 
1,3-disubstitution is C times the difference between 
twice the shift for monosubstitution and the shift for 
1,3-disubstitution, i.e., 


Av(1, 3, 5) =3[Av(1, 3) —Av(1) J. 


Av(1,4) —Av(1, 3) = C[2Av(1) —Av(1, 3) ], (62) 


where C, a constant for each transition, is determined by 


C= (3C2—C,—4C3) /(C2+Ci—2C3—2Cy). (63) 
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Equivalent relationships are also predicted for the 
transition-probability changes by Eq. (59). 
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An analysis is made of the changes that occur in the 2600, 
2050, and 1850 A transitions of benzene on chemical substitution. 
Formulas derived by first- and second-order perturbation theory, 
with coefficients evaluated by molecular orbital theory, are pre- 
sented and applied to a large collection of intensity-change and 
frequency-shift data obtained from the literature. Most of these 
data pertain to the 2600 A transition. The first-order intensity 
formula derived for the 2600 A transition (taking the excited 
state to be 'B2,,) is found to hold quite well for substituents with 
monoshift (frequency shift on monosubstitution) less than 1500 
cm™; the first- and second-order frequency-shift formula, for 
substituents with monoshift less than 2000 cm™. No attempt is 
made to analyze the intensity changes observed in the 2050 and 


INTRODUCTION 


HE considerable amount of data in the literature 

on the near-ultraviolet absorptions of benzene 
derivatives affords an opportunity to test and apply 
the perturbation formulas derived in paper I.! 

As is well known, benzene has three absorption 
systems in the 2700—1800 A near-ultraviolet region. 
These systems, shown in Fig. 1 for a solution of benzene 
in aliphatic-hydrocarbon solvent, are identified with 
transitions from the ground electronic state (1A1,) to 
different excited singlet electronic states that are 
_ symmetric with respect to reflection in the plane of the 
* This work was supported by a Shell Oil Fellowship. 


} Part of a Ph.D. dissertation presented to the University of 
Chicago, 1960. 

t Now at the California Institute of Technology, 
California. 

1 J. Petruska, J. Chem. Phys. 34, 000 (1961). 


Pasadena, 


1850 A transitions as these changes are too small, relative to the 
initial intensity, to be reliably measured for weakly perturbing 
substituents from existing spectra. The frequency shifts, how- 
ever, can be measured fairly reliably for these two transitions, 
and it is shown that the formulas derived on the basis of 1B), and 
1F, excited states, respectively, hold for methyl substitution at 
least. Empirical values of the intensity and frequency perturba- 
tion parameters for the 2600 A transition are presented for over 
30 substituents; values of the frequency perturbation parameters 
for the 2050 and 1850 A transitions for more than half of these 
are also presented. The meaning of the parametric values is dis- 
cussed in the light of theoretical expectations. 


benzene ring.? The weak 2600 A and fairly intense 2050 
A systems are identified with symmetry-forbidden 
transitions to By, and 1B, states, respectively; the 
very intense 1850 A system, with symmetry-allowed 
transitions to a twofold-degenerate, '£,, state. In the 
labeling scheme devised by Platt,’ these excited states 
are designated as 'Zy, 'La, and 'Ba» (or simply 'B), 
respectively. The corresponding absorption systems 
in a substituted benzene, 1,4-dimethylbenzene, are 
shown in Fig. 2. 

In this paper the observed intensity changes and 
frequency shifts of these systems on chemical substitu- 
tion are analyzed in some detail, with the following 


2M. Goeppert-Mayer and A. L. Sklar, J. Chem. Phys. 6, 645 
(1938); C. C. J. Roothaan and R. S. Mulliken, ibid. 16, 118 
(1948) ; C. C. J. Roothaan and R. G. Parr, ibid. 17, 1001 (1949) ; 
R. Pariser and R. G. Parr, ibid. 21, 767 (1953). 

8J.R. Platt, J. Chem. Phys. 17, 484 (1949). 
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Fic. 1. Absorption spectrum of 
benzene in heptane or isooctane (ac- 
cording to Jones and Taylor and the 
American Petroleum Institute Catalog 
of Ultraviolet Spectra). 
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chief aims in mind: (a) to establish the kinds of sub- 
stitution to which the formulas of paper I are applica- 
ble; (b) to determine which terms in the formulas are 
important for the 2600, 2050, and 1850 A benzene 
transitions; (c) to obtain empirical values for the 
intensity and frequency perturbation parameters for a 
variety of substituents; and (d) to interpret the empiri- 
cal values in the light of theory. 


THE 2600 A SYSTEM 


The 2600 A ('Z,) system in benzene is vibrationally 
induced; its intensity, /°=/,°(=0.0016 in units of 
oscillator strength), being produced by ring-distorting 
vibrations of type é2).4 The principal series of absorp- 
tion peaks, labeled A in Fig. 1, represents transitions 


4H. Sponer, G. Nordheim, A. L. Sklar, and E. Teller, J. Chem. 
Phys. 7, 207 (1939). 


Wavelength in A 


made allowed by a 520 cm™ ez, vibration in the excited 
state. These are the transitions from the ground-state 
zero-point vibrational level to the excited-state vibra- 
tional levels having n=0, 1, 2, +++ quanta of 920 cm™ 
Qj, (totally-symmetric) vibration plus 1 quantum of 
520 cm™ e:, vibration. There is no appreciable peak 
corresponding to 0-0 or any other transition in which 
only totally symmetric vibrations are involved. Such 
transitions are symmetry-forbidden. The 0-0 peak 
position, indicated by a broken line in Fig. 1, is ex- 
pected to be at 38089 cm™ in vapor; 37 850 cm 
in aliphatic-hydrocarbon solvent. 


Intensity Changes 


In a substituted benzene, like 1,4-dimethylbenzene 
(Fig. 2), the intensity has two components.® In addition 


5A. L. Sklar, J. Chem. Phys. 10, 135 (1942). 
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Fic. 2. Absorption spectrum of 1, 4- 





dimethylbenzene in heptane or iso- 
octane (according to Jones and 
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Taylor and the American Petroleum 
Institute Catalog of Ultraviolet Spec- 
ira). 
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Wavelength in A 


to a vibrationally induced component J,, the counter- 
part of J,°, there is a substituent-induced component 
} 

The component J, has as its principal series of peaks, 
that labeled B in Fig. 2, starting with the 0-0 transition. 
This series corresponds to the symmetry-forbidden 
transitions in benzene from the ground-state zero-point 
level to the excited-state levels having n=0, 1, 2, -+> 
quanta of 920 cm a, vibration alone. These transi- 
tions are made allowed to various extents by the sub- 
stituent perturbations. 


Evaluation of I, and I, 


For three cases of homosubstitution (substitution 
involving identical substituents) J,=0, as revealed by 


OFA. Matsen, W. W. Robertson, and R. L. Chuoke, Chem. 
Revs. 41, 273 (1947). 


2800 


the absence of the B series of peaks (including 0-0). 
These are 1,2,3-, 1,3,5-, and hexa-, for which the transi- 
tion moment induced by the substituents are predicted 
to cancel out when the excited state is 1B2,.! In these 
cases, for which a direct measurement of J, is possible, 
values of J, in the range 1 to 3 times /,° are found 
(Table I), with J,(1, 2, 3)=J,(1, 3, 5) <J,(hexa). 
Assuming that J, varies regularly with the number of 
substituents but is independent of their arrangement, 
as suggested by Sklar,> one may estimate its value for 
other substitutions from these J,—-0 homosubstitu- 
tion values and the benzene value (J,°) by interpola- 
tion. Subtracting 7, from the total intensity J, one 
obtains J. 

Values of I, and J, derived from spectra in the litera- 
ture are presented in Table I for various substitutions. 
These are given as oscillator strengths, f, and fy, re- 
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spectively. The total oscillator strength f is evaluated 
by measuring the area under the absorption curve in 
units of ev, where e is the molar extinction coefficient 
in liters/mole-cm and » is the frequency in cm, and 
applying the formula’ 
f=4.32X10~ | evdy. 


(1) 


Values of AD 


From f, we can determine AD, the change in transi- 
tion probability produced by the substituent perturba- 
tions. For this purpose we use the formula’ 


AD=9.22X10-"f,/(v°+Ayr), 


where v’ is the frequency of the electronic transition in 
benzene and Av is the frequency shift in the derivative. 
As the value of we take the frequency at the maximum 
of the envelope for the A series of peaks minus 520 
cm (the frequency of the e, vibration). This value, 
39 000 cm™ in vapor and 38 800 cm™ in solution, 
represents the frequency of the Frank-Condon transi- 
tion in the absence of ring-distorting vibrations. 
For Av we take the frequency shift of the 0-0 peak, 
which can be fairly accurately measured. The re- 
sultant values of AD, along with the values of Av found 
for the 0-0 peak, are included in Table I. For small A», 
AD is given approximately by 


AD=2.4X10-"f,. (3) 


Comparison with Theory 


On the grounds that the excited state of the 2600 A 
system in benzene is 'B2,, we expect AD to obey the 
following formula, derived in paper I, as long as the 
substituent perturbations are small and independent 
of one another, 


AD= | am exp(12m7/3) |?, (4) 
m 

where m=0, 1, «++, 5 labels the carbons in order on 

going clockwise around the ring, and gm is the transi- 

tion-moment constant for the substituent at m. The 

conventional carbon labels, which are used in Table I, 

correspond to m+1. 

From the work of Sklar® and Platt® we already know 
that Eq. (4) is applicable for several different substitu- 
tions. Our analysis of the data in Table I reveals that 
it holds quite well for substituents whose monoshifts 
(frequency shifts on monosubstitution) are Jess than 
1500 cm™. As the monoshift increases there is a more 
or less regular departure from the predictions of Eq. 
(4). This is to be expected on the grounds that in- 
creasing monoshift means increasing strength of 


7 he Mulliken and C. A. Rieke, Repts. Progr. in Phys. 8, 231 
1941). 


8 J. R. Platt, J. Chem. Phys. 19, 263 (1951). 
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Fic. 3. Illustration of departure from Eq. (4) for the 1 
transition as strength of perturbation increases. Substituent- 
induced transition probability relative to monosubstitution, 
AD/AD(1), for 1,2-, 1,3-, and 1,4-disubstitution is shown as a 
function of the monoshift, —Av(1). The predicted values are 1, 
1, and 4, respectively. 


perturbation. The departure for 1,2-, 1,3-, and 1,4- 
disubstitutions is shown in Fig. 3. 


Empirical q values 

In Table II are presented empirical values of the 
transition-moment parameter g obtained from AD in 
Table I. For the substituents with monoshift Jess than 
1500 cm™, Eq. (4) is considered to hold at least semi- 
quantitatively and is used in evaluating g. The values 
shown for F, Cl, Br, CH;, CH2CH;, CH(CHs)>, 
C(CHs)3, CF;, and aza (N) are the average values, 
with standard deviation 10% or less, obtained from 
the two or more homosubstitutions for which AD is 
known. Those for I, CH2F, CHF., CHCl, CHCh, 
CCl;, CH,OH, CH2NH2, CH,COOH, and CH,CHCH), 
are obtained from monosubstitution data alone; there 
being only such data available for these substituents. 

For substituents with monoshift greater than 1500 
cm7!, Eq. (4) is considered to hold only qualitatively at 
best. The g values shown for OH, OCH;, SH, NHa, 
CHO, COOH, COOCH;, CN, CHCH:, and CCH are 
those obtained from monosubstitution in accordance 
with AD(1) =q*. These are included for comparison. 

The sign of q is established as follows. For CHs 
it is taken to be positive arbitrarily. Then, in accordance 
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with Eq. (4), if a substituent in combination with CH; 
leads to AD for 1,4- greater than for 1,3- substitution, its 
q value is taken to be positive; if less than, negative. The 
signs enclosed in brackets are uncertain. For these 
substituents only monosubstitution data are available 
and the signs are inferred from the known signs of 
related substituents. 


Frequency Shifts 


In practically all the substituted benzenes the 'L, 
system is shifted to the red, i.e. to lower frequencies, 
so that the frequency shift Av is negative. Notable 
exceptions are 1,3,5-trifluorobenzene and the aza ben- 
zenes (pyridine, pyridazine, etc.). 

The frequency shift is fairly precisely measured with 
respect to the 0-O peak. One can determine the position 
of this peak within a few cm™ in vapor and within about 
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30 cm™ in solution. The 0-O frequency in benzene is 
considered to be 38 089 cm™ in vapor, 37 850 cm™ in 
aliphatic-hydrocarbon solvents (hexane, heptane, or 
isooctane), 37 860 cm™ in alcohol, and 37 980 cm™ 
in water (Table I). 

The values of the frequency shift recorded in Table I 
refer to the 0-O peak except in cases where the vibra- 
tional structure is inadequately resolved. In these 
cases, for which the value is enclosed in brackets, the 
shift is measured with respect to the maximum of the 
envelope for the B transitions (the transitions made 
allowed by the substituent perturbations). This maxi- 
mum for benzene is estimated to be at 39 000 cm™ in 
vapor and 38 800 cm in solution (aliphatic-hydro- 
carbon or alcohol), assuming that the intensity distri- 
bution for the B series would be the same as for the A 
series if the B transitions could be seen. 


TABLE I. Intensity and frequency-shift data for the 2600 A (!Z,) system. 








te 
Med.* (X10*) 


AD 
(X10) 


Sa 
(X10*) 





vap 16 
iso 16.4 
alc 17 


Homosubstitution 


penta 


270 
270 
180 
200 
1246 
1290 
966 
950 
—438 
— 440 


1484 


1037 
1030 
1824 
1850 
1903 
1900 
2346 
2340 
2600 
2981 
3000 
2591 
2600 
3550 
3450 
3850 
4250 
4850 
4920 
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TABLE I.— Continued. 








, Se 4 Te — Ap 
Subst. : Med.* (X<10*) (<10*) (cm7) 





vap 1093 
iso 24 1070 
hex 33 1850 
hex 1950 
hex : 2450 
hex 2800 


iso (1200) 


vap 1740 
iso 1800 

hex 2700 

hex 2600 

hex 5400 

alc (2100) 

OCH; hex 1850 
hex 2400 

hex 2500 

hex : 4500 

hex 3280 

4055 

4000 

(3800) 

(4600) 

(4600) 
(4400) 


NHCH,; 5000 


N(CHs3)2 
NC 
CH; 


5600 
1550 

605 

610 

781 

920 
1134 
1150 
1356 
1390 
1260 
1570 
1520 
1532 
1700 
1750 
1890 
2030 


Www nw 
Nm hM tw 


a= 


CH2CH; 550 
1030 
1060 
1250 
1350 


muna 


ty wS Ww Ww NY 
o 


CH(CHs)2 470 
950 
900 
1050 
1200 
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TABLE I.— Continued. 











. ta AD —Ay» 
Subst. s. (104) (X104) (10%) (cm=) 





‘C(CH;3); 12 400 

14 750 

34 900 
0 


to NM bd be 
OU pe 


to 
—) 


34 


CH,Cl 

CHCl, 

CCl; 

CH:,0H 

CH2NH:2 

CH:COOH 

CH:CH==CH, alc 2 3 550 


CHO 2895 
2930 


COOH 315 2400 
: 2140 

2270 

3140 

3440 

3960 

4090 

4400 


COOCH; ; : : 2300 
2 4 3060 
3910 


COOC:H; 2140 
CN 1573 

1640 
CH=CH, 3500 
CH=CHCH; 3700 
C=CH 2400 


(N) (—800) 
(— 1600) 

(—2600) 

(—100) 

(—5800) 
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TABLE I.—Continued. 











te te AD —Ayp 
(X10*) (X10*) (X10) (cm7) 





Heterosubstitution 


463 

20 600 
20 700 
1163 

20 5 1350 


734 
20 800 
223 
20 200 


Cl, CHs y is 22 1270 
i 22 1460 
22 1790 


Br, CHs ‘ 22 1300 
22 1550 
22 : 1850 


1550 
1600 
2100 


OH, CH; i 22 1890 
2100 
2900 


2 
2 


2 
2 


2980 
3370 
4000 


nN dy N& 
NR mM NM 


Nb, CH; (3700) 
(4100) 


(4800) 


Nm Ne & 
www 


NC, CHs 2050 


1850 


mR Ne 
ww 


CH;, CH2CHs; 1000 
1100 


1320 


NM dS bo 
nun 


CH;, CH(CHs)2 


bo 
un 


1060 
1000 
1220 


Ne NK 
vw 


CHs3, C(CHs)s 900 
960 


1110 


Nm NY dK 
nun 


on 


CH;, COOH (110) (3000) 
(170) (3000) 


(50) (2400) 


owe NY 
nun 


CH;, CHO (220) (4800) 
(180) (4500) 


(120) (3900) 


md NS 
aww 
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TABLE I.— Continued. 








Pa Pe AD —Ay 
(X10*) (X10) (X10) (cm™) 





112 8: 2450 
1 2380 
fp 1880 


(250) 4200 
(410) 4100 


) 


20 420 1190 (250) 
20 400 950 (350) 
20 260 610 (—500) 


® Medium: vap—vapor, hex—hexane, hey] o— isooctane, met—methanol, alc—ethanol, wat—water. 
b 





p— heptane, 1 
Abbreviations used in references: 

API—American Petroleum Institute Research Project 44, Catalog of Ultraviolet Spectrograms (National Bureau of Standards, 1945-50, and Carnegie Institute of 
Technology, 1950-57). The number of the spectrogram is given. 
FO—R. A. Friedel and M. Orchin, Ultraviolet Spectra of Aromatic Compounds (John Wiley & Sons, Inc., New York, 1951). The number of the spectrogram is given. 
© Hy, Sponer, J. Chem. Phys. 22, 234 (1954 
d API, 40; F. A. Matsen, W. W. Robertson, and R. L. Chuoke, Chem. Revs. 41, 273 (1947). 
© N. S. Bayliss and L. Hulme, Australian J. Chem. 6, 257 (1953). 
* API, 296, 492-5 
© API, 234, 300, 458-60 
©" H. Conrad-Billroth, Z. physik. Chem. B19, 76 (1932). 
'H. Sponer and I 
7 API, 304 
k H. Conrad-Billroth and G 


Teller, Revs. Modern Phys. 13, 76 (1941 


Forster, Z. physik. Chem. B33, 312 (1936 
'F.W. Klingstedt, Z. physik. Chem. B20, 125 (1933). 

™ P, Grammaticakis, Bull 
» API, 308 

° API, 99 

P A. Kiss, J. Molnar, and C. Sandorfy, Bull. soc. chim. France 5, 275 (1949); FO 53-4. 
1T. W. Campbell and G. M. Coppinger, J. Am. Chem. Soc. 73, 2708 (1951). 

F API, 586 

* API, 

© R. A. Morton and A. L. Stubbs, J. ¢ 
‘ API, 3 

’ K. L. Wolf and O. Strasser, Z. physik. Chem. B21, 389 (1933). 
¥ V. J. Hammond, W. C. Price, J. P 
* API, 42-5, 126-9, 162-4, 391 
¥ API, 20, 186-8, 618. 

* API, 160, 189-91, 620, 

®’ API, 166, 236-7, 622 


b 


API, 297-9 


soc. chim. France 5, 762 (1949 


hem. Soc. 1940, 1347. 


Teegan, and A, D. Walsh, Discussions Faraday Soc. 9, 53 (1950). 
3. 


©’ C. D. Cooper and F. W. Noegel, J. Chem. Phys. 20, 1903 (1952). 
4’ API, 301-3 

©’ T. W. Campbell, S. Linden, S. Godshalk, and W. G 
'’ FO, 19 

® API, 354-5, 358, 380-2. 


4’ N. Berman, C. H. Ruof, and H. C. Howard, Anal 


Young, J. Am. Chem. Soc. 69, 880 (1947). 


Chem. 23, 1882 (1951). 


” API, 121, 168; R. A. Morton, A. Hassan, and T. C. Calloway, J. Chem. Soc. 1934, 883. 
k’ API, 108 


H. B. Klevens and J. R. Platt, Survey of Ultraviolet Spectra of Organic Compounds in Solution (Reprinted from Technical Report 1953-4 Part One, Laboratory 
Molecular Structure and Spectra, University of Chicago). 


™’ R. C. Hirt, F. Halverson, and R. G. Schmitt, J. Chem. Phys. 22, 1148 (1954). 
"’ H. Tentex, Bull. sect. sci. acd. roumaine 21, 219 (1939) ; 22, 16 (1939). 

©” H. Conrad-Billroth, Z. physik. Chem. B25, 141 (1934). 

»’ W. T. Cave and H. W. Thompson, Discussions Faraday Soc. 9, 35 (1950). 

a’ C. H. Miller and H. W. Thompson, J. Chem. Phys. 17, 845 (1949). 

r’ API, 116-8. 

8” API, 322, 429, 431. 

t’ APTI, 433, 435, 437 

u’ FO, 84-5. 

Vv’ API, 107. 

¥’ API, 63-4, 161. 

=’ API, 534-6. 

¥’ API, 463-5. 

*’ C. M. Moser and A. I. Kohlenberg, J. Chem. Soc. 1951, 804, 
8’’ P. Grammaticakis, Bull. soc. chim. France 5, 821 (1953). 
b’” APT, 228-30, 

°’’ K. C. Bryant, G; T 


Kennedy, and E. M. Tanner, J. Chems Soc. 1949, 2389, 
d’” API, 478-81. 
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Comparison with Theory 


Tables III and IV show how well two predictions for 
homosubstitution based on the general frequency- 
shift formula, 


—Av=lmt DC | doom exp(iMmr/3) |2, (5) 
M=0 
derived in paper I are obeyed. The predictions are that 
[—Av(1,3,5) /3 ]=[Av(1) — Av(1,3) J, (6) 
and that 

[Av(1,3) —Av(1,4) ]/[Av(1,3) —2Ar(1) ]=C, (7) 

a constant characteristic of the transition given by 
C= (3C2.—Ci—4C3) /(C2t+Ci—2C3—2Co). (8) 


From Table III is is apparent that Eq. (6) is obeyed 
quite well by substituents with monoshift Jess than 2000 


TABLE II. Empirical g values for the 'Z, transition. 








Substituent qX< 10" Substituent q X10" 


Monoshift <1500 cm™ 
F 





CH:CH=CH:. (—)7 
42:5 (N) —27 
Cl 6.0 Monoshift > 1500 cm™ 
Br OH 

I OCH; 
CH; SH 
CH.CH; NH: 
CH(CHs)> NHCH; 
C(CHs)s; N(CHs3)2 
CH2F NC 
CHO 
COOH —17 
COOCH; —17 
CN —11 
CH=CH: 15 
CH=CHCH; 15 
C=CH (+)7 


SAWS SUD 


—20 








cm™. Table IV reveals that C of Eq. (7) is very nearly 
constant for such substituents, with an average value 
2.7+0.2. 

On comparing AD and — Av in Table I one finds that 
apart from a linear term depending on the number of 
substituents, — Av varies much like AD. This similarity, 
which was first noted by Forster,’ indicates that C2 
is the most important of the coefficients Cy for the ZL, 
transition. Setting C,.=1 and Co=C,=C;=0, one ob- 
tains a two-term frequency-shift formula like that 
proposed by Forster® and used by Sponer’® 


—Av=SoIm’+ | Som’ exp (i2mm/3) |?. (9) 

This gives C=3, which is in quite good agreement with 
the observed values in Table IV. 

That a positive C2 coefficient should be most im- 

portant is predicted by molecular orbital theory, as 


9 Th. Forster, Z. Naturforsch 2a, 149 (1947). 
10H. Sponer, J. Chem. Phys. 22, 234 (1954). 
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TABLE III. Comparison of li’ =[Av(1) —Av(1,3)] and 
ln’ = — Av(1,3,5) /3 for the 'Z, transition (in cm™). 








Substituent | Medium ly’ In’ Average (I') 








—118+28 
865+1 
905425 
750+50 


F vap —90 — 146 
Cl vap 866 864 
Br hex 880 930 
OH hex, alc 800 700 
CH; vap 529 511 520+9 
(N) hep — 1800 — 1930 — 1865+65 





shown by the work of Murrell and McEwen." Of the 
second-order inductive energy changes in the parent 
‘Ay, ground and 'B», excited states, resulting from the 
interactions with the various benzene-ring states, that 
coming from the interaction of the excited state with the 
‘Ey, state at 1850 A is predicted to be the largest for 
monosubstitution. This gives a positive contribution 
to the M =2 coefficient since the M values! of |B, and 
‘Ey, (3 and 1, respectively) differ by 2 and the energy 
of the ‘Ba, excited state is lowered by the interaction. 
Part of this large positive contribution to C2, (about 
one-half) is cancelled out by the negative contribution 
from the depression of the '4;, (M=0) ground state 
by the two '£2,(M=2) states expected around 1600 
and 1100 A." 

The next most important coefficient is predicted to 
be C3 with a value approximately-0.2C, according to 
the Murrell-McEwen results."-" The M=3 coefficient 
has a fairly large negative contribution from the de- 
pression of the ground state by the 'B,, (M=3) state 
at 2050 A, which is about two-thirds cancelled out by 
the positive contribution from the depression of the 
excited state by the 'A., (M =O) state expected around 
1300 A. Upon taking C,=1 and C;=—0.2 (leaving 


TABLE IV. Evaluation of C = 
[Av (1,3) —Av(1,4) ]/[Av(1,3) —2Av(1)] 
for the 'Z, transition. 








[Av (1,3) 


[Av (1,3) 
Substituent Medium — Av(1,4) ] —2Av(1)] 





F vap 1066 360 
Cl vap 443 

Br hex 500 

OH hex 2800 

CHs vap 222 
(N) hep 2500 


0 
6 
6 
8 
9 


NR NRDN Nd & 


Av 2.7+0.2 








4 J. N. Murrell and K. Lenore McEwen, J. Chem. Phys. 25, 
1143 (1956). 

2 Murrell and McEwen calculated the depression of the ground 
state and 'B2, excited state by the various other benzene states 
in terms of (Aa)*, where Aq is the change in the coulomb integral 
for the carbon to which the substituent is attached. In units of 
(Aw)? we find from their results for monosubstitution: C:= 
(depression of the excited state by the '£), state) — (depression 
of the ground state by the two !E2, states) =0.0597—0.0257 — 
0.0019=0.0321; C3= (depression of the excited state by the 
14>, state) — (depression of the ground state by the 'B,, state) = 
0.0119—0.0181 = —0.0062. Hence C;/C,= —0.2. 
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TaBLE_V. Empirical / and 9 values for the 'Z, transition. 








l v 


Substituent (cm) (cm"+) 





Monoshift <2000 cm 


50 
935 
840 ortho 
975 
1000 
1200 
1100 
560 
405 ortho 
A be 
440 
370 
I 470 
I 320 
I 100 
I 960 
HCl. 1050 
Cl 1300 
I 
I 
I 
I 


RRR RARARRARARA 


‘H,OH 510 
*H.NH: 550 
*H»COOH 0 


. 


a 


»>CHCH: 490 
N 1350 
Cc 1400 

— 1430 


ZZaAd0D 


Monoshift > 2000 cm™ 


SH 
NH: 
COOH 
CHO 
CHCH: 


Co=Ci=0) one has the three-term 

formula for the 'Z, transition, 

—Av= Yolm+ > om exp(i2m7/3) 
—0.2| Som(—1)™|?. 

This gives C =2.71, which is in excellent agreement with 

the average value in Table IV. 

For substituents with monoshift greater than 2000 
cm a frequency-shift formula of the general form of 
Eq. (5), such as Eq. (9) or (10), breaks down. With 
increasing monoshift there is a departure similar tothat 
observed for the intensity changes (Fig. 3). The value 
of C, for instance, instead of remaining constant around 
2.7, decreases rapidly with increasing monoshift beyond 
2000 cm™'; dropping to 0.9 for COOH (monoshift 2400 
cm) and to —0.1 for NH» (monoshift 4000 cm~). 


frequency-shift 


(10) 


Empirical | and 0 values 


In Table V are presented values of / and 2 obtained by 
applying Eq. (10) to the observed frequency shifts in 
Table I. The corresponding values of /’ and v’ obtained 
by Eq. (9) are very nearly given by 1’=/—0.6x? and 
v’ =1.16 ». 

The values shown for F, Cl, Br, OH, OCH;, CHs, 
CH2CH:, CH(CHs3)2, C(CHs3)3 and aza (N) are derived 
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from the 1-, 1,3-, 1,4-, and 1,3,5-homosubstitution 
shifts. For these substituents the monoshift is less than 
2000 cm and Eq. (10) holds satisfactorily. Taking the 
quantity in the last column of Table III as the value 
of /’=/—0.6 v*, we evaluate v from the following re- 
lation dictated by Eq. (10) : 80? =— Av(1) — Av(1,3) — 
Av(1,4)—5/’; and / from the relation, /=/'+0.6v?. 
The / value labeled ortho shown for CH; and Cl is 
obtained from the other homosubstitutions, in which 
there are two or more substituents in adjacent (ortho) 
positions on the ring; more will be said about this later 
in connection with the ortho effect. 

For the other substituents with monoshift less than 
2000 cm™, to which Eq. (10) is considered to be ap- 
plicable, fewer homosubstitution data are available. 
The values shown for I, NC, CF3, and CN are ob- 
tained with the aid of data for disubstitutions in which 
the substituent occurs with CHs or F (in the case of 
CF;). Knowing the value of v for one substituent, 
v4, We can determine the value for the other, v2, from the 
difference between the shifts in the 1,3- and 1,4- 
derivatives, using the predicted relation 4.2 vj.= 
Av(1,3) — Av(1,4). Once v is known, the evaluation of / 
is straightforward, e.g., 1 can be evaluated from the 
monoshift by /=—Av(1)—0.8 vw. The values of v 
shown for CH2F, CHF2, CH2Cl, CHCl, CCl;, CH:OH, 
CH2NH2, CH2COOH, and CH.CHCH» are estimated 
from the values of g assuming that v/g for these sub- 
stituents is approximately the average for CH; and 
CF3, v/g=1.3X10". 

For the substituents with monoshift greater than 
2000 cm Eq. (10) no longer holds very well. The value 
of v shown is estimated from the difference between the 
1,3- and 1,4-disubstitution shifts when the substituent 
occurs with the weakly perturbing CH; group. The 
value of / shown is obtained by subtracting the esti- 
mated v? from the monoshift. 

The sign of v is determined in the same way as the sign 
of g in Table II. For CH; a positive sign is chosen arbi- 
trarily, as was done for g. Then, if a substituent in 
combination with CH; yields [Av(1,3)—Av(1,4) ] 
positive, it is also given a positive sign; if negative, 
a negative sign; in accordance with Eq. (10). The signs 
enclosed in brackets are uncertain; there being in- 
sufficient data to establish them, these are taken to be 
the same as for g. 


Correction for Ortho Effect 


In all substitutions apart from 1-, 1,3- 1,4-, and 
1,3,5- two or more substituents occupy adjacent 
positions on the ring. For these there are observed 
departures from theory that may be attributed to an 
ortho effect caused by an interaction, possibly steric, 
between adjacent substituents. -In the case of CH; 
and Cl substitutions, especially, the frequency shifts 
calculated, using the / and v values obtained from the 
four nonortho substitutions, are Jarger than observed. 
The difference is approximately proportional to MNortho 
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(the number of ortho substituents), which is taken to 
be 2 for 1,2- and 1,2,4-, 3 for 1,2,3- and 1,2,3,5-, 4 for 
1,2,3,4- and 1,2,4,5-, 5 for penta-, and 6 for hexa- 
substitution. When Eq. (10) is used, the difference is 
approximately 155 mortho for CH; and 95 Mortho for Cl 
(in cm™); when Eq. (9) is used, approximately 125 
Mortho ANd 40 Mortho, respectively. This difference, being 
linear in Mortho, may be removed by modifying the / and 
I’ values. On taking in Eq. (10) Jortno=/—155 and 1—95 
for CH; and Cl, respectively, and in Eq. (9) U’ortho= 
1—125 and /—40, respectively, one obtains good 
agreement with all the observed shifts, as is shown in 
Fig. 4. 

Relatively little difference is found between the shifts 
calculated by Eqs. (9) and (10) for CH; and Cl substi- 
tutions, because the v values are small. For substitu- 
tions involving F, however, where the » value is twice as 
large, the difference is quite appreciable. Included in 
Fig. 4 are the frequency shifts calculated by both 
equations for all the F substitutions (without any 
correction for the ortho effect, which for F is expected 
to be smaller than for Cl). While the shifts calculated 
for the four non-ortho substitutions agree, those for 
all the other substitutions differ by 100 to 1000 cm™. 
It is apparent that for the two ortho substitutions 
whose shifts are known, 1,2,4- and 1,2,4,5-, Eq. (10) 
gives much better agreement with the observed values. 


THE 2050 A AND 1850 A SYSTEMS 
Intensity Changes 


The intensities of the 2050 A ('Z,) and 1850 A (‘B) 
systems show relatively little change for substitutions 
that might be regarded as weakly perturbing, e.g., 
alkyl groups and halogens. For each of these systems 
the initial intensity is large, much larger than for 'Z». 
The symmetry-forbidden 'Z, system has a vibration- 
ally induced intensity /,° some 60 times larger than 
1L,. The symmetry-allowed 'B system has an “‘allowed” 
intensity greater by another factor of 10. In each case 
absolute intensity changes comparable to those in the 
‘7, system, observed for such substituents as CH; and 
Cl, are too small relative to the initial intensity to be 
reliably measured from existing spectra. The un- 
certainty in the measured values makes it virtually 
impossible to make a meaningful comparison with 
theory. . 

If the intensity changes could be properly measured, 
however, we would expect Eq. (5) to hold for the 
transition-probability changes obtained for the ‘ZL, 
system in the absence of ring-distorting vibrations, 
assuming that the excited state is initially 'B,,.! Also, 
assuming the excited state to be initially twofold- 
degenerate ';,, we would expect the following formula 
(derived in paper I‘) to hold for the total transition- 
probability changes in the 'B system, 


3 
AD=—D{ Yiym+ oC |dm exp(iMmr/3) |2}, (11) 
M=( 











l lL L 
1,3 1,2,3 
1,2 1,4 


1 4 1 i 


:% 
13,5 1,2,3,5 
1,2,3,4 





penta 


1,2,4 24,5 hexe 


Fic. 4. Comparison of observed and calculated frequency 
shifts for the 'J, transition. The circles represent the observed 
shifts; the solid line, the shifts calculated by Eq. (10) ; the dashed 
line, the shifts calculated by Eq. (9). A correction for the ortho 
effect is included in the calculated shifts for CH; and Cl but not 
for F (see text). 


with a positive C2, determined by the interaction of 
1Ey, with the 1B, and 1B:, states below it, being the 
most important of the coefficients Cy. 


Frequency Shifts 


While the intensities are little affected, the fre- 
quencies of the 'Z, and 'B transitions shift markedly. 
The frequency shifts are 2 to 3 times as large and in the 
same direction, generally, as those of 'Z». For the 'L, 
system, which has poorly defined vibrational structure 
and is undercut by the 'B system, the frequency shift is 
best measured with respect to some point on the low- 
frequency side of the absorption curve. The point chosen 
here is that at which loge=3.5 (€=3160). The fre- 
quency at this point in benzene is 48 700 cm™ in vapor 
and 47 600 cm™ in heptane.” For the 'B system, which 
is essentially one fairly smooth, broad peak, the shift 
is best measured with respect to the peak maximum. 
The maximum in benzene is at 56 250 cm™ in vapor and 
54 400 cm™ in heptane."*4 Frequency-shift measure- 


13L. C. Jones, Jr., and L. W. Taylor, Anal. Chem. 27, 235 
(1955). 

41. W. Pickett, M. Muntz, and E. M. McPherson, J. Am. 
Chem. Soc. 73, 4862 (1951); V. J. Hammond and W. C. Price, 
Trans. Faraday Soc. 51, 605 (1955). 
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TABLE VI. Observed frequency shifts of the 2050 A (1,4) and 
1850 A (1B) systems (in hexane, heptane, or isooctane). 














— Av(cm™') 


Substituent Pos. | 1B 





Homosubstitution 


200 — 300 
2500 1700 
3700 3200 
3600 3400 
5000 2600 
4400 5000 
8000 8400 
3500 2000 
5300 3000 
2100 1700 
2800 
3800 
3400 
7800 
7000 
8400 
9900 
1400 
1900 
2500 
2900 
2600 
3200 
3300 
3200 
3600 
3500 
3900 
3300 
4300 
5100 
6500 
4500 
9600 
7800 

— 1600 
— 2300 
—4500 est. —4600 est. 

— 1800 —5000 est. a 


we ns 


a~ 


3600 


1400 
2100 
2700 
2500 
3000 
3200 
3800 


en ee ee ee ee ee ee ee 
ne Ww 


4100 
3700 


2 
3 
4 
2, 
2’ 
a. 
2’ 
2 
2’ 


P POY 


o 
= 
i 


> 


CHCl 
CHCl; 
CCl; 
COOH 
CN 
CH=CH: 
C=CH 
(N) 


3400 
2200 
5200 
4200 
— 2400 


Heterosubstitution 


1200 1100 
1600 800 
2400 2200 
2900 2600 
3600 2100 
5300 
5100 
6000 


F, CH; 


OH, CH; 


CN, CH 


(N), CH 


BWM PWH WHR dO 





® H. B. Klevens and¥J. R. Platt, Survey of Uliraviolet Spectra of Organic 
Compounds in Solution (Reprinted from Technical Report 1953-4 Part One, 
Laboratory of Molecular Structure and Spectra, University of Chicago). 

b American Petroleum Institute Research Project 44, Catalog of Ultraviolet 
Specirograms (National Bureau of Standards, 1945-50, and Carnegie Institute 
of Technology, 1950-57). 

© R. A. Friedel and M. Orchin, Ultraviolet Spectra of Aromatic Compounds 
(John Wiley & Sons, Inc., New York, 1951). 

4Lic. Jones, Jr., and L. W. Taylor, Anal. Chem. 27, 235 (1955). 
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ments so obtained from spectra in the literature, 
having a probable error of about 100 cm™, are pre- 
sented in Table VI. 


Comparison with Theory 


For the 'Z, transition, taking the excited state to be 
initially 1B,,, we are led to the following frequency-shift 
formula by the results of molecular orbital theory," 


—Av= DIm—1.2 | Sm(—1)™ |?. 


The most important of the coefficients Cy is now C3. 
The coefficient C:, which was most important for the 
‘J, transition, is expected to be quite small on the 
grounds that the 'B,, state interacts with the '£), state 
(at 1850 A) less than one-half as strongly as does the 
1Bo, state; the positive contribution to C; from the 
depression of the 'B,, state by the '), state is then very 
nearly cancelled out by the negative contribution from 
the depression of the ground state by the 'E», states 
(expected around 1600 and 1100 A). On the other hand, 
the coefficient C3 is about six times as large as for the 
17, transition. The negative contribution to C3; from 
the depression of the ground state by the 'B,, state, 
which for the 'Z» is two-thirds cancelled out by the 
positive contribution from the depression of the 'Bo, 
state by the 'A»s, state (expected around 1300 A) 
is now reinforced by an equal negative contribution 
from the concomitant elevation of the |B), excited state 
by the ground state. Thus, while C3; is only —0.2 for 
1J,, it becomes —1.2 for Ly. ; 

For the 'B transition, on the other hand, taking the 
excited state to be initially 1£,,, we arrive at the follow- 
ing formula for the average frequency shift of the two 
components, 


—Av= > oIm—2 | dom exp(i2mm/3) |? 
—0.6 | doam(—1)™ |*. 


The value of —2 for C2 is found after averaging the 
negative contributions from the elevation of the ‘Fj, 
state by the 1B,, and 'B,, states below and adding the 
negative contribution from the depression of the ground 
state by the 'E2, states. The values of —0.6 for. C3 is 
just one-half that for the 'Z, transition; this comes from 
the depression of the ground state by the 'B,, state. 

Using Eqs. (12) and (13) and the values of v obtained 
for the 'Z, transition (Table IV), we can evaluate / 
for the 'Z, and 'B transitions from the frequency shifts 
in Table VI. The values found are compared with the 
'T,, values in Table VII. 


(12) 


(13) 


16 W. Moffitt, J. Chem. Phys, 22, 320 (1954). Among other 
things, this paper shows that the 1B,,—'£1, interaction depends 
on Af, the change in the resonance-bond integral between ad- 
jacent carbons of the ring, while the 1B,,—'Z,, interaction de- 
pends on Aa, the change in the coulomb integral for the carbons. 
Making the reasonable assumption that AB/Aa=~-}(8/a), we 
find the matrix element for the former interaction to be B/a= 
0.32 times that for the latter. 
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How well Eqs. (12) and (13) hold for weakly per- 
turbing substitutions is indicated by Fig. 5, which 
shows a comparison of the calculated shifts for methyl- 
benzenes. In the calculated shifts the v value obtained 
for 'L,(v=8) is used along with the following / values: 
1=1400, Jortho=850 for ‘La; 1=1460, lortho=1040 for 
1B (in cm). The agreement with the observed shifts 
is seen to be quite good. 

Anomalies for donor-acceptor substituent pairs. It is 
noteworthy that for methylbenzonitriles (CH; and 
CN substitution) the 'Z, frequency shift for 1,4- is 
greater than for 1,3-, while Eq. (12) predicts the 
opposite on the grounds that the v values for CH; and 
CN are opposite in sign. This anomaly we attribute to 
the fact that CH; and CN make up a donor-acceptor 
substituent pair for which there is a low-lying charge- 
transfer state resulting from intersubstituent charge- 
transfer; this state is obtained by transferring an 
electron from the highest filled 7 orbital of CH; (the 
donor) to the lowest vacant a orbital of the CN (the 
acceptor). Interactions between the benzene-ring 
states and such charge-transfer states have been 
neglected in the perturbation theory of paper I, 
upon which the formulas discussed here are based. These 
interactions need not be considered for the 'Z, transi- 
tion, because the 'B,, state has a nodal plane at each 
carbon-substituent bond and therefore can interact 
only very weakly, if at all, with these intersubstituent 
charge-transfer states. However, they should be con- 
sidered for the 'Z, transition, as the 'B,, state has an 
antinode at each carbon-substituent bond and can 
interact quite strongly. That the interaction with the 
1B), state for 1,4-substitution should be stronger than 
for 1,3- may be justified theoretically, as is done in 
paper IV." 


TaBLe VII. Comparison of / values for the benzene transitions. 
Values in brackets are for ortho substitution. 


1 (cm™) 


1z. 


Subst. 


550 
2600 
(1800) 
3600 
5600 
3000 
4200 
8200 
7500 
1400 

(850) 
3400 
4400 
5200 
6900 
4700 
9600 
7800 
— 800 


1100 
3000 
3550 
560 
(405) 
900 
1050 
1300 
2150 
1350 
3500 
2400 
— 1430 


6 J. Petruska, J. Chem. Phys. (to be published). 
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1,4 1,2,4 hexa 


Fic. 5. Comparison of observed and calculated frequency 
shifts for the 'Z, and 'B transitions in methylbenzenes. The 
circles represent the observed shifts; the line, the calculated 
shifts (with correction for ortho effect included). 


An alternate explanation for the anomaly has been 
suggested by Platt"; namely, that in 1,4-methyl- 
benzonitrile one is looking at a perturbed 12, state 
that has been pushed below the perturbed 'B,, state. 
For this to be true the 'E2, state would have to be very 
close to the 'B;, state in benzene; in which case, a fairly 
large positive C, coefficient (M=1 term) should appear 
in the frequency-shift formulas for the 'Z, and !Z, 
transitions and a fairly large negative C; in the formula 
for the 'B transition. The fact that the formulas with 
C,=0 hold satisfactorily for weakly perturbing sub- 
stituents, such as CH; and Cl, seems to rule out this 
possibility; indeed, it provides support for the lowest 
1Eo, state being higher than the 'Fj, state as indicated 
by the Murrell-McEwen calculations." 


DISCUSSION OF PERTURBATION PARAMETERS 


Comparison of g and v 


For the 'Z, transition, at least, g is approximately 
proportional to v, as is shown in Fig. 6. This indicates 
that g arises principally from the perturbations that 
determine v, namely the inductive perturbations that 
mix the carbon-ring states. 


WJ. R. Platt, private communication. 
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Fic. 6. Comparison of g and » for 











| 


the ‘JZ transition. The dashed line 
represents g=0.9X10~%, predicted 
from the 1By,! Ei, interaction. 
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Two kinds of ring-state mixing contribute to gq for 
the 'Z, transition: (a) the mixing of the parent excited 
1B,,, state with the 'A, state 1.7104 cm™™ above it 
(at 1850 A) and (b) the mixing of the parent 'A,, 
ground state with the 'F2, states theoretically 5.6-8.8 X 
10‘ cm above ground. Of these the former is certainly 
much more important. In accordance with the results 
of Murrell and McEwen," we expect from this mixing 
alone g=1.36 vQ(AE)!, where Q is the transition mo- 
ment between 1B2, and one component of '£;, and AE 
is the difference in energy between the two states. 
Setting Q=8.5xX10 and AE=1.74X10' cm", as 
found from the benzene spectrum in vapor, we obtain 
q=0.9X10-y, This falls right in the range of the 
observed g, 0.5-1.2 10-s. 


Mixing in terms of v 


Using the values found for » we can estimate the 
contributions the various kinds of excited benzene 
states make to the ground state in substitute benzenes 
as a result of the inductive perturbations. The percent 
contribution of one benzene state to another is of the 
form g?| >a exp(iAMm/3) |?, where AM is the differ- 
ence between the M values for the two states and g? 
is a factor directly proportional to the square of the 
perturbation matrix element for monosubstitution 
and inversely proportional to the separation in energy 
between the states.! Taking the values of g* indicated 
by molecular orbital theory," we have for the percent 


contribution ‘to the initially 1A,,(M=0) ground state 
from 


1Ey,(M=1): 
1 E-og(M =2): 
1B,,(M =3) : 


0.0009 | >on exp(imm/3) |? 
0.0013 | Soom exp(i2mx/3) |? 
0.0012 | }om(—1)™ |. (14) 


Similarly we find for the percent contribution to the 
initially 1Bo,(M=3) excited state of the 'Z, transition 
from 


14.,(M=0): 
1F,(M=1): 
1E»,(M =2): 


0.0010 | }>0(—1)™ | 
0.011 | Sov exp(i2mm/3) |? 
0.0017 | Soom exp(imm/3) |? (15) 


Hence, the ground state in fluorobenzene (v=17), for 
example, has acquired 0.26% ‘Ey, 0.38% 'E2,, and 
0.35% 1B, character; in 1,4-difluorobenzene, 1.5% 
1E>, but no 'A,, or 1By, character; in 4-fluoropyridine 
(v=17 and —27), 1.7% 'Eyw, 0.13% 'Ex,, and 2.3% 
1B,, character. At the same time the 'Z, excited state in 
fluorobenzene has acquired 0.29% 1A, 3.2% ' Ei, and 
0.49% 'E., character; in 1,4-difluorobenzene, 12.7% 
‘Ey, but no 'Ag, or 'Es, character; in 4-fluoropyridine, 
1.9% 1Aa,, 1.1% 1Fiu, and 3.3% ! Ee, character. 


Meaning of I 


There are at least three contributions to the empirical 
value of /, which may be designated as 1, J, and 1, 
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The components / and /® have been taken into ac- 
count in deriving the theoretical frequency-shift 
formulas: / comes from the first-order inductive energy 
changes associated with the. diagonal perturbation 
matrix elements, while /® comes from the second-order 
conjugative energy changes associated with the off- 
diagonal matrix elements between the carbon-ring 
states and the substituent and charge-transfer states. 
The component /, which has not been taken into 
account so far, comes from the change in zero-point 
vibrational energy. 


Contribution from Change in Zero-Point Vibrational 
Energy 


Some information regarding / is provided by the 
spectra of deuterobenzenes. It is observed that on 
deuterosubstitution the 2600 A ('Z,) system is shifted 
to the blue (higher frequency) by 33” cm, where n 
is the number of deuteriums.'* This shift has its origins 
in (a) the fact that the zero-point vibrational energy 
in the ‘LZ, excited state of benzene is smaller than in the 
ground state and (b) the fact that on deuterosubsti- 
tution, while there is no change in the electronic 
energy, the zero-point vibrational energy of both 
states is reduced because of the increase in mass, 

A general description of this shift, Avyi,, may be given 
as follows. Let ¢ and ¢’ be the zero-point vibrational 
energies of the ground and excited states in benzene; 
(1+d)e and (1+d’)e’, the corresponding energies in a 
substituted benzene. Then, 


Avyin =d'e’ —de. (16) 


Taking d and d’ to be linearly dependent on the sub- 
stituents, as is the case for deuterosubstitution, we may 
write 


cae Avy ib = Yhn = a (€dm— €'dm’) (17) 


In particular for the 'Z, transition, with e=21 530 
cm and e’=20 050 cm™ as found by Ingold and co- 
workers,'® we have Jm =21530dm—20050d,’ cm=. 
Thus, for the substituent deuterium, where d= —0.0317 
and d’=—0.0324, 1 =—683+-650=—33 cm”. 

As a rule, provided that e’ is smaller than ¢ as for the 
17, transition, / will be negative for substituents that 
decrease the zero-point vibrational energy, i.e., for 
which d and d’ are negative. In the case of the single- 
atom substituents, the halogens, the zero-point energy 
is definitely decreased because of the increase in mass. 
The negative values of / are expected to increase in 
the order F<CI<Br<I and reach 100 cm™ or more 
judging by deuterium. For many-atom substituents like 
CHs, however, the mass effect is bound to be offset to 
some degree by the addition of new vibrations. Com- 
pared to the halogens these substituents should have 
smaller negative values; if the new vibrational energy 


18 F, M. Garforth, C. K. Ingold, and H. G. Poole, J. Chem. Soc. 
1948, 508. 
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added is large enough, they may even have positive 


values. 


Contribution from Inductive Perturbations 


Going by molecular-orbital theory,'® we expect / 
to be proportional to v. On examining the diagonal 
perturbation matrix expressed in terms of integrals 
between atomic orbitals, we find that these contain a 
term linearly related to A@, the change in the resonance- 
bond integral between the carbon to which the substi- 
tuent is attached and each of the adjacent carbons of 
the ring. Since the separation in energy between the 
molecular orbitals depends essentially on 8, this term is 
different for the ground and excited states. Hence, /™ 
is linearly related to Af. In particular for the 'Z», 1L., 
and 'B transition, we find from the expressions for the 
perturbation matrix elements given by simple molecu- 
lar orbital theory, J” =3(A8). Making the reasonable 
assumption that the ratio of AB to Aa (the coulomb- 
integral change) is approximately one-half the ratio of 
the original integrals, i.e., AB/Aa=}(8/a) =0.16, and 
taking Aa=510 v cm™ (in accordance with the results 
of Murrell and McEwen"), we are led to the estimate 
J = 540 cm, 

This estimate agrees fairly well with the results for 
aza substitution (replacement of CH by N as in 
pyridine). For this substitution there is no conjugative 
perturbation, i.e., / =0. The observed /, apart from a 
small correction for 1, is purely 1. As found from the 
values for aza in Tables V and VII, //v=53, 30, and 
26 for the 'Z», 'Za, and 'B transitions, respectively. 


Contribution from Conjugative Perturbations 


The value of /® is determined by the difference be- 
tween the depression of the excited benzene state and 
the depression of the ground state by the substituent 
and charge-transfer states, particularly by the charge- 
transfer states. According to molecular orbital theory,” 
the matrix element for the interaction of the charge- 
transfer states with the ground state is V2 times that 
for the interaction with the 'Z», 'Z,, and 'B excited 
states. Thus, when the charge-transfer states are more 
than 80000 cm™ (10 ev) above the ground state, 
1 is small; it may even be negative, meaning that 
the ground state is depressed more than the excited 
state. However, when the charge-transfer states fall 
below 10 ev, the excited state is depressed more than 
the ground state, since the charge-transfer states are 
now so much closer to the excited state; / then becomes 
positive and increases as the charge-transfer states 
decrease in energy. Bearing in mind that the energy 
required to transfer an electron from the substituent 
to the ring is directly related to the ionization potential 
of the substituent, we thus expect /® to increase as the 
ionization potential of the substituent decreases. 


19 J. N. Murrell, Proc. Phys. Soc. (London) A68, 969 (1955). 
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An approximate value of /® (including /) may be 
obtained by subtracting from the observed / the 
reasonable estimate of the inductive contribution, 
® =40v. This value is shown in the following com- 
paratively for three groups of substituents. In each 
group the substituents are listed in order of decreasing 
ionization potential for their hydrides. The value of 
the ionization potential is given in brackets beside the 
substituents. 


1) Halogens (positive v): 


y 1D, 1B 


— 100 — 200 
2200 1500 
3200 1900 
5000 3000 


F (17) 
Cl (12.8) 
Br (12.0) 
I (10.3) 


— 600 
500 
500 
400 


Saturated substituents in first row of periodic 
table (positive v) : 


F (17) 

CH; (12.9) 
OH (12.6) 
NH2( 10.3) 


— 600 
250 
100 

1600 


— 100 
1100 
1100 
6100 


— 200 
1150 
1600 
3400 


3) Unsaturated substituents (negative 7) : 


CN (13.9) 
COOH (11.3) 
CH=CH; (10.5) 


2000 
2900 
3500 


5300 
7600 
9600 


3400 
4900 
5200. 


For the halogens and saturated substituents, which 
introduce no substituent states and only charge-trans- 


JOHN PETRUSKA 


fer states of type R~S* (where R is the ring and S the 
substituent), the estimated /™ does indeed increase with 
decreasing ionization potential. A similar behavior is 
evident for the unsaturated substituents. However, for 
these the value is considerably larger for the same ioni- 
zation potential. This may be attributed to the fact 
that, in addition to charge-transfer states of type 
R~-S*, the unsaturated substituents introduce charge- 
transfer states of type R*S~ and also substituent states 
that interact with the ring states. 

The difference in /® for the three transitions is worth 
noting. We see that for 'Z, and 'B the value is con- 
siderably larger than that for 'Z,. This is in accordance 
with the fact that the charge-transfer states are closer 
and thus interact more strongly with the higher states. 
However, we also see that the 'Z, value tends to be 
larger than the 'B value, even though the 1B state is 
higher. To explain this we have to take into account the 
repulsion between the 'B,, and '£,, ring states resulting 
from the interaction with the charge-transfer states. 
This repulsion, which emerges from higher order terms 
in perturbation theory, is discussed in paper IV."° 


Platt’s Spectroscopic Moment 


The spectroscopic moment evaluated by Platt’ for the 
‘7, transition is roughly proportional to our transition 
moment g. This moment is obtained from the change in 
the extinction coefficient at the maximum of the smooth 
curve drawn through the vibration structure, which is 
an approximate measure of the intensity 7, induced by 
the substituent perturbations. Its value is approxi- 
mately 1.610%. 





THE JOURNAL OF CHEMICAL PHYSICS 


VOLUME 34, NUMBER 4 APRIL 1961 


Millimeter Wave Spectrum and Molecular Structure of Oxygen Difluoride 


A. Ray HIirton, Jr.,* ALBERT W. JACHE, JAMES B. BEAL, JR., WILLIAM D. HENDERSON, AND R. J. ROBINSON 


Department of Chemistry of The Agricultural and Mechanical College of Texas, College Station, Texas 


(Received August 10, 1960) 


The molecular structure of oxygen difluoride (OF,) has been studied by microwave spectroscopy tech- 
niques. A video microwave spectrometer was used to find 13 rotational absorption lines. Klystron-driven 
crystal harmonic generators were used as energy sources for the spectrometer. The frequencies of the lines 
were measured with a precise frequency standard. Nine of the lines were assigned to rotational transitions of 
OF; using a graphical method. The three average rotational constants A, B, and C were determined from 
the exact energy solutions for the rotational transitions. The values for the rotational constants together 
with the effective moments of inertia calculated from them were A =61 567.71 Mc, I 4=8.21096 amu, ‘A?; 
B=11 066.54 Mc, I[p=45.6809; C=9 343.85 Mc; [¢=54.1088 amu, A?. The effective values for the oxygen 
fluorine interatomic distance and the apex angle 26 calculated from J4 and Ig were r=1.3896 A, 26= 
104.163. The rotational inertial defect was found to be +-0.217 amu, A?. 


INTRODUCTION 


ONSIDERABLE data are available concerning the 

structure of oxygen difluoride (OF:). The purpose 

of this investigation was to determine the structure of 

oxygen difluoride more precisely by using the frequen- 

cies of rotational absorption lines observed in the 
' microwave region. 

Oxygen difluoride has been studied using infrared 
spectroscopy and electron diffraction methods. Perhaps 
the best way to present the results is by the use of a 
table taken from one of the papers. Table I presents a 
comparison by Ibers and Schomaker' of their results 
and other values given in the literature.?~* 

The structural parameters, O—F and 26, are chosen 
because oxygen difluoride is a nonlinear triatomic 
molecule with two equivalent oxygen fluorine bonds 
(O—F) which are separated by an apex angle 28. 

Some comments should be made concerning the 
sources and reliability of the structural parameters 
given in Table I. The work of Sutton and Brockway? 
was carried out using early (1935) electron diffraction 
methods, as was the work of Boersch.* That early 
electron diffraction methods were not considered to be 
very reliable, is obvious from the large value of max- 
imum error listed by these workers. 

Bernstein and Powling* assigned the three principal 
infrared vibrational frequencies of OF:. They deter- 
mined rotational constants from the resolved fine 
structure by treating OF, as a symmetric-top molecule. 
Their structural values given in the table were calcu- 
lated from these symmetric-top rotational constants. 

The first values given by Ibers and Schomaker' are 
the results of a study of OF» using electron diffraction 

* Present address: Texas Instruments, Inc., Dallas, Texas. 

+ Present address: Production Research, Humble Oil and Re- 
fining Company, Houston, Texas. 

1J. A. Ibers and Verner Schomaker, J. Phys. Chem. 57, 699 
(1953). 

21. E. Sutton and L. O. Brockway, J. Am. Chem. Soc. 57, 473 
(1935). 


3H. Boersch, Monatsh. Chem. 65, 311 (1935). 
4H. J. Bernstein and J. Powling, J. Chem. Phys. 18, 685 (1950). 


methods. Combining their results with the rotational 
constants given by Bernstein and Powling, they de- 
termined a most probable value for the oxygen fluorine 
distance and the apex angle 26. The most probable 
values are given in the table. 

One must exercise some judgment in selecting struc- 
ture parameters to use for calculation of approximate 
rotational transition frequencies. Beal’ used the range 
of variable, 1.360-1.400 A° and 100.1-105.1°, for 
calculation of energy levels. Tolberg® accepted the bond 
distance from the infrared (1.380 A) and the latest 
electron diffraction angle (20=103.5) and calculated 
the expected rotational frequencies of 66 lines found in 
the microwave region. 


Taste I. Structural parameters of OF2 given in the literature. 


O—F A’ 


.36+0.1 


20° Source 





105+5 
100+3 

101 .5+:1.5 
.413+0.10 103.8+1.: 
418 103.2 


.41+0.05 
.38+0.03 








EXPERIMENTAL PROCEDURE 


1. Preparation of Oxygen Difluoride 


Oxygen difluoride was prepared by passing fluorine 
gas through a flowing cold dilute aqueous solution of 
sodium hydroxide. The resulting mixture of gases was 
passed through two traps containing a dilute, aqueous 
solution of sodium hydroxide to remove hydrogen 
fluoride and excess fluorine. To remove the water, the 
gas mixture was then passed through a third trap 


5 James A. Beal, M.S. thesis, Texas A. and M. College, College 
Station, Texas (1959). 

6 Wesley E. Tolberg, Ph.D. dissertation, Texas A. and M. 
College, College Station, Texas (1958). 
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Tas_e II. Klystron fundamental frequencies of observed lines. 


Klystron frequencies 


Mc 


23 397.96 (A) 
26 111.72 (A) 


26 854.56 


27 068.62 


31 
32 626.62 
32 808.6: 


30 731. 


cooled with dry ice. The remaining sample was col- 
lected in a sample holder (cooled by liquid nitrogen) as 
a liquid solution containing approximately 50% OF» 
and 50% oxygen. Most of the oxygen could be removed 
by placing the sample under reduced pressure (below 1 
mm Hg) while it was still cooled by liquid nitrogen. 
About two-thirds of the liquid sample was allowed to 
boil away. 

A check on the gas composition was made by means 
of its infrared spectrum. All of the known bands of 
OF. were observed plus some bands from traces of 
carbon tetrafluoride. The sample was stored as a 
liquid at liquid nitrogen temperature. 


2. Microwave Spectrometers 


Two video-type spectrometers were used. Details of 
construction and operation can be found in standard 
texts.?* The absorption cells (K band) of these spec- 
trometers were fitted with transition sections. The 
transition sections for the cells were to J band (above 
34 kMc); and to G band (above 79 kMc). 

The energy source of the J-band cell (Duke designa- 
tion’) was a klystron-driven K-band to J-band har- 
monic generator. Slotted IN26 crystals were utilized in 
this generator. The detector was made of J-band wave- 
guide using a slotted IN26 crystal. Much more elaborate 
generators and detectors were used on the G-band 
absorption cell.2 The energy sources were klystron- 
driven K-band to G-band harmonic generators. Three 


7 Walter Gordy, W. V. Smith, and Ralph Trambarulo, Micro- 
wave Spectroscopy (John Wiley & Sons, Inc., New York, 1953). 
C. H. Townes and A. L. Schawlow, Microwave Spectroscopy 
(McGraw-Hill Book Company, Inc., New York, 1955). 
9W. E. Tolberg, W. D. Henderson, and A. W. Jache, ‘““New 
components for use in millimeter wave spectroscopy,” 135th 
National American Chemical Society Meeting, Boston, Massa- 
chusetts, April, 1959. 
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different detectors were used on this cell. These de- 
tectors were made of G, J, and F waveguide and used 
silicon crystals. 

The absorption cells were always cooled with dry 
ice. The low temperature of dry ice increased the 
population of the gas molecules in the low J and 
ground vibrational states. Low-temperature operation 
also increased the amount of microwave energy avail- 
able by lowering the electrical resistance of the cell. 


3. Frequency Measurements 


Frequency measurements were made using a precise 
frequency standard. The accuracy of the frequency 
standard is based on a 1-Mc oscillator (James Knights 
Company, FS-1000, model 1). The accuracy of the 
1-Mc standard was verified by beating its frequency 
against the National Bureau of Standards WWV 20-Mc 
broadcast. The over-all accuracy of the frequency 
standard and the frequency determining procedure, 
was verified by measuring an OCS and several BrCN 
lines, and comparing the values with accepted values 
found in the literature. 


4. Frequencies of Predicted Rotational Absorption 
Lines 


The calculated values of Beal were used as guides in 
determining in what range to look for a given transi- 
tion. Beal, using an IBM 650 digital computer, calcu- 
lated values for rotational transitions by fixing the 
interatomic distances and then varying the apex angle 
2@ in increments of 0.2°. He then changed the radius by 
0.002 A and repeated the procedure. Beal also used 
Ic=I4+Ip. In the present work, reasonable limits 
were selected in which a given transition would be 
expected from Beal’s data. 


RESULTS 


1. Observed Rotational Absorption Lines 


Thirteen rotational absorption lines of OF: were 
found. The measured frequency of the klystron funda- 
mental of each line is shown in Table II. 

The observed lines in group A were found using the 
I band absorption cell and the frequency doubler. The 
frequency of a line in this group is probably second, 
third, or fourth harmonic of the measured fundamental. 
Frequency doublers of this type have very little energy 
of higher than fourth harmonic. 

The one line lettered (B) was found using the K-band 
to G-band harmonic generator and the G-band absorp- 
tion cell. The frequency of the line must be fourth or 
above and up to about twelfth harmonic of the funda- 
mental. 

The lines lettered (C) were found using the J-band 
to G-band harmonic generator with the G-band ab- 
sorption cell. The frequency of a line in the group 
must be third or above and up to about 14th harmonic 
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of the fundamental. Two of the lines were observed by 
using an F-band detector. This would indicate that 
their frequencies are in excess of 130 kMc. The fre- 
quencies of the two lines observed while using the 
F-band detector have fundamental frequencies of 
32 655.45 and 31 799.38 Mc. 

Unfortunately, it is not possible to observe just any 
rotational line in the 20- to 400-kMc range. One is re- 
stricted to areas in which his particular set of gener- 
ators, crystals, and klystrons function well. These 
13 rotational lines represent our best combination of 
good energy and available transitions. Other rota- 
tional transitions which would have been of consider- 
able help in our calculations were not available to us 
because of poor energy response in the region where 
the absorption line occurred. 


2. Assignments 


The initial J level of a transition can be determined 
by the Stark splitting. However, in OF2, the electric 
dipole moment is small" and thus the observed lines 
are weak. When a weak line is split into several com- 
ponents, some of the components may not be visible. 
Attempts were made to identify some of the (A) group 
lines, using a Stark spectrometer. The absorption line 
of group A whose frequency has the klystron funda- 
mental frequency of 27 068.62, was found to have two 
Stark components. The initial J level of this transition 
is thus indicated to be J=1 or J=2. 

The absorption line whose frequency has the klystron 
fundamental frequency of 26 854.56 was found to have 
three Stark components. The initial J level of this 
transition is thus indicated to be J=2 or J=3. Stark 
splitting was observed for other lines in group A, but 
the results were inconclusive. 

Often a molecule will have several lines for the same 
transition because of natural isotopes of one or more 
atoms in the molecule. Identification of these lines 
sometimes enables one to calculate the structure from 
one or two transitions. The major isotope lines must be 
strong in order for the minor, naturally occurring 
isotope lines, to be visible. Oxygen is 99.8% O” and 
fluorine is 100% F". No minor isotope lines of OF, 
could be found and used to help determine the structure. 

One method commonly used for identification of 
transitions involves use of Ray’s asymmetry parameter 
x and King, Hainer, and Cross, energy tables." The 
rotational energy for an asymmetric molecule in a 
particular rotational state is given by 


W/h=(A+C)I(I+1)/24+(A—C)Exw/2, (1) 


where J is the principal angular momentum quantum 
number. Here, A and C are the rotation constants and 


1 J. W. Bransford, A. C. Kunkle, A. W. Jache, J. Inorg. & 
Nuclear Chem. 14, 159 (1960). 

1G. W. King, R. M. Hainer, and P. C. Cross, J. Chem. Phys. 
11, 27 (1943). 
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Tas_e IIT. Centrifugal distortion constants of OF2. 








Constant Value in Mc 





—1.04X10% 
+1.45xX10~° 
—5.76X107 
—2.91X10" 
—1.43 

+5.74X10% 








E,,,) is the value tabulated in the King, Hainer, Cross, 
tables for a particular level as a function of x. 

For a Q branch transition (AJ=0) the change in 
energy (AW/h) is a function of (A—C) and « alone, 
not (A+C), 


AE+(A—C)AE,,,,/2. 


Values calculated for Q-branch transitions by Tolberg 
and Beal (J <4) were examined and possible values of 
a particular transition, were examined as a multiple of 
one of the frequencies listed in Table II. Possible values 
were selected over ranges of about 2000 Mc. A possible 
value for a particular Q-branch transition was solved 
for values of A—C from the King, Hainer, Cross, 
tables as a function of the asymmetry parameter x. A 
plot was prepared of all (A—C) values vs xk for Q- 
branch transitions. An intersection point of two or 
more possible values for different transitions indicates 
a common value for (A—C) and x. 

From intersection points, different possible values of 
(A—C) were used to prepare other plots for transitions 
where AJ =0. The plots were prepared, again using the 
tables. From the accepted value of (A—C) and possible 
values for a particular transition selected from Table 
II, relation (1) was solved for values of (A+C) as a 
function of x the asymmetry parameter. For a P- or 
R-branch transition the change in energy AE is given by 


AE=(A+C){4{’(J+1)]—-30 (J+) 
+4[(A—C)AE,, J, 


where J and J’ signify the initial and final total angular 
momentum quantum numbers. 

In order for any solution found in this manner to be 
acceptable, the intersection of the plots of the possible 
values for different transitions must be at a common 
(A+C) and at the same x as that which determined 
(A—C). Another test which the solution had to pass, 
was that the A, B, and C calculated from the data 
also had to fit the exact solutions of the energy equa- 
tions taken from Gordy.’ Only two values of (A—C) 
and «x produced any common point of more than two 
values. These values are (A—C)=52 223.4, x= 
—0.950, and x=—0.934. The finding of the Oo—1i 
transition confirmed the values x= —0.934, (A—C)= 





HILTON, JACHE, BEAL, 


HENDERSON, 


TABLE IV. Assignment of rotational levels of OF 2. 


AND ROBINSON 

















Klystron 


Transition fundamental Harmonic 





Centrifugal 
distortion 
correction 


Calculated Observed 





5 455.46 X2 
111. X2 
X10 
X4 


799.38 


Oye / 07 < ».062 X3 
X11 
9231019 3 397. X4 


115771243 “ 73 ° X7 


Bie 8.5 


52 223.4, and (A+C)=70 910.92. These values pro- 
duced several assignments which fit very well. 

Further assignments could not be made until after 
the rotational levels were corrected for centrifugal dis- 
tortion effects. From the value of (A+C), (A—C), and 
the asymmetry parameter, the rotational constants 
A, B, and C were calculated. Approximate values for 
the interatomic distance and the apex angle 26 were 
calculated from the moments of inertia J4 and Ig ob- 
tained from their respective rotational constants. 


3. Centrifugal Distortion Corrections 


The rotational levels were corrected for the effect of 
centrifugal distortion by a method developed by 
Kivelson and Wilson.’ In this method each unper- 
turbed rotational level is calculated as a function of the 
equilibrium values of the rotational constants. This 
rotational level is then corrected to the real value by 
six constants used in the equation 


W =WotAwWe?+ AW oJ (J+1)+A3J2(J+1)? 
+AWJ(J+1)(P? \wtAs(PA ) ay A eW o(P.? Dias 


where W is the real energy of the level, Wo is the un- 
perturbed value, and the quantum numbers of the ro- 
tational state are designated by J and K-. For a near- 
symmetric top molecule, (P.?),, is about equal to K? 
and (P4)w=K‘. 


TABLE V. Unassigned lines. 


Klystron fundamental Harmonic 





27 068.62 
22 544.66 


24 491.33 
32 808.63 


27). Kivelson E. B. 


(1952). 


Wilson, Jr., J. Chem. Phys. 20, 1575 


70 909, 70 910.92 
52) 224. 52 223.44 
317 985 7 993. 
107 433. 24 
359 176 


1.32 
1.37 
84.95 
3.00 
222.88 
24.28 
58 872. 3s 235.67 
74.48 
363.53 


592. 


121.98 


A generalized program was written to calculate the 
six constants for OF). The method used was similar to 
the one outlined by Kivelson and Wilson" except that 
the results were not as exact. A nonlinear triatomic 
molecule such as OF; has four vibrational potential 
constants. These constants are necessary for an exact 
calculation of the centrifugal distortion constants. 
The three vibrational frequencies for OF‘ are not 
enough empirical data to enable determination of the 
four constants. No vibrational frequencies for OF» 
containing isotopes other than F"® and O" are reported 
in the literature. 

The six constants for OF: were calculated using 
valence force coordinates. The two force constants were 
calculated assuming that the vibrational frequencies 
Vi, Ve, V3 were the same as the normal vibrational 
frequencies w1, w2, w;. For the first set the structural 
parameters were obtained from the initial assignments. 
From the structural parameters obtained from final 
assignments, the calculations were repeated until 
there was no appreciable change in the six constants. 
The final values are shown in Table ITI. 


4. Final Assignments 


A generalized program was written to use the six 
distortion constants to correct the rotational levels by 
the equation given above. The unperturbed level was 
calculated from the initial values of (A+C), (A—C), 
and the King, Hainer, and Cross tables. The real level 
was then calculated. Corrections were of the order of 
—26000 Mc for J=12. Over 500 transitions were 
considered for levels of J<12. Intensity coefficients 
were calculated and compared when necessary. The 
final assignment of nine transitions for OF: are given 
in Table IV. These lines were fitted with some prefer- 
ence shown for the high J lines. The average deviation 
for the nine lines is +9.6 Mc with the greatest con- 


13T). Kivelson and E."B. Wilson, Jr., J. Chem. Phys. 21, 1229 
(1953). 
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tribution to the deviation coming from the highest 
frequency transitions. The small deviation is probably 
due to inaccuracies in the distortion constants. 

The unassigned lines are shown in Table V with only 
their klystron fundamentals listed. These lines are 
probably of higher J value than those considered here. 


5. Structure 


The effective values for the rotational constants and 
their respective moments of inertia are: 


A=61 567.71 Mc 
B=11 066.54 Mc 
C= 9 342.85 Mc 


T4=8.21096 amu A? 
Ip=45.6809 
Ic =54.1088. 
The asymmetry constant « is found to be 
k= —0.93400. 


The equations for 4 and J» are easily solved for the 
interatomic distance r and the apex angle 20. The 
values are r=1.3896 A, 20=104.16°. 


6. Inertial Defect 


In a nonlinear triatomic molecule such as OF», the 
largest moment of inertia should be equal to the sum 
of the other two (Ic=J4+Jp). The fact that it does 
not, is termed an inertial defect. This discrepancy is 
measured by the magnitude of the deviation (A=I¢— 
I4—Ip). The value for OF; calculated from our data is 
+0.217 amu A’. 

An explicit expression for the inertial defect for a 
nonlinear triatomic molecule of the C2, type was 
derived by Darling and Dennison." The calculation for 


4B. T. Darling and D. M. Dennison, Phys. Rev. 57, 128 
(1940). 
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OF: was carried out using the structural parameters 
from the assignments and assuming that the observed 
vibrational frequencies were equal to the normal fre- 
quencies. It was necessary to use displacement co- 
ordinates in the calculations. The potential constants 
used in the displacement coordinate treatment were 
obtained by linearly transforming a set of four poten- 
tial constants obtained by Duchesne and Burnelle’® 
using a graphical method. The calculated value was 
found to be +0.165 amu A’. The discrepancy is due 
primarily to the assumption that the observed vibra- 
tional frequencies are equal to the normal frequencies. 
In OF2, V; is larger than V2 but about equal in magni- 
tude, which should result in a great deal of interaction. 


DISCUSSION OF RESULTS 


Any large errors obtained in these data are not due 
to frequency measurements. The frequency measure- 
ments are all good at least to about 0.2 Mc. The main 
sources of error are the reliability in Planck’s constant 
(1 part in 10000), the error due to inaccuracies in the 
centrifugal distortion constants (1 part in 10000 was 
maximum), and the error due to the inertial defect. 
Because of the necessary assumptions made in the 
calculation of the centrifugal distortion constants and 
the inertial defect, we are unable to determine a relia- 
bility figure that would properly represent the accuracy 
of the data. We report the structural parameters of 
OF; to be r=1.3896 A, 26=104.16°. 
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The Kyc-o force constants of formaldehyde, acetaldehyde, acetone, glyoxal, p-benzoquinone, o-benzo- 
quinone, and of chloroacetaldehyde have been determined by Pariser-Parr-Pople’s SCF-MO procedure. 
The theoretical expression for the force constant corresponding to this theory is given. The Kycug force 
constant is found to decrease in the order formaldehyde, chloroacetaldehyde, acetaldehyde, acetone; this 
is due to the corresponding decrease of the effective electronegativity of the carbonyl carbon atom. The 
Kyceo force constant decreases also in the series acetone, o-benzoquinone, p-benzoquinone, and in the 
series acetaldehyde, glyoxal; this is due to conjugation effects. The force constants calculated by this 
theory agree satisfactorily with the experimental values. - 





1. INTRODUCTION 


CONSIDERABLE interest has been manifested 

in the spectral behaviour of the carbonyl group.'~“ 
It has been shown that the vc-o frequency associated 
with the C=O group is rather insensitive to changes in 
the molecular environment. The Avc—o frequency shifts 
are small but characteristic of the type of compound 
being investigated. These spectral shifts are due: (a) 
to the variation from one molecule to another of the 
amount of the vibrational coupling between the vc—o 
vibrator and the vibrators associated with the rest of 
the molecule; (b) to the variation of the force constant 
Ky =o Which results from the change of the electronic 
structure of the carbonyl group in passing from one 
molecule to another. The relative importance of the 
vibrational and electronic effects can be estimated 
either by performing a vibrational analysis of the 
infrared spectra of some typical carbonyl compounds 
or by calculating the force constant Ky... of these 
molecules by the help of an electronic theory. The 
vibrational problem>" has been recently treated in 
detail in a work, further referred to as (I)." In this 
paper the electronic problem will be studied (see 
also”-*!) , It will be shown that in the cases, where mass 


1 R. N. Jones, F. Herling, J. Org. Chem. 19, 1252 (1954). 

2 J. Lecomte, Bull. soc. chim. France 1959, 717. 

3R. N. Jones and C. Sandorfy, Chemical Applications of 
Spectroscopy (Interscience Publishers, Inc., New York, 1956), 
pp. 443-509. 

‘L. T. Bellamy, The Infra-Red Spectra of Complex Molecules 
(Methuen and Company, Ltd., London, 1958). 

5G. B. Bonino and P. Chiorboli, Atti accad. nazl. Lincei [8] 
9, 17 (1950). 

6B. G. Bonino, E. Scrocco, P. Chiorboli, Atti accad. nazl. 
Lincei [8] 9, 17 (1950). 

7K. W. F. Kohlrausch and A. 
(Leipzig) B27, 176 (1934). 

8R. C. Lord and F. A. Miller, Appl. Spectroscopy 10, 115 
(1956). 

9J. O. Halford, J. Chem. Phys. 24, 830 (1956). 

10 T, Miyazawa, J. Chem. Soc. Japan, Pure Chem. Sect. 77, 
366 (1956). 

11S, Bratoz and S. Besnainou, J. chim. phys. 56, 555 (1959). 

2, T. Hartwell, R. E. Richards, and H. W. Thompson, J. 
Chem. Soc. 1948, 1436. 

18 G. B. Bonino and E. Scrocco, Atti accad. nazl. Lincei [8] 
4, 421 (1949). 


Pongratz, Z. physik. Chem. 


coupling effects are small, the Avc.o frequency shifts 
are mainly determined by (a) the effective electro- 
negativity of the carbonyl carbon atom and (b) by 
the conjugation effects. 

2. THEORY 


In this section the theoretical techniques necessary 
for the electronic calculation of the bond stretching 
force constants will be discussed. The molecules treated 
are given in Table I which also gives the geometrical 
(and other) parameters entering into the calculation. 
It would have been desirable to have included in this 
table the cyclanones and compounds like phosgene. 
This was not done, however, because of the mathe- 
matical difficulties to be discussed later. 

The fundamental assumption upon which the calcu- 
lation is based consists of supposing that the modifica- 
tions of the Ky... force constant when going from one 
carbonyl molecule to another, is due to x electrons,'*:-?! 
In addition, the relatively large size of the molecules in 
question renders the use of an empirical method un- 
avoidable. The Pariser-Parr-Pople*-* approximate 
SCF-MO procedure has finally been adopted in the 
form used by Sidman® in his work on the carbonyl 
group. Two problems arise when applying this pro- 
cedure to the study of small variations of the carbonyl 
frequency: (a) a method must be given to evaluate the 
penetration integrals expressing the influence of the o 

44. Scrocco and P. Chiorboli, Atti accad. nazl. Lincei [8] 
8, 248 (1950). 

15 G. B. Bonino and P. Chiorboli, Mem. accad. sci. Bologna 
[10] 7, 3 (1951). 

6G. Berthier, B. Pullman, and J. Pontis, J. chim. phys. 49, 
365 (1952). 

17 EF. Scrocco and O. Salvetti, Bull. sci. fac. chim. ind. Bologna 
12, 93 (1954). 

18 R. E. Kagarize, J. Am. Chem. Soc. 77, 1377 (1957). 

19M. L. Josien and J. Deschamps, J. chim. phys. 52, 213 
(1955). 

20 J. Deschamps, thesis, University of Bordeaux, 1956. 

21 J. Baudet, G. Berthier, and B. Pullman, J. chim. phys. 54, 
282 (1957). 

2 R. Pariser and R. G. Parr, J. Chem. Phys. 21, 466 (1953). 

23 R. Pariser and R. G. Parr, J. Chem. Phys. 21, 767 (1953). 

* J. A. Pople, Trans. Faraday Soc. 49, 1375 (1953). 

2% J. W. Sidman, J. Chem. Phys. 27, 429 (1957). 
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substitution on the w electron system; (b) a theoretical 
expression for the force constant corresponding to the 
Pariser-Parr-Pople theory must be derived. Both 
these problems as well as others concerning the choice 
of parameters will be discussed. Here are the details. 

The first stage of the work consists of the calculation 
of the m electron SCF-MO wave functions. This has 
been done using Sidman’s values for the parameters 
Bc-o, Bcmc and his formulas for the bielectronic inte- 
grals (pp/qq).% However, Sidman’s procedure could 
not be followed in calculating the a, elements: 


ay= | x*Howexdr= Wy— DL (pp | 9a) + (49: PP) J 
p¥q 
— Lilr:pp) =Us— 2 (66 | 99) (1) 


Up=W,— 2(9: Pp) — La(1: fp). (2) 
p¥q r 

(The symbols have their usual significance”; the 
summation over r is relative to the noncharged core 
atoms and the summation over p to the charged core 
atoms. In Sidman’s work the Uc and Uo values” are 
supposed to be equal for all carbon (or oxygen) atoms 
and for all molecules which have been investigated. 
This hypothesis is not useful in the present case where 
the influence of the o substitution on the behavior of 
the -electron system is investigated (e.g., comparing 
formaldehyde and acetaldehyde). In, this work, the 
penetration integrals associated with the directly 
bonded atoms have been taken into account and U, 
values have been calculated in the following way. 
For the (s*p*)* carbonyl oxygen atom, one has 


Uo=W,,—(Cixomo)- (3) 


As the nearest neighbor of the carbonyl oxygen is al- 
ways the same (i.e., the carbonyl carbon), this equa- 
tion is valid for all molecules investigated and Sidman’s 
values —13.00 ev has been taken for Uo. The Uc 
values associated with the (é7) carbonyl carbon atom 
depend, on the contrary, on the substituents R and R’ 
attached to the carbonyl group C=O. Considering, as 
before, only the nearest-neighbor penetration integrals, 
one has 


[W..—(O: mcr) —2(H: crc) =UF for: H.CO 
| (4) 
Wier (Ot mcm) — (H:rcrc) _- (C:mcmc) 


HCH;CO 
(5) 


} =U? —[(C:mcmc)—(Hircrc) ] for 


Uc= 


| 
| 
| 
| 
| 
) 
} 


Wao ry (( )iaotc) —2 (Ci mete) 
= U¥ —2[(C:acemrc) —(H:rcrc) | 


for (CH;)2CO. 


(6) 


26 Sidman’s parameters have been chosen in the way to re- 
produce the uv spectra of some typical carbonyl compounds. 

27 Sidman’s U’s correspond to the quantities defined by the 
Eq. (2). 

% This hypothesis, used by Sidman, is retained in this work. 


ELECTRONIC CALCULATION 1143 
For formaldehyde, Sidman’s value Uc= Uc* = —9.5 ev 
has been taken. For other molecules the difference 
(C:acmc) —(H:acmc) has been estimated by con- 
sidering the w electron ionization potentials of the 
radicals CH;, C2H;-CH2, and (CH;)2:CH; they are, 
respectively, equal to 9.95,” 8.69, and 7.90” ev. If 
one supposes that the central carbon atom is always in 
the (#2) state*!-* and if one neglects the hyperconju- 
gation effects, one has 


I*(CH;) —1*(C2HsCHg) = 1.26 ev 
= —[(C:aemc) — (H: rer) ] 
I*(CHs) —I*[(CHs) CH ]=2.05ev 
= —2[(C:mcemc) —(H:merc) ], (8) 


ie., values, respectively, for the simple and double 
methyl substitution. The same procedure has been 
used to determine Uc in the case of chloroacetaldehyde. 
In this case, one has: 


(7) 


Uc=W,c—(O: meme) cao — (H: rere) 
— (Ci acer) c_cn.c1 
os U? —[(O: meme) c-cu,c1— (H: merc) 1 (9) 


and one requires data on the CH-CH,Cl radical. 
Unfortunately, these data are lacking and the ionization 
potential of the chloro-ethyl radical has been estimated 
by the help of the appearance potential A of the 
(CH:CH,Cl)* ion from 1-chloropropane.* Using the 
formula 


A(CH.CH.Cl)+ 
= D(CH;CH,CH.CI>-CH;+CH,CH.Cl) 


+1*(CH.CH.Cl), (10) 
and putting D equal to the average CC single bond 
energy 62.2 kcal/mole,® one finds 7*(C:HsCl) equal to 
9.13 ev; this value represents, of course, a rough esti- 
mation. Finally the (C:acmc) penetration integral of 
the group 

i. 

C=C 
é 


is needed in order to determine, e.g., the Uc value of the 
atom C; of p-benzoquinone. It has been put equal to the 
integral (O:memc) of the group C=O; this is con- 


2 FP. Lossing, K. U. Ingold, and I. H. S. Henderson, J. Chem. 
Phys. 22, 621 (1959). 

%” F. P. Lossing and J. B. de Sousa, J. Am. Chem. Soc. 81, 281 
(1959). 

31 The radical CHs is, in fact, planar or nearly so. . 

® G. Herzberg and J. Shoosmith, Can. J. Phys. 34, 523 (1956). 

% W. Gordy and C. G. McCormick, J. Am. Chem. Soc. 78, 
3243 (1956). 

4D, P. Stevenson and J. A. Hipple, J. Am. Chem. Soc. 64, 
2766 (1942). } 

%E. U. Condon, Handbook of Physics (McGraw-Hill Book 
Company, Inc., New York, 1958). 
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sistent with the fact that the same value of Uc has 
been found, by Sidman, to be satisfactory for ethylene 
and formaldehyde. In this way, all Uc values can be 
determined, they are reproduced in the Table I. The 
iteration procedure was performed by the help of 
Bull-AET electronic digital computer. The program 
used is based on a method proposed by Lefebvre and 
Moser®* and was written by Dr. M. Salkoff. The SCF 
molecular orbitals which were finally obtained are 
given in Table IT. 

The SCF-MO wave functions once found, the second 
stage of the calculation, e.g., the calculation of the force 
constants, must be undertaken. One is tempted to use 
the well-known Coulson and Longuet-Higgins formula” 


kis= {(1— pi) Re t+ pioka} + +{| 


keka(s—d) a 


k.(1— Pr) +kapo} 2 J 


(11) 


(k, and kg are the force constants associated with pure 
simple and double bonds. py is the bond order and 
m 212 the self-polarizability of the bond 12 in question.) 
This expression is, however, valid only when the 
Hiickel LCAO approximation is used. One is obliged, 
therefore, to derive an analogous expression appropriate 
to the Pariser-Parr-Pople approximation. A satisfac- 
tory procedure is to introduce into the exact SCF-MO 
expression for the energy the approximations contained 
in the Pariser-Parr-Pople method*-* and to derive 


% R. Lefebvre and C. Moser, J. chim. phys. 53, 393 (1956). 


C. A. Coulson and H. C. Longuet-Higgins, Proc. Roy. Soc. 


(London) A193, 456 (1948). 
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it with respect to Rc-o. If this is done, one finds 


E=E, + XpaLU et yh pe(ss | ss) ]+252pBet 


s<t 


+2 [dup puLi- pula— tpi \ss | tt) (12) 


= E, *+Dpa + 2pBar* 


s<t 


+> [peebte— PooZi— puZa—h pr? (ss | t)* (13) 
a<it 


=E + pal + 2d sBur** 


s<t 


+> [PeoPer— PeoZt— puZs—} pee |(ss | tt) es 


+ Qopu®U s+ Lo2pa*Ba® 
8 s<t 
+ Do [pee* Pert PesPur® — Prs*Zi— pur*Ze— Par* Pa (ss | it) 4 
s<t 


(14) 


(ps. are Pople’s charge—bond order operators 
cic ity 
i 


E, is the core energy, Z, is the net charge of the core 
atom s. The asterisk indicates the derivative with 
respect to Rc.o; the procedure to find ,;* is described 
in the Appendix. 

Equation (12) is identical with the one given by 
Pople.** Equation (13) is obtained by taking deriva- 
tives in (12), the integrals but not the charge-bond 
orders p+. It has been shown® that the terms containing 
the derivatives of the LCAO coefficients can be put into 


the form 
. S « 
2) Yi isC it€ iS st; 
ist 


they disappear in the Pariser-Parr-Pople approxi- 
mation.” Finally, Eq. (14) is obtained by deriving 
Eq. (13). In order that Eqs. (13) and (14) may 
be used in a practical calculation, some additional 
hypotheses concerning the derivatives of E,, Us, 
Bst, and (ss/t) are still needed. All these quantities 
are considered in the Pariser-Parr-Pople theory as 
empirical quantities; their derivatives will be treated 
in this theory in the same way. The following hy- 
potheses have been introduced: (a) If the atoms s 
and ¢ are nonadjacent, the derivatives 8,,* and 6,:** 
are neglected. (b) The derivatives (ss/tt)* and (ss/tt) ** 
are obtained by deriving the Pariser-Parr formulas.” 


%S. BratoZ, Calcul des fonctions d’onde moléculaires (Centre 
National dela Recherche Scientifique, Paris, 1958), p. 287. 

% The result is closely related to the fact that the first-order 
perturbation energy is obtained by the help of the nonperturbed 
wave functions; no similar simplification can be expected for the 
second derivative. 

For RS2.8 A, one has (ss/tt)=A+BR+4 CR?; (ss|it)*= 
B+CR; (ss/tt)**=C; for R>2.8 A the charged sphere approxi- 
mation is used. 





THE CARBONYL 


FREQUENCY. ELECTRONIC 


Taste II. 


CALCULATION 








Formaldehyde 


m= 0 . 7596xo+0 $ 0504x« >} 
232 — 0 ° 6504x090 +0 . 7596xc 


6. = —12.03 ev 


e=2.58 ev 





Acetaldehyde 


1, =0.7976x0+0.6032xc 
T= —0. 6032x0+0 ° 7976x« : 


6 = —11.37 ev 


e=3.41 ev 





Acetone 


TW) =(). 8194y0+0.5732xc 
r2= —0. 5732x0+0.8194x6 





Chloro- 


acetaldehyde 


Glyoxal 


o-Benzoquinone 


"h>= 0 . 7847x0 +0 ° 6198 x« ; 


€q = —10.98 ev 
@=3.94 ev 





= —0.6198x9+0 . 7847xc 


e=—11.59 ev 


e=3.11 ev 








m (lay) =0.5239(xo+x0') +0.4749 (xe+xce’) 
m(1b,) =0.5991 (xo—x0’) +0.3756(xe—xe’) 
m(2a.) = —0.4749(x0+x0') +0.5239(xe+xc’) 
m(2b,) = —0.3756(x0—xo’) +0.5991 (xce—xc’) 


6 =—12.59 ev 
e=—11.1l ev 
6=1.85 ev 


6=4.25 ev 





x (1b,) =0.3935 (x0, +x02) +0.4011 (xey+xe2) +0. 3094 (xer+xe%)'+0.2975 (xes+xes) 

x (1a,) =0. 5087 (x0, —x02) +0.3514 (xc, —XCy) +0. 2906 (xcx— xcs) +0. 1824 (xes—xCe8) 

 (2b,) = —0.3542 (x0, +X09) —0. 2412 (xe,+xe2) +0.3148 (xert-xe1) +0.4661 (xes+xce) 
x (2a2) = —0.3379(x0,—xo,) —0. 1033 (xc, —xc2) +0.4701 (xes—xex) +0.3926 (xes—xes) 
1 (3b2) = —0.3374(x0,+x09) +0. 2987 (xe, +xc2) +0.3989(xer+xes) —0.3713 (xes+xc8) 
x (3a2) = —0. 2155 (x0, — x02) +0. 2991 (xe, — xe») +0.3318 (xe:—xc4) —0.5040(xes—xc8) 
r (4b) = —0. 3254(x0,+x02) +0.4378 (xc, +Xxc2) —0.3822 (xes+xc4) +0.2374 (xes+xes) 
1 (4a2) = —0. 2838 (x0, — Xo») +0.5257 (xcy—XC2) —0.2907 (xcs—xe4) +0. 2420(xes—xe8) 


«= —12.62 ev 
e=—11.09 ev 
6= —10.88 ev 
«= —9.15 ev 
6=1.13 ev 
«=3.36 ev 
€7=3.51 ev 


6s=5.68 ev 





p-Benzoquinone 


m(1bi.) =0. 3735 (xo+x0') +0.3778 (xe +xe5) +0.3299 (xe2+xer+xertXxes) 
(13) =0.5556(x0— xo’) +0.4226 (xc, — xcs) +0.0799 (xe.+xe:— xCi— Xs) 
 (1beg) =0.5000 (xc2—xes+xci— xe) 

m(2biu) = —0.4632(xo+x0') —0. 1682 (xc, +x) +0.3585 (xe2+xest+xe1+XxCs) 
a (2bs,) = —0.3564(x0— x0’) +0.3315 (xe; —xe8) +0. 3627 (xe.+xe:1— xC1— XC) 


«= —12.68 ev 
€= —11.50 ev 
63= —10.38 ev 
«= —9.37 ev 
6=1.04 ev 


a (lay) =0.5000(xe2—xes— xcrtxes) 


w (3d) = —0.3819( xo+xo’) +0 é 5735 (xe, +xcs) —0.1 122 ( XCo+xXeart xCatxes) 
1 (3bg) =0.2536(x0— x0’) —0.4599 (xe, —xce) +0.3348 (xe2+xe1— XC1— XCS) 








(c) The derivatives U,* and U,** are neglected. (d) 
The core energy is written as a sum of terms associated 
with all pairs st of atoms: 


E,=}) ou. 
st 


If the atoms s and ¢ are nonadjacent, one puts o:= 
ZZ, (8s/tt); on*=Z,Z,(ss/tt)*+++; there is no con- 
tribution associated with nonadjacent noncharged pairs 
of core atoms. (e) If the atoms s and ¢ are adjacent, the 
derivatives of o,; and 8,, are determined by the follow- 
ing procedure. The energy of a purely double bond Ea 
and the energy of a purely single bond &, are first 
expressed by help of Eq. (12) putting pu=py= po=1 
for a double bond and pu=px2=1; p2=0 for a single 
bond. On the other hand, one expressed the same 


(15) 


energies by help of the force constants Ka, K, and bond 
lengths d, s associated, respectively, with a purely 
double and a purely simple bond. This gives 


Ea= +Ka( Ry»—d) 3= const-+o.2+2612—3 ( 11 /22) ( 16) 


E,=4K,(R»—s)?=const’+o%—(11/22); (17) 


the constants contain the terms which do not depend 
on the bond distance. If one solves Eqs. (16) and (17) 
for oy and fy, one finds 


oy= const +3K,(rye—s)?+ (11/22) (18) 
28.=const’+[3Ka( Re—d)*?— 1K,(Rw—s)? | 


+3(11/22). (19) 





S.-BRATOZ (AND ‘Ss. 








Fic. 1. 


The value Ka=66.50 ev/A? (=10.7 10° d cm”), 
K,=31.00 ev/A? (=5.0 10° d cm™), d=1.22 A and 
s=1.43 A have been used in this work. The final 
expression for the force constant is now easily obtained. 
If one supposes that the variation of the Ry» distance 
(Fig. 1) is accomplished by deplacing the atom 1 and 
holding all other atoms fixed, only the distances be- 
tween the atoms 1-2, 1-3-+-etc., are effected by the 
deplacement of the atom 1 but not the distances 
between the atoms 2-3, 2-4, etc---. On introducing 
into Eq. (14) the simplifications listed, one has finally 


Ky={(1—pi2) Ket+piKat > gu (11/t) **} 
t 


+{ po*[Ka(r—d) —K.(r—s) J+), gur* (11/tt) *} 
t 


with 
gio= 1+ pupe— puZe— poLZitdpw— dpi 


gue=Z:Zi+pupu—puZi— puLZi— spre (t+2). (20a) 


Using these formulas, the force constant is easily 
calculated if the LCAO-MO coefficients as well as 
their derivatives are known (see the Appendix for this 
latter point). It is seen that a bond stretching force 
constant which is mainly determined by the z electrons 
(like K,yc-o force constant) depends essentially on 
three factors: (a) the bond order py, (b) the atomic 
charges px, and (c) the quantities p,,* expressing the 
rearrangement of MO’s during vibration. The general 
structure of the formula (20) is similar to that of the 
Coulson—Longuet-Higgins formula; the terms con- 


“1 There is some difficulty in applying these formulas to the 
case of nonsymmetrical (heteropolar) double bonds as no purely 
double bonds (f:.=1) really exist in this case. A hypothetical 
molecule with a bond having this property can, however, be 
introduced; this confers upon Ka and K, the character of empirical 
parameters. In the C=O case, one has ~:.=0.9881 for formalde- 
hyde (see the following). ? 
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tained in a curly bracket of one of them correspond to 
the analogous terms of the other. The electron repulsion 
terms, neglected in the Hiickel’s theory, but accounted 
for on that of Pariser-Parr-Pople, are responsible for 
the difference between (11) and (20). This gives rise, 
in (20) to terms like gy, (11/t)** and prevent the 
second curly bracket to be reduced to the simple form 
it has in the Coulson—Longuet-Higgins Formula.® 
The terms of the first bracket have been found to be 
very much larger than these associated with the second 
bracket. In the case of glyoxal where the second bracket 
terms are particularly large, they do not contribute 
more than 0.15% to the total value of Ky,.~.. The force 
constants have been calculated completely, i.e., in- 
cluding first and second bracket terms in the case of 
formaldehyde acetaldehyde, acetone, chloroacetal- 
dehyde, and glyoxal. Only first bracket terms have 
been calculated in the case of o-benzoquinone and 
p-benzoquinone because of the mathematical difficulties 
encountered. It is not probable, however, that this 
simplification affects the results in any significant way. 


3. RESULTS AND DISCUSSION 


The principal results which have been established by 
extensive experimental work and which will be dis- 
cussed in this paper, are the following.’ If the ketones 
are saturated and contain, in @ or a’ no halogen atoms, 
one finds: (a) the ketones absorb in the neighborhood 
of 1710 cm™; (b) the aldehydes absorb at somewhat 
higher frequencies, in the neighborhood of 1730 cm™. 
This is true also for (c) the esters and monomeric 
acids, the typical yc.o values being 1740 and 1760 cm~; 
(d) the vc.o frequency is the largest for the cyclanones, 
if there are less than five atoms in the ring (1775 cm™ 
in the case of cyclobutanone). The effect is inverse if 
the number of carbon atoms in the ring is larger than 
six; in this case the carbonyl frequency is smaller 
than that of the ketones. If the ketones are either non- 
saturated or @ (or a’) halogenated, two additional 
effects superpose on the effects just cited. The presence 
of the nonsaturated groups in a carbonyl molecule 
gives rise to a low-frequency shift Avc.o which be- 
comes larger with increasing conjugation (it can be as 
large as 80 cm~') . The presence, in a, a’ or a and a’ 
of the halogen atoms has the opposite effect; it results 
in a high frequency Avc—o shift of the order some tens 
of wave numbers. Taking the vc.o frequency of the 
saturated ketones (~1710 cm) as reference, the 
problem to be resolved by the theory is to explain the 
origin of the shifts of the vc.o frequency of a given 
carbonyl molecule with respect to that of the saturated 
ketones. 


“This simplification is due to the fact that, in Hiickel’s 
LCAO theory, £, can be supposed to depend on R only through 
8; this can not be supposed in the Pariser-Parr-Pople theory, be- 
cause of the existence of the electron repulsion integrals. 

48 We do not deal with the chelated compounds, like acetyl- 
acetone. 
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This problem has been treated in I, as a vibrational 
problem. It has been found that the vibrational 
coupling interaction is mainly responsible for the 
carbonyl frequency shifts of the cyclanones and that it 
gives an appreciable contribution to the frequency 
shifts of the aldehydes and quinones. In other cases 
the Avc.o frequency shifts indicate the variation of 
the carbonyl force constant Kyc—o with respect to that 
of the saturated ketones. In these cases the electronic 
perturbation is said to be predominant. 

In this paper, the problem is reexamined using the 
inverse procedure, i.e., by help of techniques explained 
in the preceding section. The results are given in Table 
III where the values obtained by the electronic theory 
(column 1) may be compared with the experimental 
values obtained in I (column 2). The agreement is 
satisfactory. It is therefore probable that the procedure 
described in this paper represents a useful interpolation 
procedure although the quantitative agreement is not 
to be taken too literally. The frequency shifts in the 
cases of predominant, or nonnegligible electronic per- 
- turbation are now explained as follows. The carbonyl 
carbon Uc decreases in its absolute value, in the series 
formaldehyde, acetaldehyde, and acetone. This in- 
creases the asymmetry and the polarity of the carbonyl 
bond. Its results, among others, are a decrease of the 
carbonyl bond order (see Table II). From tke other 
side, it is found that the bond order term (1— p12) Ke+ 
pwKa of the Eq. (20) gives, by far, the largest con- 
tribution to the K,y,-, force constant.“ One concludes 
that the force constant of the carbonyl carbon bond 
decreases with increasing polarity of the C=O bond, 
i.e., in the foregoing series. If a halogen atom is intro- 
duced into the aldehyde methyl group, Uc becomes 
larger, the carbonyl bond less polar and vc.o shifts to 
higher values. The behavior of the carbonyl force 
constant is therefore governed, in these cases, by the 
variation of the effective electronegativity of the 
carbonyl carbon atom (“inductive effect”).4 This is 
certainly true also for the carboxylic acids and for the 
esters. Electronic perturbation of another type is 
observed in the series acetone, o-benzoquinone, p-benzo- 
quinone and in the series acetaldehyde, glyoxal. In 
both cases, the carbonyl force constant decreases in 
the order cited, i.e., with increased conjugation. The 
conjugation, reducing the carbonyl bond order, in- 
fluences the carbonyl force constant in the way to 
reduce it as the conjugation increases (‘‘mesomeric 
effect’’).* All these results agree well with the conclu- 
sions reached by Berthier, Pullman and coll,'**! Josien 
and Deschamps,” Kagarize,® Bellamy,‘ and others. 
Unfortunately, it has not been possible to treat in this 
article a third different type of electronic perturbation 
found in the cases where the halogen atom is directly 
attached to the carbonyl group (e.g., phosgene). In 

“This explains the success of the Coulson Longuet-Higgins 


formula; these results suggest that the net charge contributions 
to a bond stretching constant are not very large. 


ELECTRONIC CALCULATION 


TABLE III. 








Kye.0* Kye.o* 


Molecule (Electronic theory) (Exptl.) 





10.58 10.8» 
10.49 ? 

10.42 10.3-10.6 
10.33 ? 

10.29 
10.15 
10.11 


Formaldehyde 
Chloroacetaldehyde 
Acetaldehyde 
Glyoxal 

Acetone 10.0-10.3 
10.0¢ 


9.&e 


o-Benzoquinone 


p-Benzoquinone 











® Allin 105 d cm™. 

> S. Bratoz and S. Besnainou (unpublished calculations). 

° The calculations" situate the Kvcio of different o-quinones and p-quinones 
to the intervals 9.7-10.1 and 9.5-9.9, respectively, the values of the table are the 
estimated values for the special cases of o-benzoquinone and p-benzoquinone. 


these cases the lone pair oxygen electrons are no longer 
localized on the oxygen atom and the carbonyl bond 
has a partly triple bond character.“ However, our 
method being adapted to a treatment of the 2-electrons 
was not able to treat problems concerning the n-elec- 
trons without considerable modification of the theory. 
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APPENDIX 


The derivatives of the LACO coefficients c;,,* can be 
obtained by help of the following formulas:* 


CisCkt 
>> SesCuter® = > is (Ha*—e.Sec* 
at 


st €k—€l 


+ YcjuCiv (2S etue* —Iouto*) 


juv 


42> ciu*Cjv(2Fstuve—Iautv) |] (Ik) 
juv 


> Sebutes = hy crcerSat*. (l=k) 
st st 


The above equations represent a system linear in cx;*, 
thus permitting these quantities to be determined. 
This system is of the order 2X2 in the cases of formal- 
dehyde, acetaldehyde, acetone and chloroacetaldehyde 


i “ This is easily seen comparing the Rcuo distance [ (1.166 A)#*] 
and force constant [(14.0 105 cm™)*7] of phosgene with those of 
acetone and carbon monoxide. 

46 G. W. Robinson, J. Chem. Phys. 21, 1741 (1953). 

47 J. Duchesne, Nuovo cimento 3, Suppl. 688 (1956). 
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and of the order 8X8 for glyoxal. In the case of the two 
benzoquinones it would be of the order 32X32 but the 
Cee”’s have not been calculated in these two cases. 
These equations have been simplified by introducing 


THE JOURNAL OF CHEMICAL PHYSICS 


S. BESNAINOU 


the hypotheses of Pariser-Parr-Pople as explained in 
the text. The 8X8 system was resolved using the 
704 IBM digital computor. The ?,;* are easily obtained 
from the calculated values of the derivatives c,:*. 
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Thermoelectric power measurements have been made on the systems AgCl+CdCh, AgBr+Ag,S, and 
AgBr+CdS, as well as the pure silver halides, in the temperature range from 100° to 400°C. Silver metal 
electrodes were used. The behavior of AgCl and CdCh is similar to the previously investigated AgBr+ 
CdBre system, except that the effect of the impurity is more pronounced in AgCl. The results of Cd-doping 
of AgBr and AgC] are analyzed according to the theory of Howard and Lidiard to give the concentration of 
Frenkel defects, the ratio of mobilities, and the quantities g;*+q.*, gi*+Ts;’, and q,*+ Ts»’, where q* and 
s’ are the heats of transport and entropies of formation for the interstitials and vacancies. The results are in 
agreement with conductivity data, but the heats of transport are surprisingly large and temperature de- 
pendent. It is concluded that association between Cd+* and Agt vacancies is negligible above 100°C, but 
that association between S~ ~ and Ag* interstitials, and between Cd* + and S~ ~, is significant even at 400°C. 


I. INTRODUCTION 
A PREVIOUS measurement 


of the thermoelectric 

power of silver bromide! was found to be in ex- 
cellent agreement with the thermodynamical theory of 
Howard and Lidiard.* The theory applies to an ionic 
conductor containing Frenkel pairs of cation inter- 
stitials and vacancies, present in numbers which can be 
controlled by doping with divalent impurities. It is 
assumed that long-range interactions (Debye-Hiickel 
theory) between the defects can be neglected, though 
the possibility of short-range interactions (association) 
with the impurities is admitted. In fitting the data to 
the theoretical expression, values derived from the con- 
ductivity measurements of Teltow* were used for the 
quantities £, the ratio of the concentration of free 
(unassociated) vacancies in the doped crystal to the 
concentration in a pure crystal at the same temperature, 
and @, the ratio of the interstitial mobility to the 
vacancy mobility. It was possible to infer from the 
thermoelectric data values for the quantity (q;*+ 
gv*+h), where h is the heat of formation of a Frenkel 
pair of defects, and q,;* and q,* are the heats of trans- 
pert of interstitials and vacancies, respectively. An 
unexpected result was that (q,;*+9,*) appeared to 
depend rather strongly on the absolute temperature 7. 
This result is confirmed by Haga, who has_inde- 


* This work was supported by the Office of Naval Research. 
'R. W. Christy, E. Fukushima, and H. T. Li, J. Chem. Phys. 
30, 136 (1959). 
2 R. E. Howard and A. B. Lidiard, Phil. Mag. 2, 1462 (1957). 
J. Teltow, Ann. Physik 5, 63, 71 (1949). 


pendently developed the theory,‘ using data for silver 
chloride.® 

In view of theoretical interest in a kinetic calculation 
of the heats of transport, which can elucidate the 
dynamics of defect motion in the crystal, the previous 
measurements are repeated for silver chloride in the 
present work, and accurate values for the heats of 
transport, as a function of temperature, are presented 
for both AgBr and AgCl. As a further check on the 
thermodynamic theory, measurements have also been 
made on the effect of a divalent anion (sulfide) im- 
purity in AgBr, and the results will be reported. In 
addition, it will be argued that association between 
Cd+ + impurities and silver vacancies can be neglected 
above 100°C, but that association is probably important 
in the case of S~ ~ impurities even at 400°. 

The theoretical expression for the total thermoelectric 
power @ derived by Howard and Lidiard? is 


(qo* +h)? —oq * (/e) 
= — —— AE 4 
eT (2+6) 
X Iné—s;/e+5m/e+(k/e) Inco— (k/e) In(N’/N), 


where k is Boltzmann’s constant and e is the magnitude 

of the electronic charge, s; is the entropy of an inter- 

stitial, sm is the entropy of a silver ion in the silver 

metal electrode, c) is the vacancy (or interstitial) 

concentration in the pure salt, and N’ and WN are, re- 
'E. Haga, J. Phys. Soc. Japan 13, 1090 (1958). 


5Y. Susuki, S. Endo, and E. Haga, J. Phys. Soc. Japan 14, 
729 (1959). 
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spectively, the number of interstitial sites and normal 
lattice sites per unit volume of the salt. The sign 
convention for @ is the same as that of Howard and 
Lidiard: @ is positive if the hotter end of the sample is 
at higher potential. To eliminate the entropies and ¢o, 
the data can be compared with the difference between 
the values of 6 for the doped crystal and for the pure 
crystal (¢=1), 
Ad=[(#—1)/(+) 1L(4Q*) /eT (@+1) ]— (k/e) Ink, 
(1) 


where Q*=q;*+q,*+h. From this expression Q* 
can be determined. 

If g,* is eliminated using the definition of Q*, the 
foregoing expression for 6 can be transformed to 


e0T =Q0*/(1+6/2) +kT In(co/t) —kT 
X In(N’/N) —qi*—T(si—5m). 
For the pure sample, §=1, this equation reduces to 
eT =Q*/ (1+) +kT Incoo—kT 
X In(N’/N) —qi*—T(si—sm). (2) 


If co is determined, Eq. (2) can be used to find the 
quantity ¢:*+7(si—Sm). 

By making use of 

ce =(N’/N) exp[—(h-—Ts)/kT], s=sits,, (3) 


where s, is the vacancy entropy, @ can also be expressed 


by 
eT = —QO*/ (1482/6) — kT In(co€) +q0*+ T(se+5m). 
(4) 
Again, for the pure sample, Eq. (4) reduces to 
e0T = —Q*/(14+1/$) —kT Incot+gy*+ T(Se+5m), 


and qv*+7(s»+5m) can be found from Eq. (5). 
The relations between £ and c, the concentration of 
divalent cation impurity, are, * assuming no association, 


(€—-1/&) =c/co; (6) 


or, assuming association between the vacancies and 
impurities, 


(5) 


(€—1/£) (1+ Kook) =c/co, (7) 


where K is the equilibrium constant for the dissociation 
of the vacancy-impurity complexes. These relations 
are derived from the assumption of charge neutrality 
in the crystal. 

If Eq. (6) holds, then for &>1, Eq. (4) reduces to 


e0T = —kT \nc+qu*+ T(Set+5m). (8) 


This expression will be used to check the assumption 
regarding association. 

In the following sections, new data will be reported 
for AgCl, and then these data and the previous data 
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Fic. 1. Total thermoelectric power of pure AgCl (open circles) 
and AgCl containing CdCh, as a function of temperature. 


for AgBr will be analyzed to obtain values for the 
thermodynamic parameters. 


Il. THERMOELECTRIC POWER OF AgCl+CdCl, 


The experimental procedure was the same as that 
previously described,! except that the samples were 
cast in a Pyrex tube. The electrodes attached to the 
sample were silver in all cases. The pure sample re- 
ported was a specially purified AgCl single crystal, 
kindly supplied by Dr. F. Moser of the Eastman Kodak 
Research Laboratories. The doped samples were pre- 
pared from less pure material precipitated in our 
Laboratory, but the accidental impurity content of this 
material was more than an order of magnitude smaller 
than the least doping concentration (0.01 atom %). 

The total thermoelectric power is shown in Fig. 1 
as a function of temperature for the pure sample and 
for three different doping concentrations. The results 
are qualitatively the same as in AgBr. The effect of the 
impurity is more pronounced in AgCl, even relative to 
the melting temperature,which is about 30° higher than 
for AgBr, because in AgCl the equilibrium number of 
lattice defects is smaller. 

The agreement with theory is illustrated by Fig. 2. 
The difference between the total thermoelectric power 
of doped samples and the pure sample is plotted on three 
different isotherms. The curves are obtained from Eq. 
(1), using values of € and ¢ calculated from the con- 
ductivity data of Ebert and Teltow.’ The agreement is 
within the experimental error, although it is not quite 


® Calculations by K. Tharmalingam were kindly communi- 
cated by R. E. Howard. 
7]. Ebert and J. Teltow, Ann. Physik 15, 268 (1955). 
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Fic. 2. The difference between the thermoelectric powers of 
doped and of pure AgCl. The circles are experimental points and 
the curves are theoretical. 


so good as for the case of AgBr, and the discrepancy 
appears to be systematic. The discrepancy will be 
further discussed in the following section. The only 
adjustable parameter used in fitting the theoretical 
curves to the data is the quantity Q*=(q¢,;*+q,*+A). 
The values derived for this parameter will be tabulated 
in Sec. IV. 


Ill. DEGREE OF ASSOCIATION WITH Cd** 


A remarkable feature of the curves of total thermo- 
electric power @ versus temperature is that at low 
temperatures, in the impurity controlled region, all 
the curves appear to be parallel, for both AgCl (Fig. 
1) and AgBr. This observation means that @ is the 
sum of a function of temperature only and a function of 
concentration only. It can be understood on the basis 
of Eq. (8), which applies to the simple no-association 
theory of vacancy concentration in the doped crystal. 
To test this equation, in Fig. 3 is plotted e@T vs kT \nc, 
at temperatures of 150° and 175°, where the condition 
&>1 is satisfied for all the experimental values of c. 
The results are seen to lie on straight lines of slope 1, 
confirming Eq. (6) for the no-association theory. 
Similar results may be obtained from the AgBr data. 
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Fic. 3. Thermoelectric power of AgCl at low temperatures, as 
a function of CdCl, concentration c, plotted to test the associa- 
tion hypothesis. 


If, on the contrary, association were important the 
slope would be $ according to Eq. (7). 

Teltow, on the other hand, concluded* that the 
assumption of the existence of interactions between 
the defects is necessary for the interpretation of his 
conductivity data, and this conclusion has usually been 
accepted. Therefore, in order to compare the conduc- 
tivity data with the assumption of no interaction be- 
tween the impurities and vacancies, in Fig. 4 values of 
(¢—1/) are plotted versus the impurity concentration 
c, where the values of & are those calculated® from the 
conductivity. If Eq. (6) for no interaction applies, the 
points should lie on straight lines of slope 1 for all 
values of c. If the simple association theory of Eq. (7) 
applied, the points should lie on lines of slope 4 at 
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Fic. 4. Relation between relative vacancy concentration & and 
impurity concentration in AgCl, testing the association hy- 
pothesis. The lines have a slope of 0.9. (Values of & from con- 
ductivity, footnote 7.) 


large values of c. In fact, the points lie on straight 
lines for all values of c, although the slope is about 0.9. 
The situation for AgBr is similar. One may conclude 
that, although the assumption of no interaction may 
not be quite correct, its simplicity recommends it 
over the other possibilities considered by Teltow, none 
of which is completely satisfactory. 

The fact that Eq. (6) is confirmed by the thermo- 
electric data at low temperatures, and should hold a@ 
fortiori at high temperatures where association would 
be less, permits a direct comparison of the theory, Eqs. 
(1) and (6), with the experimentally determined 
quantities, @, 7, and c, without depending on values of 
£ determined from the conductivity. Since there appears 
in Fig. 2 to be some systematic discrepancy between 
the data and the best fit which can be obtained with 
Eq. (1) using Ebert and Teltow’s values’ for £ and @ 
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TABLE I. Ratio of mobilities ¢ and intrinsic vacancy concentration ¢o, assuming no association with Cd*t*; the heats of transport are 
expressed in electron volts. 











Conductivity* 
Temperature 
Ce 


) 


ce 


Thermoelectric power 


Co QO = —gq*—T(se+5m) qi* +T (si—Sm) 





150 
175 
200 
225 
250 
275 
300 
325 
350 
375 


RFMD NDh & Use 


150 
175 
200 
225 
250 
275 
300 
325 
350 
375 
400 
425 


— et 
ON eS 


87 
27 
.96 
76 
95 
.06 
‘53 é 
21 18. 


wWNwWwWwfUN™ 
OrPUAnIS Se 


0.14210 0. 0.372 
0.36 0. 0.377 
0. 0.383 0.268 

0. 0.391 0.267 

0. 0.406 0.264 

0.432 0.263 

0.451 0.247 

5 0.222 

195 

154 


0.291 
0.265 


(0.0038) 
(0.013) 
(0.042) 
(0.11) 
0.28 
0.56 


.996 
.953 
.932 
.902 
.865 
816 
1.35 .770 
233 .720 
4. 0.668 
t 0.614 
a: 0.551 








® For AgBr, J. Teltow, Ann. Physik 5, 63 (1949); for AgCl, I. Ebert and J. Teltow, Ann. Physik 15, 268 (1955). 


and adjusting only Q*, it seemed desirable to make an 
independent choice of parameters. Accordingly, a least- 
squares method has been used to fit Eqs. (1) and (6) 
to the thermoelectric data, with ¢, co, and Q* as ad- 
justable parameters. The result is an improved fit at 
high temperatures, though some apparently systematic 
deviation remains. Below 250°C the improvement is 
negligible. The same procedure has also been used 
in the case of AgBr, although in this case the fit was 
already excellent. 


IV. HEATS OF TRANSPORT 


The primary purpose of the thermoelectric measure- 
ments is the determination of the heat of transport 
Q*=q;*+q.*+h. This quantity has been computed by 
the least-squares fit referred to in the preceding section, 
for both AgBr and AgCl. The values are given as a 
function of temperature in Table I. These values are 
probably accurate to within 0.01 ev, and are essentially 
the same as the values for Q* obtained when ¢ and @ 
are taken from the conductivity data. The strong 
decrease of Q* with increasing temperature previously 
observed!’ is seen here. The value at the melting point 
is about 0.3 ev larger for AgCl than for AgBr. 

The least-squares fit also yields values for ¢ and ¢, 
which are included in Table I and compared with the 
values from conductivity assuming no association.’ 

8 The least-squares values are not really completely inde- 
pendent of the conductivity values: The surface in (¢, ¢, Q*) 
space seems to have many local minima, so that if one starts at a 
very different point the least-squares method may converge to 
an entirely different set of values. Since the conductivity values 


were used as starting point, the method gives the best fit in the 
neighborhood of these values. 


Only about 10% accuracy can be claimed for these 
values. That is, a change in @ of about this amount 
can be compensated by a corresponding change in co 
without seriously affecting the fit to A@. The value of 
Q*, however, is not affected by more than 0.01 ev by 
such changes. At the highest temperatures the values 
of @ and c become less reliable because of the small 
values of A@. At lower temperatures, the values are in 
very good agreement with the conductivity values. 
At still lower temperatures (below 250°C in AgCl), 
where é is large for all concentrations of impurity used, 
they cannot be determined from the thermoelectric 
data; the values in Table I in parentheses are extrapo- 
lated from higher temperature. 

In order to try to separate out the heats of transport 
qi* and q,*, the quantity h—Ts has been computed 
from Eq. (3) using values of co from Table I and 
N’/N=2. The results are plotted in Fig. 5. The points 
for AgBr lie on a straight line, and also the points for 
AgCl above 250°. From the intercept and slope of these 
lines are obtained the values of kh and s given in Table 
II. These values of / are in reasonably good agreement 
with the conductivity values*” namely 1.27 and 1.69 
ev for AgBr and AgCl, respectively. Subtracting 4 
from Q* gives the values of g;*+ q,* plotted in Fig. 6. 
The predominant heat of transport (presumably q,*) 
is seen to be negative and strongly temperature de- 
pendent. 

The heats of transport for interstitials and vacancies 
can be separated in another way by computing qg;*+ 
T(si—Sm) and go*+T(se+5m) from the total thermo- 
electric power of the pure sample, using Eqs. (2) and 
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Fic. 5. Free energy of formation for Frenkel defects in AgBr 
and AgCl, from the thermoelectric power data. 


(5) and the values of ¢, co, and Q* from Table I. The 
thermoelectric power of the leads to the sample must 
be subtracted from the values in Fig. 1. This contribu- 
tion, which has been estimated® to be about 20 pv/°K, 
gives only a small correction. The corrected values of 8, 
inserted in Eqs. (2) and (5), yield the results given in 
Table I. These results are probably accurate to within 
about 0.01 ev except at the highest temperatures. They 
depend on the rather uncertain values of @ and ¢o, 
but not very sensitively. Furthermore, at any tempera- 
iure, go*+T7(sy+5m), for example, can also be com- 
puted from Eq. (4) for the impure samples, and the 
results obtained for different values of impurity con- 
centration c scatter by about 0.01 ev. 
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Fic. 6. Sum of the heats of transport for silver vacancies and 
interstitials in AgBr and AgCl, as a function of temperature. 


*L. Patrick and A. W. Lawson, J. Chem. Phys. 22, 1492 (1954). 


To proceed further, it is necessary to make theoretical 
estimates of the entropies Sm, 5;, and sy. The entropy Sin 
is identified with the entropy of lattice vibrations in 
silver metal.’ This quantity can be calculated from the 
Debye specific heat theory. Values of entropy have been 
tabulated” in terms of Tp/T, where Tp is the Debye 
temperature. By using 7p=229°K for silver," the 
values of s» have been calculated between 150° and 
400°C, 

The change in entropy s, produced by removing a 
Agt ion from a lattice site in the silver halide to in- 
finity can be decomposed into the entropy change on 
removing an ion from the interior to the surface, plus 
the change on removing it from the surface to infinity.” 
Thus s,=5s,’—45,, where s, is the entropy of the lattice 
vibrations of the salt and s,’ arises because of the change 
in frequency of the lattice vibrations on the production 
of a vacancy by removal of the ion to the surface. 
Similarly, s;=s;’+}s,, where s;,’ is the entropy change 
on taking an ion from the surface to an interstitial 
site. The entropy of the salt s, was computed in the 
same way as the entropy of the metal s», using" as 
the Debye temperature 144°K for AgBr and 183°K 
for AgCl. 


TaBLe II. Enthalpy / and entropy s of formation of Frenkel 


defect pairs. 


Salt 


h (ev) s/k 


AgBr 1.29 


1250 
AgCl 


1.61 13.9 


The quantities g;*+T7s,’ and q,*+Ts,’, calculated 
from the thermoelectric data using the Debye theory 
for the entropy of lattice vibrations, are tabulated ver- 
sus temperature in Table III. These quantities are also 
thought to be reliable. The entropies of the salt s, and 
metal s,, partly cancel, and in any case the Debye 
theory should give sufficiently accurate values. 

Unfortunately, the present state of theory does not 
permit further resolution of the experimentally deter- 
mined quantities. Calculation of changes in frequency 
of the normal modes when a vacancy or interstitial is 
introduced is a difficult problem, and attempts to solve 
it'*6 have not given an unambiguous answer. A simple 
approximation, taking into account only nearest 

10 F. Simon, Handbuch der Physik (Springer-Verlag, Berlin, 
Germany, 1926), Vol. X, p. 350. Tables reprinted in Ameri- 
can Institute of Physics Handbook (McGraw-Hill Book Com- 
pany, Inc., New York, 1957), p. 46. 

1 American Institute of Physics Handbook (McGraw-Hill Book 
Company, Inc., 1957), pp. 4-47, 48. 

ZR. E. Howard and A. B. Lidiard, Discussions Faraday Soc. 
23, 113 (1957). 

13 G. H. Vineyard and G. J. Dienes, Phys. Rev. 93, 265 (1954). 

4H. B. Huntington, G. A. Shirn, and E. S$. Wajda, Phys. Rev. 
99, 1085 (1955). 

16 FE. W. Montroll and R. B. Potts, Phys. Rev. 100, 525 (1955). 


16 A. W. Lawson, S. A. Rice, R. D. Corneliussen, and N. H. 
Nachtrieb, J. Chem. Phys. 32, 447 (1960). 
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neighbors in the Einstein model," gives s,’=2k, which 
value is consistent with conductivity data for NaCl 
(but not LiF). On the same model, s;’ would be ex- 
pected to be negative. On the other hand, s=s,’+s,' 
is very much larger in the silver halides (Table II), 
so that it seems probable that both s;’ and s,’ are large 
and positive. This fact probably would require dropping 
the assumptions of nearest neighbor interactions and 
perhaps the harmonic approximation (s’ independent 
of temperature). A consideration of the normal mode 
frequencies indicates'® that sy’ could very well be about 


6k. 
V. ADDITIONS OF S~~ TO AgBr 


A. Addition of Ag.S 


As a further check on the validity of the thermo- 
dynamic theory of thermoelectric power as applied 
to the simple Frenkel defect model of the silver halides, 
it is of interest to consider the effects of adding a 
divalent anion impurity. If there is no association 
between the impurity and the silver interstitials, Eq. 
(6) shows that for an anion impurity (c negative) & 
must be replaced by 1/é. This substitution in Eq. (1) 
merely changes the sign of A@ for &=1. That is, for 
small impurity concentrations an anion impurity should 
have just the opposite effect to that of a cation im- 
purity. 

Unfortunately, the solubility limits of most anion 
impurities seem to be rather small. Teltow has shown,” 
however, that Ag2S is sufficiently soluble to influence 
the conductivity. According to his phase diagram, it 
should also be soluble enough to give small but per- 
ceptible changes in the thermoelectric power. 


TABLE III. Heats of transport for silver vacancies and interstitials 
in electron volts. 








Salt Temperature (°C) —q*—Ts,' 





AgBr 150 0.32 
175 0.32 
200 0.33 
225 0.33 
250 0.34 
275 0.37 
300 0.38 
325 0.38 
350 0.40 
375 0.44 


150 0.34 
175 0.35 
200 0.34 
225 0.34 
250 0.35 
275 0.36 
300 0.37 
325 0.38 
350 0.39 
375 0.41 
400 0.44 








7 J. Teltow, Z. physik. Chem. (Leipzig) 195, 213 (1950). 
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Fic. 7. Effective concentration of Cd*+* in AgBr doped with 
CdS as a function of CdS concentration added, at four different 
temperatures. 





The thermoelectric power of an AgBr sample con- 
taining 1.0 mole % of AgoS was measured. This amount 
of Ag2S is soluble at 400°C, but may be expected to 
precipitate out progressively as the temperature is 
lowered. The measured thermoelectric power was the 
same as a pure sample at all temperatures, even though 
attempts were made to quench in excess AgeS by 
lowering the temperature from 400° as rapidly as 
possible. 

The simplest explanation for the failure to observe 
any effect is that there is association between the Ag* 
interstitials and the S~~ ion. On this basis, one con- 
cludes that at least 50% of the defects are associated 
even at 400°. This assumption is perhaps reasonable 
in view of the smaller radius of S~~ compared with 
Br-: The electrostatic attraction for the Agt ion would 
be enhanced by a lower elastic energy when the inter- 
stitial was next to the S~ ~. If this suggestion is correct, 
the association could be expected to be less in AgCl. A 
similar consideration may help explain the absence of 
association between silver vacancies and Cd* *. 


B. Addition of CdS 


Another way to add S~~ is to add CdS. If the dis- 
solved S~~ ion has no effect on the thermoelectric 
power, then the addition of CdS might be expected to 
have the same effect as an equal atom percent of CdBro. 

Samples were measured containing 0.1, 0.78, and 
1.0% of CdS. The results were qualitatively similar to 
those for CdBr, additions, except that the effect was 
less pronounced. In Fig. 7 is shown the effective amount 
of Cd*+* in the crystal as a function of the amount of 
CdS added. The effective amount of Cd* * is obtained 
from the experimental isotherm for the system AgBr+ 
CdBr: at a given temperature, as the concentration of 
CdBre which would give the same thermoelectric power 
as the added concentration of CdS actually gives at 
that temperature. If, as suggested, the CdS had the 
same effect as CdBr, the points should all lie on a 
straight line of slope 1. The points in Fig. 7 do lie 
approximately on straight lines, thus eliminating the 
possibility that CdS precipitates out, but the slopes 
of the lines are less than 1 and dependent on tempera- 
ture. 
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This effect can be understood on the basis of a chemi- 
cal reaction in the solid solution. If there is some non- 
ionic character to the bonds, it is meaningful to con- 
sider the dissociation reaction in the solution, 


CdS+2 AgBr—CdBr.+ Ag.S. 


If K is the equilibrium constant for the reaction and 
s is the solubility limit for AgoS, the law of mass action 
gives for the concentration « of CdBr. 


x=[(1+4Kc)!—1]/2K 
x=c/(1+Ks) 


x<s 
= an a (9) 


where c is the total concentration of Cd, i.e., the sum 
of the CdS and CdBr. concentrations. At concentrations 
greater than the very small solubility limit for Ag2S, 
Eq. (9) predicts the linear relationship observed in 
Fig. 7. The slopes of the lines are determined by Ks. 
The lines drawn in the figure correspond to an exponen- 
tial dependence of Ks on inverse temperature, with an 
activation energy of 4130 cal/mole. In taking s from 
the published phase diagram,” an activation energy 
of about 30 kcal/mole is found for K. This value con- 
tains a large uncertainty due to the uncertainty in s, 
but it is of the right order of magnitude for a chemical 
reaction. 
VI. CONCLUSIONS 


From the thermoelectric power measurements on 
AgBr and AgCl doped with Cd* *, it has been possible 
to derive accurate values for the heat of transport 
Q*=q,*+q;*+h as a function of temperature. Of all 
the thermodynamical parameters characterizing the 
formation and motion of defects in the crystal, the 
values of Q* can probably provide the most certain 
experimental information for checking a theoretical 
calculation of the mechanics of point defects in the 
crystal. The derived values of Q* depend insensitively 
on the choice of other parameters occurring in the 
thermodynamical theory, and do not depend on any 
assumption concerning association between impurities 
and vacancies. They may be expected to be only slightly 
modified by taking into account long-range Coulomb 
interactions between the defects.!* The conclusion that 
Q* is rather strongly temperature dependent appears 
inescapable and is confirmed by an _ independent 
measurement.° 

The further analysis depends on the assumption that 
there is no association between Cd+* impurities and 
Ag* vacancies, which assumption is substantiated by 
the data, and on the derived values of @ and ¢. On this 
basis, values of gi*+q.*, gi*+Ts,’, qo*+Ts,’, and 
si'+s,’ have been derived. If any one of these quan- 
tities could be ascertained, the others could be separated, 
though this resolution does not appear possible on the 
basis of present theory. Any plausible assumption 
concerning the entropies of the defects, however, seems 


18 FE. Haga, J. Phys. Soc. Japan 14, 992 (1959). 
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to leave g,* and q;* strongly temperature dependent and 
probably greater in magnitude than the corresponding 
activation energies for mobility. These facts invite a 
refinement of the existing kinetic theory of the heats of 
transport.!® It has been argued”! that the heat of 
transport is equal to the activation energy for migra- 
tion, but this relation seems to be in conflict with the 
present data and is not substantiated by such other 
measurements of thermal diffusion as have been 
made.!*” According to Wirtz,” the magnitude of the 
heat of transport should not be greater than the activa- 
tion energy, although it could be less; this restriction 
was already violated by results on AgI and appears 
inconsistent with the present data. Wirtz commented 
that the assumption of temperature independence of 
the heat of transport was only a first approximation, 
and indeed the values of @ from conductivity indicate 
that the mobility activation energies are also tempera- 
ture dependent. The activation energy for vacancy 
motion has been related to the normal vibrations,” 
the the temperature dependence to be expected is not 
clear. 

The assumption that the Cd*+*+ impurities and Agt 
vacancies are unassociated above about 100°C is 
strongly indicated by the thermoelectric data. A re- 
examination of the conductivity data shows that the 
assumption, while not strictly consistent with the data, 
is at least much better than the prediction of the simple 
association theory. Therefore, it is concluded that the 
best simple approximation is to assume that Cd** is 
unassociated. 

On the other hand, the absence of any observable 
effect of the addition of AgeS implies that association 
of S~~ and silver interstitials is significant even at 
400°C. More complex relations in this system are also 
suggested by the difficulty of interpreting the corre- 
sponding conductivity measurements.” Additions of 
CdS also imply some association of Cd+*+ and S~ > 
from the thermoelectric data, in contradiction with 
Teltow’s qualitative conclusions from conductivity 
measurements.” 

The agreement of thermoelectric power measure- 
ments in the silver halides with the thermodynamic 
theory is very satisfactory for the Cd-doped case, 
so that the simple model of unassociated Frenkel 
defects is apparently substantiated. The values of the 
thermodynamic parameters, however, do not appear 
to submit to simple mechanical calculation. The heat of 
formation / is reasonably constant, at least at high 
temperatures, but the magnitude of the entropy s and 
the magnitude and temperature dependence of the 
heats of transport q* may require rather refined calcu- 
lations for their explanation. 


19K. Wirtz, Physik. Z. 44, 221 (1943). 

2 A. D. LeClaire, Phys. Rev. 93, 344 (1954). 

21A.R. Allnatt and S. A. Rice J. Chem. Phys. 33, 573 (1960). 
2 P. Shewmon, J. Chem. Phys. 29, 1032 (1958). 

23S. A. Rice, Phys. Rev. 112, 804 (1958). 
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Alternatively, the temperature dependence of the 
heat of transport could perhaps be modified by changing 
the model on which the thermodynamic theory is based, 
since the derived values are obtained from a compari- 
son between the result of the theoretical calculation 
and the experimental data. One modification which 
could be made would be to introduce some association 
between the Frenkel defects in the pure crystal. This 
modification would, however, have no effect on the 
thermoelectric power or the conductivity, since the 
associated pairs are uncharged and do not affect the 
equilibrium of unassociated defects if they are treated 
as a separate molecular species. 

Another possible modification would be to assume the 
presence of some Schottky defects at high tempera- 
tures, in addition to the Frenkel defects. This assump- 
tion would inodify the theory of both the thermoelectric 
power and the conductivity, and indeed there is other 
experimental evidence for the existence of some 
Schottky defects. Their presence also, however, does 
not affect the values of Q* which are deduced. The 
contribution of the Schottky defects can be included in 
Eq. (1) if ¢ is replaced by 9’, where ¢’=¢/(1+NKs/ 
N'Kp), Ks and Ky being the equilibrium constants for 
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the formation of Schottky and Frenkel defects, re- 
spectively. The formula for the conductivity of a doped 
specimen relative to a pure one must be modified in 
just the same way, by replacing ¢ with ¢’. Therefore, 
if the values of @ used in analyzing the thermoelectric 
data are those which are obtained from the minima of 
the relative conductivity isotherms, the presence of 
Schottky defects would affect both in the same way, 
and the derived values of Q* would be unchanged. 

In summary, the heats of transport for defects in the 
silver halides have been found to be surprisingly large 
and temperature dependent, from the standpoint of 
existing theories, and it seems difficult to escape this 
conclusion by modifying the assumed defect model for 
the salts. 
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Hartree-Fock solutions have been obtained by the finite expansion technique and a comparison is made 
with other computational methods and results. Total energies, correlation energies, and one-electron param- 
eters are presented as well as a tabulation of the radial functions in analytic form. The correct sign and 
order of magnitude of the fluorine electron affinity is predicted. 





I, INTRODUCTION AND METHOD OF SOLUTION 


ARTREE-FOCK solutions for free atoms and ions 
continue to play a prominent role in the theory 
of atoms, molecules, and solids. The present set of 
calculations were specifically undertaken to provide 
basis functions and an estimate of the correlation energy 
for the hydrogen fluoride molecule.! However, the wave 
functions given here have already been used for a 
variety of other applications. These include the dia- 
magnetic susceptibility of neon?; x-ray scattering 
factors for F-, F, and Ne’; F~ basis orbitals for the cal- 
culation of both superexchange effects in transition 
metal fluorides,t and the Vx center in LiF.' Photo- 
ionization sections for neon have also been 
computed from Hartree-Fock solutions.® 
Several other Hartree-Fock calculations for F, F-, 
and Ne exist in the literature.7~® These, as well as almost 
all existing Hartree-Fock solutions, were obtained by 
direct numerical integration of the integro-differential 
equations. This method and the equations themselves 
have been discussed completely in an excellent book.’ 
Our work has employed the finite expansion tech- 
nique"? generally referred to as the Roothaan pro- 
cedure. In this scheme the energy of a determinantal 
wave function is minimized by the self-consistent 
evaluation of the linear coefficients in a finite, pre- 
determined basis set. As in the standard Hartree-Fock 
technique, these basis functions are assumed to be a 
product of a radial function and a spherical harmonic. 
For our problem the radial function is a series of terms 
of the exponential type, r"e*" (m integral, k>O). 
Each final self-consistent one-electron orbital for a 
given / value is made from all exponential radial terms 
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New York (private communication). 
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®*B. H. Worsley, Can. J. Phys. 36, 289 (1958). 

DPD. R. Hartree, The Calculation of Atomic Structures (John 
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associated with that /. In practice the true Hartree- 
Fock solution is achieved by modification of the 
parameters m and &, and by increasing the size of the 
basis set until there is no further lowering of the energy. 

The equations, formalism,"’” and applications! of 
the Roothaan procedure are adequately documented 
in the literature and will not be repeated here. Because 
it may be formulated as a matrix method, the scheme 
is especially well suited for use with a high-speed 
digital computer and at least two computer programs 
of it exist.’ For our computations we employed a 
prior version of the M.I.T. program written for the 
Whirlwind I computer. The special advantage offered 
by these programs is the opportunity to utilize the 
arge number of significant figures that it is possible 
to carry through the calculations. This computational 
procedure enabled us to obtain highly accurate radial 
functions, total energies, and the electron affinity of 
fluorine. It is the lack of total energy values which is the 
greatest shortcoming of most existing Hartree-Fock 
solutions. Besides the work reported here," relatively 
few attempts have been made to obtain Hartree-Fock 
solutions via the Roothaan scheme and these have been 
almost exclusively concerned with atoms containing 
only s electrons.” 

The single determinant wave functions for F~ and 
Ne raise no special problems because these are closed 
shell structures and correspond to the Hartree-Fock 
equations in their simplest form. F, however, has a 
2P ground state and an open Pp shell. Open shells lead 
to off-diagonal Lagrangian multipliers in the Hartree- 
Fock equations and suitable methods of handling 
this problem have been developed by Shortley,’ 

18 (a) M.I.T. IBM 704, coded by R. K. Nesbet. Described in 
Mass. Inst. Technol. Solid State and Molecular Theory Group, 
Quart. Prog. Repts. 16-18 (1955). (b) Argonne National Labora- 
tory, IBM 704, and University of Chicago, Remington-Rand 
1103A (located at the Wright-Patterson Air Force Base), coded 
by C. C. J. Roothaan and L. M. Sacks. ; 

“An account of many of the results obtained here has been 
given by the author previously in Mass. Inst. Technol. Solid 
State and Molecular Theory group, Quart. Prog. Repts. 25 and 
26 (1957). ’ 

4 C. C. J. Roothaan, L. M. Sacks, and A. W. Weiss, Revs. 
Modern Phys. 32, 186 (1960). 

1 R. K. Nesbet and R. E. Watson, Phys. Rev. 110, 1073 
(1958); R. E. Watson, ibid. 119, 170 (1960). ; ; 

17 R, E. Watson Phys. Rev. 118, 1036 (1960) calculations for 
the iron group atoms. e : 

18 G, H. Shortley, Phys. Rev. 50, 1072 (1936). 
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Hartree,” Nesbet,””? Roothaan,” and Lefebvre. We 
have used Nesbet’s digital computer programs and in 
order to retain a single determinant representation for 
open shells he introduces an “equivalence restriction” 
which restricts the degenerate set of spinorbitals of the 
open shell to be orthonormal transforms of one another. 
In addition to the designation of some specific electron 
as the missing one in the # shell, a particular, though 
arbitrary, spin orbital is selected and the Hamiltonian 
matrix is constructed in terms of this choice. It is 
possible to select a unique Hamiltonian which repre- 
sents the average value of all possible choices,“ and for 
the case where the closed and open shells have no 
symmetry in common (F atom) this averaged équiva- 
lence restriction and the methods of Shortley, Hartree, 
Roothaan, and Lefebvre are all identical. We have 
used this averaging scheme in our calculations. 


II. CHOICE OF NONLINEAR PARAMETERS 


The central problem in using the finite expansion 
method to obtain Hartree-Fock solutions is the choice 
of nonlinear parameters. The actual choice procedure 
is a “boot-strapping” process wherein we use available 
crude data to initially establish rules-of-thumb and then 
attempt successive refinements by experimentation. 
A number of years ago F. W. Brown constructed 
approximate Hartree-Fock solutions for F, F~, and 
Ne.’ He omitted exchange effects in certain cases and 
employed relatively crude numerical techniques. He 
also devised analytic approximations of the exponential 
type for his numerical functions with a few terms and 
low accuracy. Léwdin on the other hand has carried 
through high-accuracy analytic fits (of exponential 
type) to a Hartree F~ function with his node removal 
scheme.” For each of the structures F, F~, and Ne, 
Brown used four s and two # basis functions. Léwdin’s 
set comprises six s’s and four p’s. Our initial calculations 
employed Brown’s original nonlinear parameters. The 
next calculations were performed using Léwdin’s non- 
linear F~ parameters for F, F-, and Ne. We found that 


TABLE [. Total energies of F atom for successive refinements in 
the basis set.* 


Brown’s parameters 9925121 
99 .40609 


99 .40792 


Léwdin’s parameters 
Present work 


® Hartree units, all energies negative. 1 Hartree unit=27.20972 ev 


19D. R. Hartree, Proc. Roy. Soc. (London) A150, 96 (1935). 
Also see the work cited in footnote 10. 

20R. K. Nesbet, Proc. Roy. Soc. (London) A230, 312 (1955). 

*C, C. J. Roothaan, Revs. Modern Phys. 32, 179 (1960). 

2 R. Lefebvre, J. chim. phys. 54, 168 (1957). 

23 Examples of the effect on the energy of different choices and 
further discussion can be found in R. K. Nesbet and R. E. Wat- 
son, Ann. Phys. 9, 260 (1960), and also in the work cited in 
footnote 24. 

241. C. Allen, Mass. Inst. Technol. Solid State and Molecular 
Theory Group, Quart. Progr. Rept. 22 (1956). 

2% P.O. Léwdin, Phys. Rev. 90, 120 (1953). 


ENERGIES 


FOR FF, E-, AND Ne 


TABLE II. Nonlinear parameters. 





x=r"e 


s functions p functions 


m x m 


F atom 


5.9696 
.0759 
4357 
.64417 
.05 


Ne atom 
.928 
.570 
016 
.9048 
.69 


the self-consistent adjustment of the linear parameters 
by the Roothaan procedure produced remarkably good 
solutions for all three atomic structures. A relatively 
large improvement in the total energies over those ob- 
tained by use of Brown’s parameters was realized. A 
first refinement of this single set was then developed by 
comparing Léwdin’s and Brown’s F~ parameters and 
establishing scaling rules between them. These rules 
were applied to Brown’s F and Ne parameters and sets 
of six s and four p basis functions derived. Slightly 
improved energies for F and Ne resulted. A second 
refinement was the addition of an s and a function. 
This further refinement was obtained by first noting 
the position of the maxima of Brown’s numerical 
tables of P(r)=rR(r). The maxima of exponential 
basis functions, with m one greater than the principal 
quantum number of the second shell, were then matched 
to Brown’s maxima positions. Thus for re", k= 3/rmax. 
(The functions determined by this rule are the final s 
and final » parameters listed in Table II.) A final re- 
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TABLE III. Coefficients, fij, for the SCF radial solutions, 


SSA Te, 
Ui(r) =r; fizx;. 


Ue (r) = Pog (r) 





.1177113 
8894719 
0024849 
0061420 

.0148922 

.0019636 


0116363 


1180129 
.8889146 

0023635 

0052933 
.0120010 
.00177573 


.0099697 


8834132 
.00003826 
.0040082 
.0167735 

0.0022717 


0.0147063 


F atom 
0.0055334 
0.3572457 
0.0176802 
0.1303075 
0.6776013 
0.2348418 


0.0481173 


F- ion 
0.0513805 

—0.3435381 
0 .0163459 
0.1871588 
0.4786040 
0.3095857 


0.1314513 


Ne atom 
0.0542633 

—0.3595172 
0.0158172 
0.1514835 
0.6951764 
0.2056376 


0.0416358 


.1677057 
.0636986 
. 5802266 
.0357962 
2751730 


.0764172 
.4744668 
.5135816 


.0794088 


0014772 


.0573562 
. 5641636 
. 5045485 
.0713649 


.0992280 


finement consisted of doubling the power of r and 
doubling the exponent of the exponential for the third s 
function (see Table II) in our list. This retained the 
same position of the maximum but avoided the tendency 
toward linear dependence present in Léwdin’s param- 
eters. These last refinements produced only very 
minute energy changes as can be seen from Table I. 
Smail variations in our final sets of seven s and five 
p basis functions convinced us that, at least within the 
broad framework of our choice procedure, no further 
energy improvement was to be obtained and thus 
Hartree-Fock solutions had been achieved. 


III. RESULTS AND COMPARISONS 


A. Analytic Expressions 
Tables II and III give the nonlinear parameters and 
linear coefficients for analytic representation of our 
solutions, 


ALLEN 


B. Numerical Functions and Cusp Values 


Tabulations of the normalized F, F~, and Ne radial 
functions have been deposited with the American 
Documentation Institute. The mesh employed was 
that required for evaluation of two-center molecular 
integrals in the application to hydrogen fluoride men- 
tioned in the introduction. Initial mesh interval size 
is 0.003125. This is successively doubled at r=0.05, 
0.1, 0.2, 0.4, 2.0, 2.4, 4.0, and 6.4 with values extending 
to 22.4. Table IV presents a comparison of our results 
with the best other numerical functions at representa- 
tive mesh points. The calculations of Froese and 
Worsley were both performed on the University of 
Toronto FERUT computer (but using different pro- 
grams) and both display the same accuracy. They de- 
viate from ours by 3-5 in the fourth decimal place for 
most r values with the discrepancy increasing to about 
1-2 in the third decimal for points in the tails of the 
functions. 

In our tabulation of numerical functions we have 
retained the number of significant figures correspond- 
ing to the digital computer accuracy. It is to be noted, 
however, that we do not have a Hartree-Fock solution 
to this accuracy, but rather to about 33-4 decimal 
places. This is indicated by the small hump around 


TABLE IV. Comparison of numerical functions. 
F- ion 
C. Froese* Present work 


0.4726 0.4725762 
0.0049 0.0052129 


0.1065 0. 1068846 
0.8022 0. 8037476 


0.0018 0.0017528 
0.7335 0.7331340 


Ne atom 


r B. H. Worsley” Present work 
.0066402 0.3775 
.098805 2.2664 
. 73007 0.0506 


0.3774810 
2.266532 
0.0510637 


.0066402 0.0886 
.098805 4626 
. 73007 1.0825 


0.0889318 
0.4625628 
1.081503 


.006402 0011 
.098805 .1701 
. 73007 .9535 


0.00117423 
0.1706138 
0.9558809 


® See work cited in footnote 8. 


b See work cited in footnote 9. 


26 Document number 6608, ADI Auxiliary Publications Proj- 
ect, Photoduplication Service, Library of Congress, Washington 
25, D. C. A copy may be secured by citing the document number 
and by remitting $1.25 for photoprints, or $1.25 for 35-mm micro- 
film. Advance payment is required. Make checks or money orders 
payable to: Chief, Photoduplicator Service Library of Congress. 
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r=3.0 in the tails of the Pi,(r) for all three functions. 
The hump maximum is about 0.115X10-* (or roughly 
0.005% of the function maximum) above a smooth 
extrapolation. An almost identical situation has been 
found by Roothaan, Sacks, and Weiss for atoms con- 
taining s electrons.* Our 33-4 decimal place accuracy 
implies seven significant figures in the energies. 

For values approaching r=0 solutions to the Hartree- 
Fock equations must obey the relation’”” 


C(1/g) (dg/dr) Jn0= —2/(I+-1) 
z= atomic number 
g=R(r)/r'. 
Table V lists the cusp values defined by 
[(1/g) (dg/dr) },~0 


and compares them to the correct value (in parenthe- 
sis). The cusp relation has recently led Roothaan and 
co-workers” to investigate sets of analytic basis func- 
tions containing one term which reproduces Eq. (1) 
exactly plus additional terms making no contribution 
to it. This may become a useful rule for choosing non- 
linear parameters. For example, a Hartree-Fock 
solution which does not satisfy Eq. (1) adequately will 
yield an inferior value for the quadrupole coupling 
constant [where one is concerned with the operator 
(3 cos?@—1)/r*]. However, the cusp value has little 
effect on the energy and other operators such as those 
representing magnetic properties. 


C. Total Energies, Correlation Energies, and 
Relativistic Corrections 


In Table VI we tabulate Hartree-Fock total energies, 
the best experimental values available, the difference 
between these two numbers and the correlation energy 
of F-. The difficulties in obtaining values for the 
relativistic contribution are well known. A discussion 
and summary of this problem which is particularly 
appropriate to our work is provided in two papers by 
Fréman.” His estimate for F~ is included in our table 
and subtracting this from the difference between the 
Hartree-Fock and experimental values gives a correla- 
tion energy of 10.61 ev. Fréman has performed similar 
calculations on the 10-electron system Al** yielding a 


TABLE V. Cusp values, | [(1/g) (dg/dr) ],.0 |. 


F F- Ne 





Py 8.647 (9) 
Pog 10.969 (9) 
Pry 2.317 (4.5) 


8.665 (9) 
10.880 (9) 
2.363 (4.5) 


9.657 (10) 
11.815 (10) 
3.000 (5) 








27 P.O. Lowdin, Phys. Rev. 94, 1600 (1954). 

23 Private communication. 

297A, Fréman, Phys. Rev. 112, 807 (1958); Revs. Modern 
Phys. 32, 317 (1960). 
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Tase VI. Total energies and the correlation of energy of F-. 





F Ne 





—99.40792> —99.45891 —128.54318 
—99.8096¢ —99.94264 —129.0¢ 
10.93 ev 13.16 ev 


Hartree-Fock 
Experimental 
Difference (Exptl.-H.F.) 
2.55 ev 


10.61 ev 


Relativistic*® 


Correlation 





® See the work cited in footnote 29. 

b Hartree units unless otherwise stated. 

© See footnote 29. The value was obtained from the first eight ionization po- 
tentials given by C. E. Moore, Atomic Energy Levels, Vol. 1, Natl. Bur. Stand- 
ards (U.S.) Circ. No. 467, U. S. Dept. of Commerce (1949). The last ionization 
potential was calculated by Dirac theory. 

4 Using an electron affinity of 3.62 ev [L. M. Brauscomb and S. J. Smith, J. 
Chem. Phys. 25, 598 (1956)]. 

© First six ionization potentials from C. E. Moore. Last four are extrapolated 
values determined by W. Finkelnburg [Phys. Rev. 77, 304 (1950)]. 


correlation energy of 11.00 ev. For F, it is not easy to 
obtain a relativistic estimate because it is only for closed 
shell structures that several difficult to evaluate terms 
in the relativistic Hamiltonian are zero. For neon, the 
evaluation of a relativistic contribution has little 
significance because of the lack of accurate experimental 
data. 

If we adopt the value of approximately 3 ev correla- 
tion energy per electron that is generally accepted for 
two and four particle structures of s electrons,” one 
is tempted to regard the correlation energy tied up in 
the s electrons of F~ and Al** as 2 ev. Of course, one 
can not separate the correlation energy into s electron 
and » electron contributions, but if each type acted 
independently we would have approximately 1} ev 
correlation energy per p electron. 

No discussion of F~ and neon would be complete 
without mention of the pioneering work of Bernal and 
Boys on these systems.*! They set up many determinant 
wave functions and obtained total energies about half- 
way between the Hartree-Fock values and experiment. 
The total energies of the dominant single determinant 
have a percent error roughly twice that of the Hartree- 
Fock result. However, these relatively high energies 
arose because Bernal and Boys were not interested in 
an exploration for Hartree-Fock solutions but rather 
in establishing a good starting point for a configuration 
interaction treatment. 


D. One-Electron Energy Parameters 
These parameters along with those for the other 
calculations are listed in Table VII. 
E. Electron Affinity of Fluorine 


For some time there has been a question as to whether 
or not the Hartree-Fock total energy of F~ would be 
30 P, O. Lowdin, Advances in Phys. 5, No. 17 (1956). 


31M. J. M. Bernal and S. F. Boys, Phil. Trans. Roy. Soc. 
London A245, 139 (1952). 
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. 
TABLE VII. One-electron energy parameters.* 
F atom 

F. W. Brown Present work 


26.54 26.38168 


1.20 1.570682 
0.55 0.7284173 
F~ ion 


srown> C. Froese® Present work 


19 25.82957 


ao .0765 1.074678 


0.1812090 


Ne atom 
*. W. Brown! B. H. Worsley4 


Se. 


Present work 


84 32. 


76755 
1.37 Be aX .925974 


Q.75: . 8925 . 8461500 


* Hartree units, all values negative. 
© See work cited in footnote 7. 
© See work cited in footnote 8. 
1 See work cited in footnote 9. 


less than that of F. The primary reason for this un- 
certainty is that use of a single exponential basis func- 
tion per atomic orbital for F and F~ results in a negative 
electron affinity of about 8 ev.! Neither our final func- 
tions nor any of the preliminary trails showed this 
characteristic. Table VIII lists values obtained both 
from the difference in the total energies of F and F~ and 
from the €, parameter of F~. It is interesting to note 
that the electron affinity determined from the difference 
of total energies is a little over 2 ev too small. Two 
competing effects cause the calculated energy difference 
to deviate from the experimental value. First, con- 
figuration interaction effects will lower the energy of 
F~ less than F, because F~ is a closed shell structure. 


c. 
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TaBLe VIII. Electron affinity of fluorine.* 


One-electron 
parameter of F~ 


Difference of 
total energies 


F. W. Brown> 1 





.90 
C. Froese® 

1.39 

3.62 


Present work 
Experimental value 
® All values in ev. 1 Hartree unit=27.20972 ev. 
b See work cited in footnote 7. 
© See work cited in footnote 8. 
4 1. M. Brauscomb and S. J. Smith, J. Chem. Phys. 25, 598 (1956). 


has one more electron than F and thus a 
greater correlation energy. If configuration interaction 
effects were the same for both F and F~ and if we 
believe the value of 13 ev per p-electron mentioned in 
Sec. C, this would essentially account for the 2-ev 
discrepancy between the observed and calculated 
values. 


Second, F 


Note added in proof. The author has just learned of 
some recent calculations performed by Dr. L. M. 
Sachs at the Argonne National Laboratories. They 
were carried out via the Roothaan procedure with the 
following total energies: F—99.40900; F-—99.45921; 
Ne—128.54921. These are about 5’; ev lower than our 
values. A more complete account is to be given in a 
forthcoming Argonne Technical Report. 
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We have studied the effect of anisotropic hyperfine interactions 
on the electron spin resonance (ESR) spectra of alkyl radicals 
trapped in polycrystalline matrices. The anisotropy broadens 
some or all of the hfs components, thus complicating the spectra. 
In alkyl radicals one has both isotropic and anisotropic hfs inter- 
actions with the a protons, but only an isotropic interaction with 
the 8 protons. Computed and experimental line shapes for the 
ethyl and propy! radicals are in qualitative agreement, provided 
that the hfs interaction is averaged over the various equilibrium 
orientations of the —CH2- group. This implies a rapid reorienta- 
tion of the —CHz» group. It is noteworthy that when the two a 


protons are antiparallel the hyperfine anisotropy cancels and 
sharp intense hfs components result, while parallel orientations 
of the a protons give broad weak hfs lines. In particular, if the 
broad weak lines associated with the a proton hfs interactions are 
overlooked, the propyl radical spectrum appears to be a triplet, 
implying hfs interactions with the 8 protons only. In radicals 
where there is an odd number of @ hydrogens (e.g. R’—CH—R) 
there is no possibility of cancellation, and all the lines will be 
broad and weak. Our attempts to observe radicals of this type 
have been unsuccessful, most likely for this reason. 





I. INTRODUCTION 


I recent years extensive studies have been made of 
the electron spin resonance (ESR) spectra of free 
radicals trapped in various solid matrices. The value of 
these studies lies in the information they give on the 
magnetic hyperfine interactions between the unpaired 
electron and the various magnetic nuclei in the radical. 
These hyperfine interactions will split the ESR line 
into a multiline pattern which can often be used to 
identify the radical, or, in the case of a known radical, 
to obtain additional information about its structure 
and environment. In many cases, however, the hyper- 
fine interaction experienced by some or all of the nuclei 
will be anisotropic, i.e., it will depend on the orientation 
of the external magnetic field with respect to a set of 
axes fixed in the radical. For the physically important 
case of radicals trapped in polycrystalline media, this 
anisotropy will produce a broadening of the ESR lines 
which may range from an obliteration of finer details of 
the spectrum to extreme broadening where the spec- 
trum appears as a single broad, weak (or even unde- 
tectable) line. 

In this paper we shall examine the effects of hyperfine 
anisotropy on the ESR spectra of alkyl radicals pro- 
duced by photolysis of the corresponding alkyl iodides 
in solid argon at 4.2°K. These radicals have the general 
formulas 

H H H H 
| lg 
R—C —C R’—C —C —C —R. 
ey 
a a 
Primary Secondary 


In the usual notation the carbon atom holding the un- 
paired electron is called an @ carbon, and the hydrogen 


* This work supported by Bureau of Naval Weapons, Depart- 
ment of the Navy. 


atoms bonded to it are called a hydrogens. The carbon 
atoms bonded to the a carbon are called 8 carbons, and 
the hydrogen atoms bonded to the 6 carbons are called 
8 hydrogens. Theory and experiment indicate that in 
radicals of the foregoing type one will have isotropic 
hyperfine interactions of comparable magnitude with 
both the a and 8 hydrogen nuclei. The a hydrogen 
nuclei, however, will also experience an anisotropic 
hyperfine interaction of the same order of magnitude 
as the isotropic interaction, while the hyperfine anis- 
otropy experienced by the 8 hydrogens will be con- 
siderably smaller.! The effect of the anisotropic hyper- 
fine interactions with the a hydrogens will differ from 
one radical to another depending on the rotational 
freedom of the radical, the possibility of cancellation 
between two such @ hydrogens, etc. It will be shown 
that many of the puzzling features of the ESR spectra 
of these radicals can be accounted for in terms of this 
hyperfine anisotropy. 

In much of the past work on the ESR spectra of 
alkyl radicals, the paramagnetic species was produced 
by x- or y-ray irradiation of relatively complex organic 
materials in the form of polycrystalline solids. In ex- 
periments of this type one has, in addition to the diffi- 
culties caused by magnetic anisotropy, the problem of 
potentially complex decomposition mechanisms. In 
this regard, the use of ultraviolet radiation has the 
distinct advantage that the number of possible decom- 
position products is somewhat more limited, and a 
number of such experiments has now been reported. 
Often, however, these investigations have suffered from 
the use of compounds whose photochemistry in the gas 
or liquid phases is either unknown or known to be 
complex. Even when the compounds irradiated have 
simple well-known dissociation mechanisms in fluid 
media, photolysis in the solid has been shown to be 
complicated by relatively low quantum yields and by 


1C. Heller and H. M. McConnell, J. Chem. Phys. 32, 1535 
(1960). 
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secondary reactions of the primary photochemical 
products with the substrate.’ 

The photolysis of the alkyl iodides has been studied 
extensively in the gas and liquid phases and in solu- 
tion.? The primary photochemical process has been 
almost universally assumed to be rupture of the carbon- 
iodine bond to form an alkyl radical and an iodine 
atom. Recent studies have elucidated the detailed 
mechanism of the photolysis and have pointed up the 
importance of hot radical reactions and of diffusion 
controlled disproportionation, but have confirmed 
earlier conclusions regarding the primary process.‘ 
The quantum yield for the primary process in fluid 
media is unity for actinic light of 2537 A, reduced 
quantum yields for ultimate decomposition being at- 
tributed to back reaction.’ Reports have appeared on 
the photolysis of certain members of this series in the 
solid phase,’ but the nature of the primary process 
has not been established. 

Assuming that the primary process characteristic of 
fluid media is carried over to the solid phase, photolysis 
of the alkyl iodides should yield the corresponding alkyl 
radicals as primary products. The ESR of the second 
product of the photolysis, iodine atoms, is probably not 
observable in polycrystalline matrices.’ In this work, a 
series of alkyl iodides was photolyzed at 2537 A at a 
temperature of 4.2°K. The iodides were diluted to a 
concentration of 1% by solid argon, to minimize sec- 
ondary reactions. It was hoped by this technique to 
observe the ESR spectra of the aliphatic free radicals 
under conditions where only one resonance was present 
at a time, and thus to arrive at an unambiguous assign- 
ment of the ESR spectra of these free radicals. As will 
be seen, this objective was only partially achieved. Also, 
as a matter of some interest, the absolute quantum 
yields for radical trapping were determined. 


II. EXPERIMENTAL 


The liquid helium cryostat and microwave apparatus 
have been described elsewhere.® The gaseous 1% alkyl 
iodide-argon mixtures were deposited on a liquid 
helium-cooled sapphire rod at a rate predetermined to 
give a solid sample approximately 1 mm thick in 30 
min. The lamp was a Hanovia SC2537 low-pressure 
mercury resonance lamp designed to fit into the 3-in. 


2 J. F. Gibson, D. J. E. Ingram, M. C. R. Symons, and M. G. 
Townsend, Trans. Faraday Soc. 53, 914 (1957). 
E. W. R. Steacie, Atomic and Free Radical Reactions (Rein- 
hold Publishing Corporation, New York, 1954), 2nd ed., p. 397 ff. 
*G. R. McMillan and W. A. Noyes, J. Am. Chem. Soc. 80, 2108 
1958). 
5R. M. Harris and J. E. Willard, J. Am. Chem. Soc. 76, 4678 
1954 
6D. L. Bunbury, R. R. Williams, and E. W. Hamill, J. Am. 
Chem. Soc. 78, 6228 (1956). 
7]. Norman and G. Porter, Proc. Roy. Soc. (London) A230, 
399 (1955). 
8’ T. O. Jones, R. H. Luebbe, J. R. Wilson, and J. E. Willard, 
J. Phys. Chem. 62, 9 (1958). 
9 (a) S. N. Foner, E. L. Cochran, V. A. Bowers, and C. K. Jen, 
J. Chem. Phys. 32, 963 (1960); (b) Phys. Rev. 112, 1169 (1958). 
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magnet gap in front of the window. When a quartz 
window was used, the 1849 A component from the lamp 
was filtered by 1 cm of a 1 WN acetic acid solution. 
Photolysis times varied from one to a few hours. 
Light intensity at the sample was determined using 
outgassed liquid ethyl iodide as actinometer (quantum 
yield for iodine atom production=0.26),!° in an ex- 
perimental setup designed to simulate the cryostat 
geometry. Ethyl and n-propyl radical yields were 
measured by comparing integrated line intensities of 
their ESR spectra to that of a weighed sample of di- 
phenyl! picryl hydrazyl. Quantum yields determined in 
this manner are subject to considerable error, and 
should be regarded as approximate. 


Il. THEORY 
A. Calculation of the Hyperfine Splittings 


A general theory for calculating hyperfine splittings 
and line intensities has been given by Trammell, 
Zeldes, and Livingston." Thus, we shall discuss only 
those features of the problem which are of special 
interest in the present study. 

The magnetic interactions experienced by the un- 
paired electron and nuclei of a free radical in an ex- 
ternal magnetic field H are described by the Hamil- 
tonian, 


5 = g8H-S— Diy AH-1+ Dy hS-Teli. (1). 


The first term is the Zeeman energy of the electron, 
where 8 is the Bohr magneton, and the electron g 
factor g has been assumed to be isotropic.” The second 
term is the Zeeman energy of the nuclei, where 7; is the 
gyromagnetic ratio of the ith nucleus. The third term 
describes the magnetic hyperfine interactions between 
the unpaired electron and the nuclei, where T; is the 
hyperfine interaction tensor 

T= gBl (8/3) (6(rs) w+ Briti/rPF—B/r3 yw]. (2) 
The quantity r, is the position vector of the unpaired 
electron measured from the ith nucleus as the origin, 
and the averages are taken over the charge distribution 
of the unpaired electron. The quantity & is the unit 
tensor. The first term is, of course, the isotropic or 
contact term in the hyperfine interaction, and the 
second term is the anisotropic or dipole-dipole inter- 
action. 


0 —. L. Cochran, W. H. Hamill, and R. R. Williams, J. Am. 
Chem. Soc. 76, 2145 (1954). 

1G. T. Trammell, H. Zeldes, and R. Livingston, Phys. Rev. 
110, 630 (1958). 

2 The g-factor shifts and resulting g-factor anisotropies are 
quite small in the simple alkyl radicals. For example the work 
cited in footnote 9 gives g-factor shifts of the order of 0.0003 for 
the methyl radical in a variety of matrices. Sands [R. H. Sands, 
Phys. Rev. 99, 1222 (1955) ] has shown that g-factor anisotropy 
and hyperfine anisotropy have quite similar effects on the ESR 
line shape. 
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The form of the hyperfine interaction tensor T; will 
depend on the coordinate system used. In many calcu- 
lations, such as averaging the hyperfine interaction 
Hamiltonian over various rotational motions of the 
radical, it will be convenient to transform from one co- 
ordinate system to another.’* Whenever possible we 
will use that coordinate system, called the principal 
axis system, which diagonalizes T;. Then the hyperfine 
interaction Hamiltonian has the familiar form 


5Cbfs=h( A Sal et Bi Sel iz tC Syl iy). (3) 


The principal axis system is illustrated for an a hydro- 
gen nucleus in Fig. 1. The work of McConnell e¢ al. 
on the radical CH(COOH). in a single crystal of 
malonic acid has shown that for such a hydrogen 
nucleus: A = —29 Mc; B= —61 Mc; and C= —91 Mc."4 

In the usual ESR experiment the external magnetic 
field is sufficiently large that the projection of the 
electron spin on this field, which quantity we denote 
as Ms, is a good quantum number. One can then com- 
pute the net magnetic field acting on the ith nucleus as 
the vector sum of the external magnetic field and the 
magnetic field due to the unpaired electron. The 
Hamiltonian for the interaction of the ith nucleus with 
this field is 


Ki(Ms) =—y ALH—Msey-T;]-1,, (4) 


where the second term in the bracket is the field at the 
ith nucleus due to the electron, and the quantity +, is 
a unit vector in the direction of the external field. 

By using Eq. (4) for the effective field acting on the 
ith nucleus, we can readily calculate the various energy 
levels and transition energies. However, the resulting 
expressions are rather complicated for the most general 
case. An approximation which is satisfactory in a 
majority of the cases encountered is to neglect the 
Zeeman energy of the nuclei.!® This is a very. good ap- 
proximation for the treatment of hyperfine interactions 
with a hydrogen nuclei in alkyl radicals when the ESR 
experiment is carried out at X-band frequencies.'"* It 
becomes less satisfactory at higher frequencies (and 
correspondingly higher fields) where the nuclear 
Zeeman energy is greater, and for certain conjugated 
radicals such as the allyl radical where the unpaired 
electron charge density is spread over several atoms 


‘8 For a discussion of coordinate transformations see Lloyd P. 
Smith, Mathematical Methods for Scientists and Engineers (Pren- 
tice-Hall, Inc., Englewood Clifis, New Jersey, 1953), pp. 273-276. 

4H. M. McConnell, C. Heller, T. Cole, and R. W. Fessenden, 
J. Am. Chem. Soc. 82, 766 (1960). 

‘8 If this approximation is invalid the spectrum may be compli- 
cated by the presence of “forbidden” transitions in which a 
nuclear spin transition accompanies the electron spin transition. 
Such transitions become allowed when the hyperfine interaction 
is highly anisotropic, and is comparable in magnitude to the 
nuclear Zeeman energy. This situation is discussed in detail in 
the works cited in footnotes 1, 11, and 14. The problem of calcu- 
lating line shapes under these conditions will be extremely 
difficult. 
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Fic. 1. The principal axis coordinate system for the magnetic 
hyperfine interaction tensor of an @ proton. 


with a consequent reduction in the hyperfine interac- 
tions with the individual nuclei. Such simplifications 
will be useful, however, even in cases where they give 
only rough approximations, because the experimental 
line shapes are usually subject to some uncertainty, and 
it is impractical to attempt a highly detailed compari- 
son of the experimental and theoretical line shapes. If 
the nuclear Zeeman energy is neglected in Eq. (4), 
then the following equation for the hyperfine splitting 
due to interaction with a given nucleus is readily 
obtained, 


v—ve=My7( A? cos’@+ B? sin?@ cos’6+ C? sin’é sin’¢)?. 
(5) 


Here, v, is the transition frequency in the absence of 
hyperfine splitting, and M, is the projection of the 
nuclear spin on the magnetic field due to the electron. 
The angles 6 and ¢ are the polar and azimuthal angles 
specifying the orientation of the external magnetic 
field in the principal axis coordinate system. 

The following modification of Eq. (5) will be con- 
venient. Let us choose the X, Y, and Z axes of the 
principal axis system so that the conditions 


| B?—C?| < | A?— B?| < | A*—C?| 
are fulfilled. Then Eq. (5) can be rewritten as 


v—v,=Myal1+ (b°/a?) (3 cos?@—4— 4p sin’O cos2¢ }, 


(6) 


(7) 
where 
a= (3) (A+ B+C); 


and 


b? = (4) (2A2—B?—C?) (8) 


n=3(C?—B?) /(24°—B—C2). (9) 


The quantity 7 is a measure of the axial asymmetry of 
the hyperfine interaction. It ranges in value from —1 
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to +1, being zero when the hyperfine interaction is 
axially symmetric. It will be seen presently that by 
using the foregoing expression for (yv—»y,.), one can 
compute the shape of the hyperfine broadened line 
using a modification of a formula given by Bloem- 
bergen and Rowland.'® 

A still simpler more flexible expression for the hyper- 
fine splitting can be obtained by expanding the radical 
in Eq. (7) and retaining only the first two terms. This 
gives 
y—v.=M,[.a+ (b°/2a) (§ cos*@—3— 4 sin’6 cos2¢) 7] 


od 


(10) 


This familiar expression for the hyperfine splitting is 
rigorous only when the isotropic term in the hyperfine 
interaction is considerably larger than the anisotropic 
term. This expression has the advantages of being 
simpler, and of giving an expression for the line shape 
which is more readily understood. This is particularly 
true when the total hyperfine interaction is the result of 
two or more inequivalent nuclei. For these reasons it 
may be desirable to use Eq. (10) in qualitative calcu- 
lations even though it may not be rigorously applicable. 


B. Calculation of the Line Shape Resulting from 
Hyperfine Broadening 


Any of the procedures described in the previous sec- 
tion gives the frequency of a given hyperfine component 
of the ESR spectrum as a function of magnetic field 
orientation. In a polycrystalline sample one has a 
random distribution of magnetic field orientations, and 
the probability of finding the magnetic field within an 
element of solid angle d2, which probability we denote 
as P(Q)dQ, is given by the expression 


P(Q)dQ= (1/4) dQ= (1/4) sinddéd®g. (11) 


Now the result given by an ESR experiment is the 
absorption intensity (or its derivative) as a function of 
frequency. Thus, we must calculate the probability that 
the frequency of the given hyperfine component will 
lie in a region of frequency dy centered around pv. This 
probability is denoted as I,(v)dv, where In(v) is the 
absorption intensity in the presence of hyperfine 
broadening only. To do this we first calculate the 
quantity J;,(v, 8) which is the absorption intensity as a 
function of frequency when @ is held fixed.’® Provided 
that one and only one value of ¢ exists which gives the 
desired frequency for the chosen value of 0,” then 
In(v, 6)dv is simply equal to the probability of finding 
¢ in a region dd, which is given by the expression 

In (v, 0) dv = ( 


1/27) do = (1/27) (0d/dv) dv. (12) 


16 N. Bloembergen and T. J. Rowland, Acta Met. 1, 731 (1953). 
1 This condition is achieved by placing suitable limits on the 
values of @ in the subsequent integration over this angle. 
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To get the actual line intensity /;,(v) we average the 
expression for I,(v, 0) over the angle 6. This gives 


(13) 


I,(v) = ( 1/an) f sind (d@/dv) dé. 


Bloembergen and Rowland" have given an expres- 
sion for J,(v) for the case where » is given by Eq. (10). 
Their results as restated by Cohen and Reif'® are as 
follows. From Eq. (10) we obtain the relation 
X= (V—- Ye Mya )/( Mb, ‘2a) 

= cos?@—}— 4» sin’é cos2g. (14) 
We now restrict 9 to be positive, i.e., 
O<n<l. 
This restriction involves no loss of generality since if 
is negative, it can be made positive by changing the 
origin of the angle ¢, i.e... ¢='+ 32. Then the prob- 
ability that « lies in a region dx centered about a given 
value of x is F(x)dx, where the function F(x) is de- 
fined in the following equations: 
F(x) =K(k)/x[n(1—x) }}; 
—4(1+7)<x<—3(1-—7), (15a) 
F(x) =2K(k™) /x(2x+1+7) (3—n) }}; 
—$(1—n)<a<1. (15b) 
Here, A(k) denotes the complete elliptic integral'® 
whose argument & is given by the equation 
k=}[ (2x+1+7) (3—n) /n(1—~x) ]}. 
From the relation between x and v given in Eq. (14), we 
readily obtain the following expression for J,(v), 


I,(v) =F ((y—».— Mra ]/ M7b?/2a) (2a/M7b"). 


(16) 


(17) 


The properties of the function F(x) are best noted 
from Fig. 2, which gives plots of this function for 
various values of y. The peak, which occurs at x= — (4) 
(1—»), is a logarithmic singularity which becomes less 
pronounced as 7 increases. The hyperfine broadened 
line shape is most unsymmetrical for 7=0, and becomes 
symmetrical at 7=1. Of course, there will be other 
sources of line broadening which will round off the 
sharp peak and discontinuous edges of the hyperfine 
broadened lines. Typical line shapes resulting from the 
combination of hyperfine broadening with other types 
of line broadening are illustrated by the dotted curves 
in Fig. 2. The problem of actually calculating the ob- 
served line shape is discussed in the next section. 

When the hyperfine splitting is given by Eq. (7) an 
expression for the line shape is readily obtained in 


18M. H. Cohen and F. Reif, Solid-State Physics, edited by 
D. Turnbull and F. Seitz (Academic Press, Inc., New York, 
1957), Vol. 5, p. 342. 

19 E. Jahnke and F. Emde, Tables of Functions (Dover Publi- 
cations, New York, 1945), 4th ed., p. 73 ff. 
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terms of the function F(x). We note that the function 
[(v—».)?—M a? |/M? has the same form as the 
function x defined in Eq. (14), and thus the same 
distribution function F(x). This leads to the following 
expression for the line intensity 


Ih(v) = FL (vp—».)?§— MPa?} /MPB? 12 (v—».) (Mee). 
(18) 


So long as the isotropic hyperfine interaction is larger 
than the anisotropic term, the line shapes given by the 
foregoing expression have much the same form as those 
given in Fig. 2. When the hyperfine anisotropy is com- 
parable to or larger than the isotropic interaction, the 
line shapes become more complicated. Blinder has 
calculated the line shapes resulting from large hyper- 
fine anisotropies for the axially symmetric (n=0) 
case.” 


C. Observed Line Shape 


The line shape which is actually observed is the result 
of a superposition of hyperfine broadening and all other 
types of broadening. These other sources of line broad- 
ening lead to symmetric absorption lines which are 
Gaussian or Lorentzian depending on the broadening 
mechanism. The chief source of Lorentzian broaden- 
ing is dipole-dipole interactions between the paramag- 
netic species. In the work described here, the radical 
concentration is sufficiently low that this source of 
broadening may be neglected, and we may expect the 
free radical ESR line shapes to be Gaussian. Most ob- 
served radical line shapes are more nearly Gaussian 
than Lorentzian. Thus, we represent the line intensity 
resulting from all sources of broadening except hyper- 
fine broadening, which quantity is denoted as Io(v—vo), 
by the Gaussian 

I)(v—v) =[1/o( 2x)! ] exp[—(v—v)?/207]. (19) 
The parameter o is the rms linewidth. It is also one- 
half the distance between maximum slope points of 
the absorption line. In many cases it will be possible to 
estimate the parameter o from the width of those 
hyperfine components for which the hyperfine broad- 
ening is canceled out. In other cases o may be esti- 
mated from the linewidths of similar radicals. 

The combination of hyperfine broadening with the 
other sources of line broadening will give a line of in- 
tensity J(v), where 


I(v) =[1/o(2n)*} Ts(r' expl— (v—v’)?/20? Jv’. (20) 


The derivative of the absorption line, which is the 
quantity usually observed in practice, is given by the 


0S. M. Blinder, J. Chem. Phys. 33, 748 (1960). 


INTERACTIONS IN 


ALEYL RADICALS 4165 




















! ! 1 
-1.0 -0.5 0.0 








x 


Fic. 2. ESR absorption lines resulting from anisotropic hyper- 
fine broadening. The different curves correspond to varying de- 
grees of axial asymmetry in the hyperfine interaction ranging 
from the axially symmetric case (7=0) to the maximum possible 
axial asymmetry (n=1). The solid curves are the line shapes due 
to hyperfine broadening only. The dotted curves are typical lines 
resulting from the combination of hyperfine broadening with 
other sources of line broadening. 


expression 


dI(v) /dv=[1/05( 2n)} for) n") 


X exp[— (v—v’)*/207 |dv’. (21) 

In general the actual line shapes will have to be 
calculated by numerical integration of the right-hand 
side of Eq. (20) or Eq. (21). It is relatively easy, how- 
ever, to get a qualitative picture of the effect of hyper- 
fine broadening. We are interested mainly in cases 
where the hyperfine broadening is an order of magni- 
tude greater than the other sources of line broadening. 
In such cases the line shape will be determined pri- 
marily by the hyperfine broadening with the other 
sources of line broadening serving to round off the sharp 
peak and edges of the pure hyperfine broadened line. 
The resulting line shapes have been illustrated in Fig. 2. 
The hyperfine broadened lines are quite unsymmetrical, 
except for the case of maximum axial asymmetry 
(n=1) in the hyperfine interaction. There is a marked 
tendency for such lines to resemble two or three poorly 
resolved lines. Moreover, these effects become more 
pronounced in the derivative of the absorption line. 
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Fic. 3. ESR spectrum produced by the photolysis of ethyl 
iodide in argon at 4.2°K. 


(See, for example, the derivative curves shown in Figs. 
4 and 5.) 

In addition to the unsymmetrical line shapes pro- 
duced by the hyperfine anisotropy, there may be other 
complications. For one thing, the different hyperfine 
components in the ESR spectrum of a given radical 


will usually experience varying degrees of hyperfine 
broadening, because of the dependence of the hyperfine 
interaction on the nuclear magnetic quantum numbers 
M;. Thus, some components of the spectrum will be 
intense, narrow, and symmetrical, while others will be 
weak, broad, and unsymmetrical. In many cases the 
hyperfine broadened lines will overlap. In such cases the 


individual hyperfine components will have to be 
synthesized from the observed spectrum, a process 
which will not always give an unambiguous result. In 
view of the many factors involved, it is to be expected 
that hyperfine broadening will produce very compli- 
cated ESR spectra. This is definitely the case in the 
alkyl radical spectra, which will be discussed in the 
next section. 


IV. RESULTS AND DISCUSSION 
A. Methyl Radical 


A number of workers have observed the spectrum of 
the methyl radical, which is a quartet of sharp sym- 
metrical lines.®*!? Judging from the sharp line spec- 
trum obtained for this case, the methyl radical has 
almost complete rotational freedom within the matrix. 
This behavior is typical of the small radicals such as 


“3. 
(1958). 

2 W. Gordy and C. G 
3243 (1956). 


Smaller and M. Matheson, J. Chem. Phys. 


28, 1169 


McCormick, J. Am. Chem. Soc. 78, 
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CH; and NHg»:.”* The larger more cumbersome radi- 
cals, which are the object of the present study, have 
insufficient rotational freedom to completely average 
out the hyperfine anisotropy. Thus, some or all of the 
hyperfine components in the ESR spectra of these 
radicals will be broadened by the hyperfine anisotropy. 


B. Ethyl Radical 


The spectrum obtained from the photolysis of ethyl 
iodide in solid argon is given in Fig. 3. This spectrum 
appears to be identical with that found by Smaller and 
Matheson” in y-irradiated ethane, ethylene, or ethyl 
chloride. For convenience in discussion, the hyperfine 
components are denoted by the symbol (M,, Ms) 
where M, is the net magnetic quantum number of the 
a hydrogen nuclei, and Mg, is the same quantity for 
the 8 hydrogen nuclei. In using this notation it should 
be noted that the high-frequency hyperfine compo- 
nents correspond to negative values of M/, because the 
a proton hyperfine interaction constants are negative. 

It is readily noted from Fig. 3 that the lines for which 
M,=0 are sharper and more symmetrical than the 
other lines. A similar situation will be found in the 
propyl radical spectrum (cf. Fig. 7). This shows that 
when the two a@ protons are antiparallel the hyperfine 
anisotropy is canceled out. This cancellation can take 
place only if the two a protons are magnetically equiva- 
lent. In turn, this condition is fulfilled only if the 
—CH2: group is reorienting between its various equi- 
librium positions sufficiently rapidly that the hyperfine 
interaction experienced by each a proton is an average 
over all the equilibrium orientations of the —CHz: 
group. The —CH,* group may reorient either by an 
external or an internal rotation about the carbon- 
carbon bond. Since external rotations are rather diffi- 
cult for steric reasons in larger radicals such as the 
propyl radical, the reorientation process will most 
likely take place via internal rotation in these radicals. 
In the ethyl radical, internal and external rotations 
about the carbon-carbon bond are equally feasible. 
However, only the internal rotation of the —CH,: 
group will cause the three 8 protons in the ethyl radical 
to have the same isotropic hyperfine interaction, in 
agreement with experiment. 

From the previous qualitative discussion it is very 
likely that there is a rapid reorientation of the —CH)- 
group in the alkyl radicals. It is interesting nonetheless 
to investigate the case where the —CH)- group is 
rigidly fixed, and to calculate the resulting ESR line 
shapes. In this calculation, and for a number of other 


‘calculations in this paper, it is convenient to use a co- 


ordinate system in which the Z’ axis lies along the 
carbon-carbon bond, the X’ axis is perpendicular to the 
plane of the —CH}- group, and the Y’ axis lies in the 
plane of the —CH,+ group. The hyperfine interaction 


23S. N. Foner, E. L. Cochran, V. 
Phys. Rev. Letters 1, 91 (1958). 


A. Bowers, and C. K. Jen, 
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tensors of the a protons are readily transferred from 
their respective principal axis systems to this coordinate 
system.'* In this, and in all subsequent calculations, we 
will use the values of McConnell e¢ a/.’4 for the com- 
ponents of the a proton hyperfine interaction tensor 
in the principal axis system. 

The results of this calculation are somewhat surpris- 
ing since they show that the hyperfine broadening is 
greater when the two a protons are antiparallel. The 
total spread in hyperfine broadening is 18.5 oe when 
the a protons are antiparallel, and only 9.4 oe when 
they are parallel. This is in marked contradiction to 
the experimental results for the ethyl and propyl 
radicals where the lines corresponding to M,=-+1 are 
noticeably broader than the /,=0 lines. For the case 
where the two a protons are antiparallel, the hyperfine 
splitting can be represented approximately by the 
formula 


vy—v,.=17.9 sin# cosé sing. (22) 


Here, and in subsequent calculations, frequencies will 
be given in units of magnetic field, namely, oersteds. 

The derivative line shape resulting from the com- 
bination of the above hyperfine broadening and all 
other sources of line broadening was calculated using 
Eq. (21).** The line shape in the absence of hyperfine 
broadening was taken to be a Gaussian having a root 
mean-square width o, and the calculation was carried 
out for a range of typical values of c. Also presented in 
Fig. 4 for comparison is the derivative of a Gaussian 
with o=1.67 oe, which is the approximate shape of 
the M,=0 lines in the ethyl and propyl radical spectra. 
Each of the curves in Fig. 4 has been scaled so that the 
derivative of the corresponding unbroadened Gaussian 
line will have a maximum height of one unit. This 
scaling clearly shows the effect of hyperfine broadening 
on the line intensity. For the values of o chosen the 
hyperfine broadening reduces the line intensity by 
factors ranging from 14 to 4 as o varies from 1.00 to 
2.76 oe. 

Another interesting effect of the hyperfine broadening 
in this case is to give the line the appearance of being a 
triplet. This effect is most pronounced when the hyper- 
fine broadening is large compared to all other sources of 
line broadening. The possibility of observing such 
spurious multiplets is marginal, however, because they 
are produced under conditions which also severely re- 
duce the line intensity. It is more likely that lines which 
are hyperfine broadened, but still observable, will have 
a bumpy appearance, e.g., the line in Fig. 4 correspond- 
ing to c=2.76, suggesting a poorly resolved multiplet 
structure. These complications should be considered 


*4 Tn this calculation a transformation of coordinates (the new 
coordinate system is obtained from the original one by a rotation 
of 45° about the X’ axis, followed by an interchange of the X’ 
and Y’ axes) changes Eq. (22) into an expression having the 
form of Eq. (10) with n=1. 
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Fic. 4. Theoretical line shapes (derivative presentation) for 
the ESR hyperfine line corresponding to the antiparallel state of 
the two @ protons in a rigid —CHy* group. (a): An unbroadened 
Gaussian line with a root-mean-square linewidth o of 1.67 oe. 
(b)-(d): Lines resulting from the superposition of the aniso- 
tropic hyperfine broadening on Gaussian lines of varying width 
a. Each of these lines has been scaled so that the corresponding 
unbroadened Gaussian will have a maximum height of one unit. 


when dealing with suspected hyperfine anisotropies in 
ESR spectra. 

It is clear that the hyperfine broadened lines given 
in Fig. 4 are incompatible with the observed spectra of 
the ethyl and propyl radicals. The lines corresponding 
to ¢=1.00 and 2.76 do not have the correct separation 
between the inner maxima and minima. The line corre- 
sponding to o=1.67 does have the correct separation 
between the inner maxima and minima, but has equally 
intense outer maxima and minima which cannot be 
reconciled with the observed spectra. Thus, the con- 
clusion that the —-CH,° group is reorienting in these 
radicals is inescapable. 

Accordingly, we have calculated the effect of hyper- 
fine broadening on the 1/,= +1 lines for the case where 
the —CH): group is reorienting between equilibrium 
positions. There will be at least three such equilibrium 
positions in the ethyl radical, and this gives just as 
complete an averaging of the hyperfine interaction as 
would unrestricted rotation about the carbon-carbon 
bond. The averaging is carried out by first transforming 
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Fic. 5. Theoretical ESR spectrum of a triplet due to hyperfine 
interactions with the a protons in the ethyl radical. 


from the principal axis system to the coordinate system 
in which the Z axis lies along the carbon-carbon bond, 
and then rotating about the new Z axis to obtain the 
hyperfine interaction tensor for the various orienta- 
tions of the —CH2: group. The calculation shows that 
the hyperfine splitting resulting from the interaction 
with the a protons is very well approximated by the 
formula 


v(M,, Ms)—v(0, Mz 


=— 21.9M,,[1+0.518($ cos*@—4) ]}. 


(23) 


Figure 5 gives the calculated line shapes for the 
triplet (1, Ms), (0, Mg) and (—1, Mz). The center 
unbroadened line is a Gaussian with o= 1.67 oe, which 
corresponds to the observed width of the M,=0 lines. 
The hyperfine anisotropy is axially symmetric in this 
radical, and therefore produces very unsymmetrical 
lines. One lobe of the derivative curve is virtually un- 
changed in shape although reduced in intensity by a 
factor of roughly 2, while the other lobe is broadened 
into a double humped curve with a somewhat greater 
reduction in intensity. It is to be noted that the nega- 
tive lobe of the (—1, Mg) line is the more intense, 
while the positive lobe is more intense in the (+1, Mg) 
line, so that the entire triplet is symmetric with respect 
to inversion through the origin. 
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These results agree qualitatively with the observed 
ethyl radical spectrum. Each of the lines with M,=-+1 
appears as a single lobe, with the weaker double humped 
lobe either being obscured under a strong line or lost in 
the noise. Consider, for example, the triplet (—1, 3), 
(0, 3), and (1, 3). Here, the line (1, 4) is seen only as a 
positive lobe, the weaker negative lobe being lost under 
the line (0, —}), while for the line (—1, 4) the nega- 
tive lobe is the more intense, and the positive lobe falls 
under the line (0, 3 

The rather compressed trace of the entire spectrum 
shown in Fig. 3 is not suitable for detailed comparison 
of theoretical and experimental line shapes, since in 
taking such compressed traces with our instrumenta- 
tion, the magnetic field is swept rapidly, and this often 
leads to rapid passage effects which distort the line 
shapes and intensities. In Fig. 6 the high-frequency 
lines of the ethyl radical spectrum are shown on an 
expanded scale. The outer region of the spectrum was 
chosen to minimize the difficulty of overlapping lines. 
This advantage is offset somewhat by the reduced in- 
tensity of the outer lines. 

We note from Fig. 6 that the upper half of the 
(0, 3) line is badly distorted, having the appearance of 
a rather broad double peaked curve. We have tried to 
interpret this line shape as being inherent in the ethyl 
radical spectrum without success. One possibility con- 
sidered was that the upper half of the (—1, 4) line 
which lies partially under the (0, $) line might distort 
the latter line. Calculation shows, however, that the 
intensity of the upper half of the (—1, 4) line will be 
only 3 of the peak height of the undistorted (0, 3) line, 
and this is insufficient to produce the observed distor- 
tion. Another possibility was an anisotropy in the 6 
proton hyperfine interaction. In order to produce the 
observed double peaked curve, the line broadening re- 
sulting from the hyperfine anisotropy would have to be 
two or three times greater than the natural linewidth. 
Since the alkyl radicals have natural linewidths of the 
order of 3 oe between maximum slope points, the 6 
proton hyperfine anisotropy would have to produce 
linewidths of 6 to 9 oe. This is comparable to the hyper- 
fine broadening associated with the a protons, and is 
considerably larger than the value predicted for the 8 
protons.! Thus, we have no satisfactory explanation of 
the distortion of the (0, $) line. It is possible that the 
distortion is the result of an additional unknown 
resonance which overlaps the (0, }) line so as to pro- 
duce the observed distortion. 

The other features of the spectrum are in good agree- 
ment with theory. The (—1, $) line is quite weak, and 
the lower half is more intense than the upper half. 
Indeed the upper half of this line is more or less lost 
in the noise, although there is a faint hint of the double 
peak predicted by theory. The lower half of the (0, 3) 
line, which is presumably undistorted, is 3.7 times as 
intense as the lower half of the (1, 3) line, in good agree- 
ment with the theoretical intensity ratio of 4 to 1. The 
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Fic. 6. High-frequency lines 
of the ESR spectrum pro 
duced by the photolysis of 
ethyl iodide in argon at 4.2°K. 
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separation between the (0, 3) line and the (1, $) line 
is 19.9 oe, in agreement with the theoretical value of 
20.4 oe. The 8 proton splitting is 26.5 oe.** 


C. n-Propyl Radical 


The spectrum obtained from the photolysis of 
n-propyl iodide is shown in Fig. 7. This spectrum con- 
tains three strong lines and a number of weaker lines. 
The assignment of the three strong lines was made by 
studying the spectra obtained from photolysis of the 
a and 8 deuterated n-propyl iodides. The spectrum ob- 
tained from a@ deuterated n-propyl iodide, which is 
shown in Fig. 8, contains the same three strong lines, 
although they are now considerably broader. (The 
reason for this broadening will be discussed presently. ) 
The 8 deuterated n-propyl iodide, however, gives a five 
line spectrum, shown in Fig. 9, with a line spacing re- 
duced by a factor of 6.5 from the spacing of the triplet 
obtained previously. These results show that the three 
strong lines are n-propyl radical lines resulting from 
hyperfine interactions with the 8 protons. The splitting 
constant is 35.0 oe. 

In the light of the present theory we may go further 
and say that the strong lines occur when the a protons 
are antiparallel, /,=0, so that the hyperfine anisotropy 
is canceled. The n-propyl radical lines for which M,= 
+1 will be greatly reduced in intensity by the hyper- 
fine anisotropy, and must be sought among the weak 
lines in the spectrum. The central region of the spec- 

24a Fessenden and Schuler [R. W. Fessenden and R. H. Schuler, 
J. Chem. Phys. 33, 935 (1960) ] have recently reported the ESR 
spectrum of the ethyl radical in liquid ethane. All components of 
the spectrum are very sharp indicating that the magnetic anis 
tropies are completely averaged out in the liquid. Their values 
for the isotropic splitting constants are in agreement with the 
results of this work. 


trum is complicated by the presence of lines belonging 
to the methyl radical, which is produced in small 
quantities by the photolysis of ”-propyl iodide. Thus 
we shall concentrate on two weak lines in the outer 
high- and low-field regions of the spectrum. These two 
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Fic. 7. ESR spectrum produced by the photolysis of m-propy! 
iodide in argon at 4.2°K. The lines labeled Me are due to the 
methyl radical. 
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Fic. 8. ESR spectrum produced by the photolysis of a deuter- 
ated n-propyl iodide in argon at 4.2°K. The lines labeled Me 
are due to the methyl] radical. 
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lines are assumed to be the (—1, 1) and (1, —1) lines 
of the n-propyl radical as indicated in Fig. 7. Com- 
parison of the intensity and position of these lines with 
theoretical estimates will justify this assignment. 

The treatment of the n-propyl radical, unlike the 
ethyl radical, is complicated by the fact that the ef- 
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Fic. 9. ESR spectrum produced by the photolysis of B deu- 
terated n-propyl iodide in argon at 4.2°K. The lines labeled Me 
are due to the methyl radical. 
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fective hyperfine anisotropy, which quantity is the 
result of averaging over the various equilibrium 
orientations of the —CH,: group, is not completely 
determined from symmetry considerations. It is most 
likely that one configuration of the -propyl radical 
will be more stable than any other. This optimum con- 
figuration will actually correspond to a pair of indis- 
tinguishable orientations of the —CHy- group. It is 
also possible, however, that the interactions of the 
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Fic. 10. Theoretical ESR spectra of a triplet due to hyperfine 
interactions with the @ protons in the n-propyl radical. The 
dotted curve is for the case of a single equilibrium position for 
the —CHbg- group in this radical. The solid curve is for the case 
of two equilibrium positions for the —CH.+ group differing in 
orientation by 120°. 


CH.* group with the 6 hydrogens and the methy! 
group are such as to give two or more distinct equi- 
librium configurations. These configurations would be 
analogous to the gauche forms of such molecules as the 
1,2 dihalogenoethanes.*® Thus, we have calculated the 
line shape resulting from a single equilibrium position 
for the —CH,* group (case I), and from a pair of 
equilibrium positions which differ in orientation by 
120° (case II). If there are three or more distinct 
equilibrium configurations, the resulting line shape 
will be the same as that found for the ethyl radical. 


2S. Mizushima, Structure of Molecules and Internal Rotation 
(Academic Press, Inc., New York, 1954), p. 7 ff. 
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In calculating the hyperfine anisotropy the average 
over the various equilibrium orientations of the —CHg- 
group is carried out by transforming to a coordinate 
system in which the Z axis is along the carbon-carbon 
bond. The various equilibrium orientations of the 
—CH,: group are obtained by appropriate rotations 
about the Z axis of this coordinate system. For case I 
the azimuthal angles specifying the orientations of the 
—CH:: group are taken to be +90°. One then obtains 
the formula 


v(Mza, Ms) —v(0, Ms) = —22.0Mef1-+0.500(3 cos’ 
—4—(0.916/2) sin’@ cos2¢) }, (23’) 


which is a very good approximation for the hyperfine 
splitting due to the interaction with the a protons. For 
case II the azimuthal angles specifying the orientations 
of the CH: group are taken to be +60° and +240°. For 
this case the hyperfine splitting due to the interaction 
with the @ protons is very well approximated by the 
formula 


v(Ma, Ms) —v(0, Ms) =—21.9Ma[1+0.514(3 cos? 


—4— (0.453/2) sin2@ cos2g) }. (24) 


The resulting line shapes have been calculated for each 
of these cases, and the results are given in Fig. 10. The 
line shape in the absence of hyperfine broadening is 
taken to be a Gaussian with ¢=1.67 oe, which corre- 
sponds to the observed shape of the M,=0 lines. 

In Fig. 11 we have presented an expanded trace of 
the high frequency lines of the spectrum obtained from 
the photolysis of »-propyl iodide. A similar spectrum 
has been found for the low-field region. The weak 
resonance at the high-field end of Fig. 11 has the ap- 
pearance of two overlapping lines. It is tempting to 
regard this resonance as a single n-propyl radical line 
with the positive double-peaked lobe being due to 
hyperfine anisotropy. Comparison with the theoretical 
curves shows, however, that this explanation is un- 
tenable. One difficulty is that none of the possible 
theoretical curves for the (—1, 1) line of the n-propyl 
radical has nearly so large a depression between the 
two positive peaks as does the experimental line. Even 
more damaging is the fact that the theoretical separa- 
tion between the negative peak and the outer positive 
peak is at best 9 oe, while the observed separation is 
14 oe. 

We are thus forced to the conclusion that the high- 
field resonance is two partially overlapping lines. Since 
the outermost line does not correspond to any of the 
peaks in any of the possible theoretical line shapes it 
must be regarded as an unknown line. The inner line 
of this pair has been assigned as the (—1, 1) line of the 
n-propyl radical from the following comparison of the 
experimental and theoretical line shapes. The observed 
separation between the (0, 1) and (—1, 1) lines is 
19.5 oe, while the theoretical separations are 22.0, 
20.9, and 20.4 oe depending on whether there are one, 
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Fic. 11. High-frequency lines of the ESR spectrum produced 
by the photolysis of n-propyl iodide in argon]at 4.2°K. 


two, or three equilibrium positions for the—CH:: 
group in the ”-propyl radical. Comparison of the nega- 
tive lobe of the (0, 1) line with the negative lobe of 
the (—1, 1) line gives an experimental intensity ratio 
of 5.7:1. The theoretical intensity ratios are 10.4:1, 
5.2:1, and 4.0:1, depending on whether there are one, 
two, or three equilibrium positions for the —CH,- 
group. We cannot, however, use these results to deter- 
mine the configuration of the -propyl radical, because 
the theoretical values obtained for the case of a single 
equilibrium configuration are rather sensitive to the 
values of the hyperfine interaction constants which 
enter the calculation. Changing the values of these 
constants within the assigned experimental errors’ can 
improve considerably the agreement between theory 
and experiment for this case. 

Further evidence for the existence of a hyperfine 
interaction with the a protons in the ”-propy! radical 
comes from the experiments on the a and 8 deuterated 
n-propyl iodides. It was pointed out earlier that the 
individual lines of the triplet obtained from the pho- 
tolysis of a deuterated n-propyl iodide, cf. Fig. 8, were 
relatively broad. This broadening can be explained in 
terms of hyperfine interactions with the a deuterons. 
These hyperfine splittings are quite small, the iso- 
tropic hyperfine interaction constant being roughly 3.4 
oe. This isotropic hyperfine interaction would, in the 
absence of line broadening, give a five-line multiplet 
equally spaced at intervals of 3.4 oe, and with relative 
intensities of 1:2:3:2:1. The hyperfine anisotropy and 
other sources of line broadening are comparable in 
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Fic. 12. The effect of anisotropic hyperfine broadening on the 
ESR spectrum of the isopropyl radical. (a): High-frequency half 
of the theoretical ESR spectrum of the isopropyl radical in the 
absence of hyperfine broadening. (b): High-frequency half of 
the theoretical ESR spectrum of the isopropyl radical with 
hyperfine broadening included. The dotted curves are the indi- 
vidual hyperfine components of the spectrum. The solid curve is 
the net spectrum. 


magnitude to the multiplet splitting, and they will 
cause the deuterium multiplet to appear as a single, 
broad line whose shape will correspond approximately 
to the envelope of the multiplet pattern. The width of 
this envelope line at half-intensity will be roughly 10 
oe. The observed lines have half-intensity widths of 
10 to 15 oe. 

In the spectrum of the 8 deuterated n-propyl radical 
shown in Fig. 9 there is a group of weak, poorly re- 
solved lines in both the high- and the low-field regions 
of the spectrum. These lines are in addition to the lines 
labelled Me which are due to the methyl radical. The 
position and relative intensity of these lines are con- 
sistent with their assignment as the M,=+1 lines of 
the CH;CD.CH:2: radical. No detailed analysis of the 
line shape was made for this case, however, since the 
spectrum resulting from the hyperfine broadening of 
the closely spaced deuterium multiplet will be ex- 
tremely complicated. (The spectrum of the isopropyl 
radical, given in Fig. 12 is an example of the compli- 
cated spectrum which results when hyperfine broaden- 
ing causes adjacent lines to overlap.) 
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D. Secondary Radicals 


In secondary radicals there is only one a proton, and, 
consequently, all the hyperfine components of such 
radicals will be broadened equally. A secondary radical 
trapped in a solid matrix will not be able to undergo 
any rotations or reorientations which will reduce the 
hyperfine anisotropy of the a proton. Thus, the hyper- 
fine interaction tensor is that of a fixed @ proton, and 
the resultant hyperfine splitting is given by the ap- 
proximate formula 


v(M.Mg) —v(0, Ms) = —23.4M,[1+0.934(3 cos?0 


—3—(0.72/2) sin’@ cos2) }§. (25) 


The effect of this hyperfine broadening on a Gaussian 
line with o=1.67 oe is shown in Fig. 12. 

The effect of the a proton hyperfine anisotropy on 
the spectrum of the isopropyl radical is also given in 
Fig. 12. In this calculation the splitting resulting from 
the 8 protons was taken to be 32 oe, an estimate ar- 
rived at from the results obtained for the ethyl and 
propyl radicals. Part (a) of Fig. 12 is the isopropyl 
radical spectrum in the absence of hyperfine broaden- — 
ing. Part (b) of Fig. 12 is the theoretical spectrum for 
the isopropyl radical which shows that the hyperfine 
broadening causes each of the closely spaced pairs of 
lines to overlap, while reducing the individual line in- 
tensities by a factor of roughly four. 

The spectrum observed from the photolysis of iso- 
propyl iodide in argon at 4.2°K is shown in Fig. 13. 
The four strong lines labeled Me are the result of the 
methyl radical which is apparently a by-product of 
the photolysis. There is also a strong line in the center 
of the spectrum at the free electron value, which can- 
not belong to the isopropyl radical. Although there 
seem to be some other relatively weak lines in the 
spectrum, there is no evidence for the isopropyl radical. 
It would, however, be impossible to identify a weak, 
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Fic. 13. ESR spectrum produced by the photolysis of isopropyl! 
iodide in argon at 4.2°K. The lines labeled Me are due to the 
methyl radical. 
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broad, relatively complex spectrum such as is pre- 
dicted for the isopropyl radical in the presence of lines 
resulting from other radicals. The presence of the 
methyl radical is especially damaging, because theory 
predicts that the innermost and strongest lines of the 
isopropyl radical would fall under the M,=-+} lines 
of the methyl radical. It will be necessary to devise 
some means of obtaining the isopropyl radical in the 
absence of other radicals before its spectrum can be 
established. 

An experiment aimed at observing the cyclohexyl 
radical in the photolysis products of cyclohexyl iodide 
also failed. In this case no ESR spectrum whatsoever 
was observed. The theoretical calculation of the spec- 
trum is somewhat more difficult for this case, because 
one does not have unrestricted reorientation of the B 
protons in this cyclic radical. Thus, some or all of the 
8 protons may have different hyperfine interaction con- 
stants. There is, moreover, a certain amount of tor- 
sional freedom in the ring which.would have a rather 
complicated effect on both the 8 proton hyperfine 
interaction constant, and the a@ proton hyperfine 
anisotropy. However, the hyperfine broadening should 
reduce the line intensities by roughly the same amount 
as it did in the isopropyl radical, and we may use this 
as a guide in our analysis. If one had only the cyclo- 
hexyl iodide photolysis experiment one could not 
eliminate the possibility that no radicals whatsoever 
were formed. However, when cyclohexane in solid 
argon was photolyzed using a hydrogen lamp and 
sapphire optics, good H-atom resonances were ob- 
served. In this experiment it is reasonable to assume 
that for each hydrogen atom there must be another 
free radical species. There are, however, three factors 
which will reduce the intensity of the cyclohexyl lines 
relative to the hydrogen atom lines. First, the hydrogen 
atom lines are considerably narrower (o={1 oe) than 
the narrowest alkyl radical lines (o=3 oe). Since 
under optimum conditions the minimum detectable 
signal varies inversely as o,”° this effect reduces one’s 
ability to detect the cyclohexyl lines relative to the H 
atom lines by a factor of roughly 3. Secondly, there are 
only two hyperfine components in a hydrogen atom 
resonance, whereas there is a much larger number of 
hyperfine components in the cyclohexyl radical. If we 
take the most favorable case where all the 8 protons 
are equivalent, this effect reduces the strongest cyclo- 
hexyl lines by a factor of § relative to the H-atom lines. 
Finally, the a proton hyperfine anisotropy reduces the 
line intensity by a factor of roughly }. The combina- 
tion of these factors leads to a prediction that even 
after optimizing all observational parameters the 
strongest cyclohexyl lines would be at best 3'y as in- 
tense as the observed hydrogen atom resonances. It is 
very unlikely that such resonances would be detected. 


*%D—. J. E. Ingram, Free Radicals as Studied by Electron Spin 
Resonance (Butterworths Scientific Publications, Ltd., London, 
1958), pp. 99-100. 
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Fic. 14. ESR spectrum produced by the photolysis of allyl 
iodide in argon at 4.2°K. 
It will be necessary to repeat these experiments using 
techniques which will make it possible to build up ob- 
servable concentrations of the alkyl radical species. 


E. Allyl Radical 


As a final example we shall consider the allyl radical. 
This radical which has the structural formula 


Hs 
"NON Ne 
; i 


H, H. 


is the simplest conjugated radical. When allyl iodide is 
photolyzed at 4.2°K one obtains the spectrum shown 
in Fig. 14. This spectrum was also observed by Smaller 
and Matheson in y-irradiated solid propylene.” It 
consists of five rather broad lines, whose intensity ratio 
suggests hyperfine interactions with four equivalent 
protons. Theory indicates that in the allyl radical the 
unpaired electron charge density will be concentrated 
mainly on the two end or @ carbon atoms, giving a 
relatively large hyperfine interaction with the four a 
protons, and a smaller hyperfine interaction with the 
one 6 proton.” Thus, the observed spectrum is con- 
sistent with that expected for the allyl radical. 

The unusual width of the observed lines is mainly 
due to anisotropic hyperfine interactions with the a 
protons, although unresolved isotropic hyperfine inter- 
action with the 8 protons will also contribute to the 


27H. M. McConnell, J. Chem. Phys. 29, 244 (1958). 
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linewidth. The allyl radical presents a somewhat 
different case from the radicals studied previously, be- 
cause in this radical each of the carbon-carbon bonds 
is a partial double bond so that the —CH,- group 
cannot reorient by rotation about these bonds. Hence, 
only two of the a protons (labeled 1 and 2 in the struc- 
tural formula) are magnetically equivalent, and com- 
plete cancellation of the hyperfine anisotropy is im- 
possible, even for the M,=0 component. As a result 
all the lines in the allyl spectrum will be broad, in 
contrast to the mixture of narrow and broad lines ob- 
served in the ethyl and 2-propyl radical spectra. 

The detailed calculation of the hyperfine broadening 
in the allyl radical is considerably more complicated 
than it was in the case of the saturated alkyl radicals. 
The difficulty comes from the fact that the unpaired- 
electron charge density is spread out in the conjugated 
allyl radical, thereby reducing the hyperfine interac- 
tion with the individual nuclei. Consequently the a 
proton hyperfine interaction energy roughly equals the 
nuclear Zeeman energy for numerous orientations of 
the magnetic field. Under these circumstances there is 
no simple formula for the position of the various hyper- 
fine lines as a function of magnetic field orientation. 
Indeed at many magnetic field orientations “forbidden”’ 
transitions where a proton spin flip accompanies the 
electron spin transition are allowed, and the hypertine 
interaction with a given proton will give four lines 
instead of two. 

The observed spectrum presents an additional prob- 
lem since it is weak, and was taken under rapid-passage 
conditions. In consequence of the rapid passage condi- 
tion the lines have the appearance of absorptions 
rather than the usual derivative presentations. Lines 
observed under rapid-passage conditions are almost 
certainly distorted, and the observed line shapes can 
have only a qualitative correspondence to the true line 
shapes. 

In view of these difficulties we shall restrict our dis- 
cussion of the allyl radical to a qualitative comparison 
of the observed spectrum with the total spread in 
hyperfine broadening predicted for the various hyper- 
fine components of the spectrum. The separation of the 
lines in the allyl spectrum is roughly 15 oe. Theory 
shows that the isotropic hyperfine interaction with a 
given proton is proportional to the unpaired electron 
charge density on the adjacent carbon atom. Thus, the 
unpaired electron charge density on each of the a 
carbon atoms in the allyl radical is $, a value in agree- 
ment with theory.” This gives the following values in 
oersteds for the components of the a proton hyperfine 
interaction tensor in the principal axis system: A= 
—6.9; B=—14.5; C=—21.7. Here, 
as defined in Eq. (3). If we use the principal axis system 


A, B, and C are 


of protons 1 and 2 as our coordinate system, then the 
hyperfine splittings resulting from the various a protons 
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can be represented by the formulas: 
Av, = M,{211.2 sin’@ cos*6+469.9 sin’@ sin’p 
+47.5 cos*é}! 
Av,=M)[ 211.2 sin’@ cos’*@+469.9 sin’d sin’ 
+47.5 cos’6}! 
Avs=M3{.211.2 sin*é cos’*@+ 152.9 sin’é sin’ 
+363.3 siné cosé sin¢+363.1 cos?é |! 
Avy= Mf 211.2 sin@ cos*6+ 152.9 sin’6 sin’ 


— 363.3 sin6 cosé singd+ 363.1 cos*é }!, (26) 


where M; is the projection of the ith proton on the 
magnetic field. For the reasons given previously these 
formulas are not correct over the entire range of mag- 
netic field orientation. They break down in those re- 
gions where the “forbidden” transitions become al- 
lowed, so that the interaction with a single proton 
gives a four-line pattern instead of the customary two 
lines. In the region of breakdown the foregoing formu- 
las do, however, give a splitting which is the root 
mean square of the individual splittings.'4 Thus, these 
formulas retain qualitative significance even in those 
regions where they are not strictly applicable. 

In Table I we have given the spread in frequency of 
the hyperfine components corresponding to various 
ways of orienting the individual a protons. It is ex- 
pected, though nonetheless noteworthy, that different 
orientations of the individual @ protons which add up 
to the same value of M, will be broadened differently 
by the hyperfine anisotropy. Some arrangements of 
these protons lead to very broad lines and may be 
neglected. In Table I the proton arrangements listed 
above the double space suffer the least broadening and 
will correspond to the observed lines. The proton ar- 
rangements listed below the space give much broader 


TABLE I. Range of hyperfine broadening corresponding to various 
arrangements of the @ protons in the allyl radical. 
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lines, and will not contribute significantly to the ob- 
served spectrum. Among the proton arrangements 
which give observable lines there are four such arrange- 
ments corresponding to M,=0, two arrangements each 
for M,=-1, and one each for M@,=+2. These would 
be the observed intensity ratios were all the lines 
equally broadened. However, the M,=0 line has a 
spread of 12 oe, while the M,=-+1 lines have a spread 
of only 6.8 oe. Thus, we may expect that the intensity 
of these lines will be considerably more than one-half 
the intensity of the M@,=0 line, as is observed. More- 
over, the M,=-+1 lines appear as partially resolved 
doublets, whereas no such splitting is discernable in 


the other lines. It is reasonable to assume that this, 


doublet is due to hyperfine interaction with the 6 
proton which is unresolved in the other lines due to 
the more extreme anisotropic hyperfine broadening. 
This interpretation gives the 8 proton an isotropic 
hyperfine interaction constant of 4 oe, which is the same 
as the theoretical value.” 


Quantum Yields 


The quantum yield for ethyl and m-propyl radical 
trapping was roughly 10- radicals trapped per quantum 
of 2537 light absorbed. These yields are low, indicating 
that there is a pronounced cage effect. The cage effect 
would be expected to prevent the separation of the 
alkyl radical from the iodine atom, thus promoting 
recombination, and the ultimate transfer of the ab- 
sorbed energy to the argon lattice. An alternate possi- 
bility, that the cage effect promotes the dispropor- 
tionation reaction between the alkyl radical and iodine 
atom to form HI and olefin is suggested by the work of 
Bunbury, Williams and Hamill.6 No effort was made 
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in this work to detect molecular products. The presence 
of easily detectable methyl radical resonances in the 
products from the photolysis of the propyl iodides is 
presumably also due to the cage effect in the solid, since 
no significant cracking was found in careful studies of 
the photolysis of isopropyl iodide in the liquid phase.?8 


Photolysis of the Pure Alkyl Iodides 


When the alkyl iodides were deposited and photo- 
lyzed at liquid helium temperature in the absence of a 
diluent, the sample was observed to become bright red. 
Under these conditions, no ESR spectrum was ever 
observed. Samples diluted with argon remained snow- 
white even after extended photolysis. When the red 
samples of photolyzed alkyl iodide were allowed to 
warm up to —196°C, they turned dark brown. These 
color changes were observed earlier by Mador,?? who 
attributed the red color to trapped CH; and the brown 
color to Iz, formed by the recombination of trapped I 
atoms on warmup. Our failure to observe resonance in 
red samples does not necessarily rule out the possi- 
bility that alkyl radicals may be trapped in them, since 
in the pure alkyl iodides the actinic light would be ab- 
sorbed in a very thin layer and the resulting resonances 
might be excessively broad due to dipolar interactions. 
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rhe structure of vinyl silane has been determined by studying 
the microwave spectra of each of its singly substituted isotopic 
species. Using Kraitchman’s equations the following structural 
parameters were calculated: 
C=C 1 
Si—H 1 
C—H (cis 
C—H (trans) 
C-—H 1 


Si—( 1.853 


347 A Si—C=C 
475 H—Si—H 
.097 C=C 


122 °-55° 
108°42’ 
H (cis 120°18’ 
C—H (trans 
C—H 


.097 (assumed Cc 120°38’ 


.094 C 117°59’ 


By studying the isotopic species containing an asymmetric silyl 


group the equilibrium conformation was found to be staggered, 
i 


e., the silyl hydrogens are staggered with respect to the hydrogen 


YPERCONJUGATION, one of the many con- 

structs of valence theory, has recently undergone 
serious reappraisal.'? It has been suggested that! 
experimental data, e.g., bond lengths and dipole 
moments, usually accepted as criteria for the existence 
of hyperconjugation, are, in fact, inconclusive. Dewar 
and Schmeising! argue that bonds formed by sf* 
carbon atoms must be shorter than analogous bonds 
formed by sp* carbon, and thus that until the extent 
of this shortening is established, no conclusions can be 
made from lengths of single bonds in molecules such as 
propylene. The fact that a molecule like propylene has a 
sizeable dipole moment is considered to be inconclusive 
because the sp” carbon atom is thought to be more elec- 
tronegative than sp* carbon. 

The present microwave study of the structure, dipole 
moment, and internal barrier of vinyl silane, we believe, 
sheds some light on the “hyperconjugation problem.” 
Since the SiC bond is considerably longer than the 
CS single bond, it seems reasonable to expect that 
hyperconjugation, even if it is important in propylene, 
is of minor importance in vinyl silane. Thus a compari- 
son of SiC bond lengths and dipole moments, of methy!] 
and vinyl silane may be used to estimate the order of 


magnitude of differences in covalent radius and electro- . 


negativity of sp? and sp* carbon. Interpretation of 
internal barrier heights is considerably more difficult 
since the origin of barriers to internal rotation is at 
present not clearly understood. Nonetheless, if hyper- 
conjugation seriously affects the CC single bond of 
* This research was made possible by a grant from the National 
Science Foundation. 

+ Present Address: General 
Schenectady, New York. 

1M. J. S. Dewar and H. N 
1959). 


‘Ss 


Electric Research Laboratory, 


. Schmeising, Tetrahedron 5, 166 


Mulliken, Tetrahedron 6, 68 (1959). 


on the central carbon. The symmetry axis of the silyl group was 
found to be tilted by an angle of 1°49’ from the Si—C bond axis 
towards the double bond. Comparison of the Si—C bond distance 
of vinyl silane with that of methyl] silane indicates that recent 
estimates of the effect of changes in hybridization on the covalent 
radius of carbon are much too large. The barrier to internal rota- 
tion for vinyl silane has been calculated from splittings of ground 
state rotational transitions of SiH;CHCH2 and splittings of 
first-excited state transitions of SiH;CHCH2 and SiD;CHCHp, 
and also from Stark effect measurements on the K=1, J=2<-1 
transitions of SiH;CHCH». The various calculations are all in 
good agreement, and the best value for the barrier is found to be 
1500+30 cal/mole. Quadratic Stark effect measurements on the 
J =2<1 transitions gave ua=0.648D, w=0.133D, and .=0.66D. 
The resultant dipole moment makes an angle of 11+2° with the 
a axis of SiH; CHCH2. 


propylene, then one might reasonably expect that 
barrier heights of ethane and pyopylene, will not be 
simply related to the barrier heights of their silyl 
analogs. 

1. EXPERIMENTAL 


The microwave spectra of SiH;CHCHb, SiH;CDCHhb, 
SiH;CHCDH (cis and trans), SiH2DCHCHb, SiHD:»- 
CHCHb», and SiD;CHCH» were observed with a con- 
ventional 100 kc Stark modulated spectrometer at the 
Notre Dame laboratory. The spectra of S?*H;CHCHb, 
Si®CHCH», SiH;C8HCH2, and SiH;CHC™H:2 were 
initially measured in natural abundance with the 
assistance of Dr. L. C. Krisher at the Harvard labora- 
tory of Professor E. B. Wilson, Jr. The natural abun- 
dance measurements were subsequently repeated at 
this laboratory. Temperature dependence of absorption 
intensities and the Stark effect provided confirmation 
of the Si? and C® assignments. 

Vinyl trichlorosilane (Anderson Chemical Company) 
was reduced to vinyl silane with a slight excess of 
LiAIH, (Metal Hydrides Company) in dry ether. 
SiD;CHCH» was prepared in the same manner using 
LiAID, (Metal Hydrides Company). By using an 
equimolar mixture of LiAIH, and LiAID,, a mixture 
SiH3;-, SiH.D-, SIH De2-, SiD;~-CHCH: was prepared in the 
approximate ratio 1:3:3:1. 

Acetic anhydride was reduced with LiAID, to give 
CH;CD.OH. The alcohol was converted to the bromide 
using PBr;.2 An equal amount of C:H;Br was then 
added to the CH;CD.Br to facilitate handling in later 
steps and also to test the success of the reaction scheme 
by observing the spectrum of SiH;CHCH»:. Grignard 
reagent prepared from the ethyl bromide mixture was 


3V. J. Shriner, Jr., J. Am. Chem. Soc. 75, 2925 (1953). 
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slowly added to SiCl to yield ethyl trichlorosilane. 
Ethyl trichlorosilane was chlorinated with SO.Cl. and 
a catalytic amount of benzoyl peroxide to a and 8 
chloro ethyl trichlorosilane,t which was dehydro- 
chlorinated by heating with excess quinoline.® The 
resulting vinyl trichlorosilane was reduced with LiAlH, 
to a mixture of SiIH;CHCH» and SiH;CDCH». Over-all 
yield 5-10%. 

Partially deuterated acetic acid was prepared from 
malonic acid and D.O.® Acetic acid was converted to 
acetyl chloride with phthalyl chloride.’ Acetyl chloride 
was reduced to ethanol with LiAlH, in diethyl carbitol. 
A mixture of SiH;CHCHb», SiH; CHCHD, (cis and trans) 
and SiH;CHCD: was prepared from the ethanol by 
following the reaction scheme above. The over-all yield 
was less than 5%. 


2. SPECTRA AND DIPOLE MOMENT 


The rotational spectrum of vinyl] silane is typical of 
that of a nearly symmetric prolate top. The a-type 
transitions are quite intense and were easily assigned. 
Because of the small 6 component of the dipole moment, 
b-type transitions are quite weak and were assigned 
only for the common isotopic species and SiD;CHCHp. 
The low J ground-state transitions and rotational 
constants of these two species are listed in Table I. 
Table IL lists observed transitions and the rotational 
constants 6 and ¢ for nine other isotopic species of vinyl 
silane. 

The geometry and barrier height of vinyl silane are 
such that the low-J ground-state a-type transitions 
are not resolvably split by coupling of internal and 


TABLE I. Ground-state rotational constants and transition 
frequencies (Mc).* 


SiD;CHCH: 


SiH;CHCH:2 


4 703.00 
.20 773.26 
.80 404.48 


5.99 177.78 
7.64 7 986.70 
62 350.34 
6406.43 3 724.23 


337> I: 298 . 50 
343 A 


~ (29 784> E 672.34 
igs 789> 4 


3os A 21 242.54 
4os aor 22 020.31 


* Estimated uncertainty in transition frequencies: +0.05 Mc except where 
otherwise indicated, 

> Wave meter measurements. Estimated unc ertainty in absolute frequency: 
t.10 Mc. Estimated uncertainty in A—E separation: +1 Me. 

*L. H. Sommer and F. C. Whitmore, J. Am. Chem. Soc. 68, 
485 (1946). 

5D. T. Hurd, J. Am. Chem. Soc. 67, 1813 (1945). 

®C. L. Wilson, J. Chem. Soc. 1935, 492. 

7J. D. Cox and H. S. Turner, J. Chem. Soc. 1950, 3176. 
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over-all rotation. Information about internal rotation 
in vinyl silane was obtained from three experimental 
sources, (1) a series of weak a-type Q-branch transi- 
tions (J=7 to 10) which appear as doublets in the 
ground-state spectrum of SiH;CHCHp, (2) Stark effect 
(first-order) measurements on the K=1, J=2<-1 
a-type transitions of SiH;CHCH2, (3) first-excited 
(21) torsional state transitions of SIH;CHCH»2 and 
SiD;CHCH2. These data are summarized and analyzed 
in Sec. 4. 

The dipole moment of vinyl silane was determined 
from Stark effect (quadratic) measurements on SiH;- 
CHCHb». Theoretical Stark coefficients were calculated 
by the method of Golden and Wilson,’ using inter- 
polated line strengths.’ Calculated and _ observed 
coefficients are listed in Table III. Although ua ac- 
counts for most of the Stark displacement, uw, can be 
estimated. The resultant dipole moment, »=0.662+ 
0.012 D makes an angle of 11°+2° with the a axis. In 
principle the sign of this angle could be determined by 
Stark effect measurements on another isotopic species. 
Unfortunately, for vinyl silane, the rotation of principal 
axes which results from isotopic substitution is too 
small to be of any value. The angle between the SiC 
bond axis and the a axis of SiH;CHCH: is approxi- 
mately 21°, so that » makes an angle of either 10+2° 
or 32+2° with the SiC bond. The former value is 
probably the correct one since a bond moment calcula- 
tion places uw along the SiC bond. 


3. STRUCTURE AND CONFORMATION 


The data of Tables I and II are sufficient in principle 
to allow the determination of the coordinates all atoms 
of vinyl silane from changes in moments of inertia with 
isotopic substitution." The a@ and 0b coordinates 
(SiH;CHCH: principal axes) of the carbon atoms, the 
cis hydrogen atom, the hydrogen of the central carbon 
atom, and the a coordinates of the silicon atom and the 
trans hydrogen were obtained using Kraitchman’s 
equations.” Since J, was experimentally determined 
for only two isotopic species, it was necessary in these 
calculations to assume that for in-plane isotopic sub- 
stitution 

AI,=AI,.—Als, (1) 


where AJ, is the change in J, with isotopic substitution. 
Equation (1) is equivalent to the assumption that the 
inertial defect does not change with isotopic substitu- 
tion. 

The } coordinate of the trans hydrogen atom is a 
‘“near-axis’”’ coordinate for which Kraitchman’s equa- 
tions give an imaginary value. It was necessary to fix 


8S. Golden and E. B. Wilson, Jr., J. Chem. Phys. 16, 699 
(1948). 

9 R. Schwendeman and V. W. Laurie, Line Strengths for Rota- 
tional Transitions (Pergamon Press, New York, 1958). 

1 C, C. Costain, J. Chem. Phys. 29, 864 (1958). 

L,, Pierce, J. Mol. Spectroscopy 3, 575 (1959). 

2 J. Kraitchman, Am. J. Phys. 21, 17 (1953). 
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TABLE II. Rotational constants and a-type 


c lio Doo 





Si”H;CHCH:2 4769.61 


Si”H;CHCH2 4721.31 


SiH;C¥HCH2 4787.15 


SiH;CHCH: 4682.70 


SiH;CDCH:2 4673.3: 


SiH;CHCHD (cis 4625. 


SiH;CHCHD (trans 


4496.2 


SiHz_DCHCH: (sym.) 5214.8 4666 .3 9881 


SiH2:DCHCH: (asym 5035.33 4669 .87 


SiHD2CHCH: (sym.) 4815.64 4539.2 


SiHD.CHCH: (asym.) 4984.3 4526.28 





.05 215. 1 
9705.16 
9354.8 


9511.02 


-lo 2utlio 





19 962. 


92 20 412.81 


19 751. 29 192.25 


20 067. 20 536. 


19 590. 20 027. 


19 801.5 20 370. 


19 517. 20 036. 


18 766. 19 162. 


752. 20 310. 
19 406. 19 775.8: 
18 707. 18 986. 


19 015.05 19 480.67 





® Estimated uncertainty in transition frequencies: +0.10 Mc. 
this coordinate by other means. We chose to assume the 
trans CH distance to be equal to the cis CH distance. 

The 6 coordinate of silicon is also a near-axis co- 
ordinate. Its value was initially fixed by Kraitchman’s 
equations. Coordinates for the silyl hydrogens were then 
calculated from 10 observed changes in 6 and c moments 
of inertia (for deuterium substitution in the silyl 
group) by the method of least squares. The 6 coordinate 
of the silicon atom was then calculated from the center 
of mass condition (resulting in a change of only 0.003 
A). Using this new value of bgi, the least-squares 
calculation of the silyl hydrogen coordinates was re- 
peated. Further iterations were not warranted since 
at this stage the center of mass condition could be 
fulfilled by a 0.0003 A adjustment of g;. 

In locating the silyl hydrogens, the silyl group was 
assumed to be symmetric but not necessarily coaxial 


TABLE III. Stark coefficients of SiH;CHCH».* 


Av/ E> 
Transition obs 


202¢ —1o 


3.40 


1.24 
—54.87 


va =0.648+0.008 D 
wp=0.13340.027 D 


»w=0.662+0.012 D 


® Apparatus calibrated with OCS [0.7124 D, S. A. Marshall 
Phys. Rev. 105, 1502 (1957)]. 
b Mc/(kv/cm)?. 


and J. Weber, 


with the SiC bond axis. With this one condition the 10 
observed and calculated Al’s were found to differ on 
the average by only 0.01 amu A’. The SiH; symmetry 
axis, however, was found to be tilted from the SiC 
bond axis by an angle of 1°49 (see Fig. 1). This tilt 
angle, we feel, is quite reliably determined. If the SiH; 
symmetry axis is forced to be coaxial with the SiC bond 
axis, the 10 observed and calculated (least squares) 
Al’s differ on the average by +0.06 amu A’. 

The coordinates of all atoms, in SiH;CHCH: principal 
axes, are listed in Table IV. Bond distances and angles 
for vinyl silane are given in Table V. Since isotopic 
species containing an asymmetric (SiH2D-, SiHD.--) 
silyl group were studied, the equilibrium conforma- 
tion of the silyl group can be determined. The conforma- 


1.653 
HW, 
OUT OF PLANE HYDROGENS 





FIGURE |. VINYL SILANE S= SYMMETRY AXIS OF SILYL GROUP 

Fic. 1. The structure of vinyl silane. Except for two of the 
silyl hydrogens, the molecule is planar. Note that the symmetry 
axis of the silyl group (the dotted line S) is not coincident with 
the SiC bond axis. The axes marked a and b are the principal 


axes of the common isotopic species. 
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tion is found to be the staggered one, i.e., the silyl 
hydrogens stagger the CH bond of the central carbon 
(see Fig. 1). An identical conformation has been found 
for the methyl group of propylene.” 

The b-type assignments for SiH;CHCH: and SiD;- 
CHCH: were obtained after the described calculations 
were completed. Since all three moments of inertia are 
available for these species, an independent determina- 
tion of the ¢ coordinates of the silyl hydrogens is pos- 
sible.* The moments for these two species yield | c | = 
1.201 A which is in excellent agreement with the value 
of 1.198 A obtained from the least-squares calculation. 


4. INTERNAL ROTATION 


The analysis of fine structure, resulting from coupling 
of internal and over-all rotation, in the microwave 
spectrum of vinyl silane has been carried out using the 
“principal axis method.”—" According to this method, 
zero field (£) spectra arising from the vth torsional 
state are interpreted with the two Hamiltonians (see 
reference 17 for definitions) : 


H.a=H,AF Wao 


n 


Hue=H,+F We". (2) 


n 


The geometry and barrier height of vinyl silane are 
such that the summations in Eqs. (2) for the observed 
transitions can be approximated as 


SW AM O"= Wa? Lat P2+ EP 2 I+W raat Ps 


> Wae™ = W yp a2 P2+ BP 2 IAW pa PA 


t+aW vp P+ aeW yp™ PZ, (3) 
where a=Yale/Ia, B=Nola/In, and the d’s are the direc- 


TABLE IV. Atom coordinates (SiH;CHCH:2 principal axes) (A). 





a 





— 1.0663 

0.6846 

1.7441 

H (cis) 1.5948 
H (trans) 2.7666 
H 0.8770 
H, (SiH) — 1.0492 


Ha (SiHs) 7898 1985 





af 3) R. Herschbach and L. C. Krisher, J. Chem. Phys. 28, 728 
(1958). 

4 V. W. Laurie, J. Chem. Phys. 28, 704 (1958). 

1 R. W. Kilb, C. C. Lin, and E. B. Wilson, Jr., J. Chem. Phys. 
26, 1695 (1957). 

16D), R. Herschbach, J. Chem. Phys. 27, 1420 (1957). 

17D. R. Herschbach, J. Chem. Phys. 31, 91 (1959). 
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TABLE V. Structure of vinyl silane.* 








SiC=C =: 122°53’15’ 
HSiH 108°42’+-20’ 
C=CH (cis) 120°18’+20’ 


C=C 1.347+0.003 A 
SiH 1.475+0.005 A 
CH (cis) 1.097+.0.005 A 
CH (trans) 1.097 (assumed) C=CH (trans) 120°38’+20" 
CH 1.094+-0.005 A C=CH = 117°59’+.20’ 

SiC 1.8534+0.003 A oe 121°4’+-20’ 


Structural checks (SiH;CHCHz2) 
=mib;= —0.0092 amu A 
=miai= —0.0787 amu A 

Umiaib;= —0.0083 amu A? 


calc obs 
A 14.8032 14.7993 amu A? 
I, 95.4925 95.8316 amu A? 
I. 104.5034 104.8645 amu A? 








® Conversion factor: 505531 M,. amu A?. Atomic masses taken from C. H. 
Townes and A. L. Shawlow, Microwave Spectroscopy (McGraw-Hill Book 
Company, Inc., New York, 1955). 

b @=angle between C=C bond axis and symmetry axis of silyl group. 


tion cosines between the symmetry axis of the internal 
top and the principal axes of the entire molecule. 

Herschbach” has shown that the perturbation coeffi- 
cients, W,™, are for sufficiently high barriers simply 
proportional to a quantity w;, which is a measure of the 
energy difference between the vA and v£ torsional 
sublevels. The barrier for vinyl silane is sufficiently 
high so that the reduced barrier s can be obtained by 
interpolation of tables of w; vs s, where s=4V;/9F. 

Doublet separations (~1 Mc) for the four K=1 a- 
type Q-branch transitions of SiH;CHCH: are to an 
excellent approximation given by 


Avg = F32(Wor® —Woa®) A(P2), (4) 


where and A(P,)= (P2*) upper state— 
(Pz?) tower state. These four splittings yield a barrier 
height V;=1504+10 cal/mole (see Table VI). 

The odd powers of P, in H,zg cause an appreciable 
first-order Stark effect in the K=1, J=2<1 transi- 
tions of SiH;CHCH». The M =1 lobes for these transi- 
tions appears as symmetric triplets, with triplet spacing 
proportional to the electric field EZ. The spacing Av 
between the outer components of the triplet is given 
by!819 


Avg =ve—Va 


Av/E= (16/9) [Xpa/(b—c) J, (5) 
where 
X=F D> a*Wor™. 


n(odd) 


8. D. 
(1959). 

1D. R. Lide, Jr., and D. E. Mann, J. Chem. Phys. 27, 868 
(1957). 


Swalen and C. C. Lin, Revs. Modern Phys. 31, 851 
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The experimental value of X (Table VI) yields a 
barrier height V3=1500+15 cal/mole, which is in 
excellent agreement with the value of V3; obtained from 
ground-state Q-branch transitions. This agreement 
between first-order Stark effect (sensitive to \,.) and 
Q-branch transitions (sensitive to 5) is dependent 
on the orientation of top and frame. The calculation 
summarized in Table VI were carried out using the 
“tilt” for the silyl group as determined from changes in 
moments of inertia (Sec. 3). The agreement is much 
less satisfactory if it is assumed that the symmetry 
axis of the silyl group is coincident with the SiC bond 
aXxIls. 


TABLE VI 


Internal barrier from ground-state transitions of 


SiH;CHCH, 


Transition »4 (obs Avr (calc) 


13 Mc 54 Mc 


16 339.47 -0.70 


-0.56 Mc 
—0.72 
20 409.38 -~0.95 —0.90 


24 920.20 -1.13 —1.11 


First-order Stark effect (2i.—1n, 21n—1io) 
(kV/cm) 
, Xeale= 7.90 Mc 
5.7923 amu A? 


*= 133.9 kMc 


»3=5.03 Mc 
»s= 7.88 Mc 
a=0.3656 
8=0.02156 


V3=1500+15 cal/mole 


8 Ave=VE-V 4. 
b Calculated for V3 


1500 cal/mole 

The torsional energy difference, F(W,4°—Wir), 
increases about fifty fold in going from the ground- 
to the first-excited torsional state, and the perturba- 
tion coefficients and splittings, except for K =1 transi- 
tions, increase in the same proportion. Splittings for 
the K=0, 10, and 2-1 transitions can be fitted with 
Eq. (4) and yield a barrier height of V3=1563+415 
cal/mole. This value for V3 is considerably higher than 
the value obtained from ground-state measurements. 
However, in terms of splittings, this represents a dis- 
crepancy of 0.4 Mc for the excited state 2-1 transition. 
It is quite possible that effects of nonrigidity of top and 
frame are this order of magnitude. For example, the 
10, v=1 transition of CH;SiH; is split by 0.7 Mc 
because of nonrigidity effects.” 

In the first-excited torsional state of SiH,;CHCH» 
the A=1, 2<—1 transitions exhibit very large splittings 
mainly because of the odd powers of P, in Hyg. Eigen- 
values of He were calculated by formulas given in 
references 17 and 21. From the K=1 transitions V3 
is found to be 1498+1 cal/mole. The K=1, 2-1 


20 D. Kivelson, J. Chem. Phys. 22, 1733 (1954). 
21R. W. Kilb and L. Pierce, J. Chem. Phys. 27, 108 (1957). 
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Transition 
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VII. Internal barrier from first-excited torsional state 
transitions of SiH;CHCHe2 and SiD;CHCHs2. 


va(obs) 


Ave(obs) Avg(calc)* V3(cal/mole 


SiH;CHCH:2 
10 089.96 Mc 0.77 Mc 
20 174.75 


19 738.6 


0.94 
1.88 1563+15 
5 i a 

20 621.5 -112.0 


-113.3 1498+1 


SiD,;CHCH, 
9 174.9 b 
18 344.93 b 
17 996.71 1.12 
lio 18 702.11 


1483+15 
—0.91 


® Calculated for Vs=1500 cal/mole. 
b Not resolved. 





transitions of SiD;CHCH: are also split mainly because 
of the odd powers of P, in Hyg and yield a barrier 
height V;=1483-+415 cal/mole. The over-all good agree- 
ment between ground-state and first-excited state 
splittings is a good indication that deviation from a 
simple cosine barrier is quite small in vinyl silane. 
Calculations for excited state transitions are sum- 
marized in: Table VII. 

In the formulation of the “principal axis method” 
the approximation is usually made that torsional energy 
differences are much greater than rotational energy 
differences. For molecules with high barriers and large 
moments of inertia the approximation is usually valid, 
but is inadequate for molecules with small moments 
of inertia and thus large rotational energy spacings. A 
better approximation is obtained if an expansion in 
terms of the ratio of rotational energy differences to 
torsional energy differences is made. This treatment 
adds terms to the effective rotational Hamiltonian 
which are referred to as denominator corrections.” 
Denominator corrections have little or no effect on the 
splittings used to calculate the barrier height but they 
do contribute to the effective rotational constants. In 


TABLE VIII. Denominator corrections. 


ePW™®D(Mc) AI ..(corr-obs) (amu A? 


SiH; 61 0.013 
0.021 


0.022 


SiH2D (s) 
SiH2D (a) 
SiHD: (s) 0.03 
SiHD: (a) 0.03 


0.041 


® Approximate corrections—see text. 
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the case of vinyl silane, they contribute because of the 
small @ moment of inertia. The observed rotational 
constants are 


a(obs) =a— D&W ,™ 
c(obs) =c+ D&W,” 
b(obs) =, (6) 


where D=a—}(b+c)+F(a?—6/2) and W,‘” =the 
barrier dependent perturbation coefficient defined and 
tabulated by Herschbach.” 

For all isotopic species containing the unsubstituted 
silyl group, these corrections tend to cancel out because 
we are fitting differences in moments of inertia. In the 
most adverse case neglecting these terms would lead to 
an error of less than 0.001 A in a bond distance. In the 
other isotopic species, there is less cancellation and 
these terms were included in the structural analysis 
of the silyl group. For isotopic species containing an 
unsymmetric silyl group, the corrections applied were 
approximate since the theory applies to a symmetric 
internal rotor. For these species a value of F was cal- 
culated using the actual value of J,, which is equivalent 
to assuming the difference in mass between hydrogen 
and deuterium is symmetrically distributed over the 
three silyl positions. Denominator corrections are listed 


in Table VIII. 
5. DISCUSSION 


Table LX compares certain molecular parameters of 
vinyl silane with parameters of methyl silane, ethane, 
propylene, and the methyl fluorosilanes. The most 
striking conclusion that can be drawn from the data is 
that while a difference of about 0.04 A in the covalent 
radii of sp* and sp carbon accounts for the length of 
the CC single bond in propylene and many other sp*-sp? 


TABLE LX. Molecular parameters of viny! silane and related 
molecules. 


wu (D) V; (cal/mole) 





CC (A) 


1.5348 0 
1.488 0.36 


3CH 


CH 2700-3000 
CH;CHCH.° 


1980 
SiC (A) 

CH,SiH;4 

SiH;CHCH.® 

CH,SiH2F* 

CH,SiHF 2" 


1.867 0.73 
1.853 0.66 
1.849 g 
1.840 g 


1670 
1500 
1560 
1255 





® H.C. Allen and E. K. Plyler, J. Chem. Phys. 31, 1062 (1959). 

> K. S. Pitzer, Discussions Faraday Soc. 10, 66 (1951). 

© Reference 19. 

4 References 21 and 17. 

© This work. 

{ L. Pierce, J. Chem. Phys. 29, 383 (1958); L. C. Krisher and L. Pierce, ibid. 
32, 1619 (1960). 

® Not relevant to the discussion. 

h J. D. Swalen and B. P. Stoicheff, J. Chem. Phys. 28, 671 (1958) ; L. C. Krisher 
and L. Pierce, ibid. 32, 1619 (1960). 
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CC single bonds, this difference is much too large to 
account for the length of the SiC bond of vinyl silane. 
In going from methy] silane to vinyl silane the SiC bond 
decreases by only 0.014 A. This result suggests that 
the covalent radii of sp* and sp? carbon differ at most 
by about 0.01 to 0.02 A. (This estimate, of course, 
assumes that hyperconjugation has no effect on the 
SiC bond of vinyl silane.) It is interesting to note that a 
recent theoretical calculation by Mulliken? sets the 
difference in covalent radii of sp? and sp*® carbon at 
0.02 A. 

Assuming that CH bond moments are identical for 
sp? and sp*® carbon, the bond moment model then re- 
quires the dipole moments of ethane and propylene to 
be zero, and the dipole moments of methyl and viny] 
silane to be equal. Assuming further that hyperconju- 
gation effects are negligible in vinyl silane, comparison 
of its dipole moment with that of methyl silane shows 
that the order of magnitude of the difference in CH 
bond moments of sf? and sp* carbon is about 0.1 D; 
a value much to small to explain the dipole moment of 
0.36 D for propylene. Thus, explanation of the data of 
Table [IX would seem to require the construct “hyper- 
conjugation” as well as the construct “hybridization.” 

Insofar as the barrier height of vinyl silane is con- 
cerned, it is difficult to attach significance to the fact 
that it is only 200 cal/mole less than the methy] silane 
barrier. However, it is interesting to note that (1) the 
barrier in propylene is considerably smaller (by 800 
cal/mole) than the barrier in ethane and that bond 
distance and dipole moment data suggest hyperconju- 
gation to be important in propylene, (2) both CH;- 
SiH2F and CH;SiHF:; have a lower SiC distance and 
internal barrier than CH;SiH;, and that it has been 
suggested* that shortening of the SiC bond with 
fluorination of the silyl group results from the im- 
portance of nonclassical hyperconjugated structures 
such as 


Met =Si-HLF, 


when silicon is attached to one or more highly electro- 
negative elements. Thus the trends in the barriers listed 
in Table [IX can qualitatively be explained by assum- 
ing that hyperconjugation in a molecule tends to 
favor the eclipsed conformation, while the primary, 
and as yet unidentified, cause for restricted internal 
rotation favors the staggered conformation. 
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The crystalline field interaction was calculated using first-order perturbation theory on intermediate 
coupling wave functions of Tm** in a Dy field. Good agreement with experimental data of Tm** diluted with 
La(C2H;SO,4)3*9H2O was obtained. The following crystalline field parameters were chosen for best fit: 


Ad? (r?'=129.8 cm™, 


INTRODUCTION 


RATHER complete absorption spectrum and 

Zeeman effect of Tm(C:H;SO,)3-9H2O was re- 
ported by Johnsen.! A more complete spectrum to- 
gether with an analysis was reported later by Gruber 
and Conway.?* The identification of the multiplets 
agrees with the intermediate coupling calculations of 
f® presented by Runciman and Wybourne,' Gruber 
and Conway,’ and Margolis® very well. However, the 
analysis of the crystalline field interaction by Gruber 
and Conway is not as good as might be expected. The 
average deviation is about 18 cm~. The separation of 
different multiplets of Tm** is larger than those of 
Pr**. Hence one would expect a first-order calculation 
to be better than 5 cm™! which is the average deviation 
obtained by Judd® in a first-order calculation for PrCl,. 
Here we present an analysis of the spectrum of 
La(CsH;SO,)3-9H2O. The average deviation of the 
crystalline field splitting is 5 cm~'. The Zeeman effect 
was also calculated and is in good agreement with 
Johnsen’s results. 


EXPERIMENT DETAILS 


The rare earth ethylsulphate was prepared by 
hydrolysis of (C2Hs)2SO,4 in the presence of slightly 
excess rare earth oxide at a water bath temperature of 
100°C. A 10 mole % of Tm** in La(C.H;SO,)3-9H2O 
solution was then prepared from the pure earth ethyl- 
sulphates. The final crystals probably contain less than 
10% Tm** because the ionic radius of Tm** is smaller 
than that of La*+. The crystal was grown by slow 
evaporation of water at room temperature. 

The spectrum was taken with a 21-ft grating spectro- 
graph at both liquid-nitrogen and liquid-helium tem- 

* This work supported in part by the Office of Ordnance Re- 
search, U. S. Army. 

1U. Johnsen, Z. Physik 152, 454, 1958. 


2 J. B. Gruber and J. G. Conway, J. Chem. Phys. 32, 1178 


1960). 

37. B. 
1960). 

4W. A. Runciman and B. 
1149 (1959). 

5J. S. Margolis, Ph.D. dissertation, Physics Department, 
University of California at Los Angeles, Los Angeles, California, 
1960. 

6B. R. Judd, Proc. Roy. Soc. 


Gruber and J. G. Conway, J 


. Chem. Phys. 32, 1531 


G. Wybourne, J. Chem. Phys. 31, 


London) A241, 414 (1957). 


AQ (r*)= —71.0 cm™, Ae (r®) = —28.6 cm™, Ao (r®) = 432.8 cm, 


peratures. In addition to this a liquid-air temperature 
spectrum was taken on a Cary recording spectrograph. 

Photographic plates were used on the grating to 
cover the region from 2500 to 10 000 A. All the groups 
of lines reported by Johnsen were found. In addition, 
a new group of lines identified as 1p, was recorded. No 
lines due to the multiplets 17,, 3p,, 3p,, 3p, were found 
even though they were expected to lie within the re- 
gion recorded. Also not recorded were 3y,, 3H,, and 1s, 
but they were expected to lie outside the range of the 
photographable spectrum. 

In the Cary all multiplets of f? were recorded except 
1s, and 1;,. The spectrum taken covered the range 
20 000 to 2500 A. The Cary was able to detect lines not 
found on the photographic plates because it uses a 
balanced detector which results in higher contrast than 
the plates can achieve. No spectrum was taken on the 
Cary at liquid helium temperature. 

The measurements from the grating spectra show 
deviations up to 1 cm™. The spectra taken with the 
Cary deviate as much as 10 cm™ from the grating 
spectra. 


CALCULATION OF CRYSTALLINE FIELD INTERACTION 


Intermediate coupling wave functions and eigen- 
values for f'? were calculated by Margolis. These wave 
functions were then used to compute the operator 
equivalent factors. These factors, together with the 
calculated and observed multiplet energy levels, are 
listed in Table I. The centers of gravity of the multi- 
plets were computed from the Stark levels by assuming 
that the calculated crystal field splitting is correct. 
Also included in Table I are the operator equivalents of 
Gruber and Conway.* The number in parenthesis shows 
how much the authors differ from Gruber and Conway. 
It should be noted that the operator equivalents used 
here differ by less than 3% from those of Gruber and 
Conway except 8 for *Fs, a for *Fy, and @ and y for 
1G,, which differ by 4.6, 8, —8.2, and 12.3%, respec- 
tively. A difference of less than 3% will not affect the 
Stark splitting significantly. However, the difference in 
operator equivalents for 'Gy may be the reason that 
Gruber and Conway were unable to obtain a good fit 
for that group. 
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TaBLe I. Calculated and observed multiplet energies and the operator equivalent factors of Tm**. 











Energy cm! 








0 0 
5634 5647 
8239 8061 
12 587 12 491 
14 478 14 313 
14 982 
21 187 


27 778 


14 947 
21 109 
27 785 

32 686 | 

35 262 

36 093 

37 955 


—2.1226X 10% 


—1.1111K107 


—4.7656X 107 


—7.2980X 107 


1.0201 10-3 .5921X 10 5.5284 10-* 


2693 X10 .8818 X 10% 


1.3333 107 2.5653 10 .4000X 10~* 


1.1755X107 .4426X 10 .0530X 10% 


.2447X 10 .5900X 10 


—4.1271X107 —6.4127X 10-3 0 


8.6361 10-3 1.0589 10-3 .4142 10% 
2859 X 107% 0 
2.0102 10 .4083 X 10-¢ .1647X 10-* 
0 0 0 


2.0000 107 0 


0 
.3510X 10 0 
0 


0 0 





Operator equivalents of Gruber and Conway* 








1.0202 (0.0%) 

1.0770 (8.0%) 
—1.1111 (0.0%) 
—4.1549 (0.7%) 

9.3454 (—8.2%) 
—4.7352 (0.6%) 
2.0000 (0.0%) 


—7.3000 (0.0%) 


1%) .5276 (0.0%) 


8%) .3322 (4.2%) 
0%) .5900 (0.0%) 
6%) 


.5026 (12.3%) 








® J. B. Gruber and J. C. Conway, work cited in footnote 3. 


The crystal field parameters A,°(r?) and A,(r*) 
were obtained from *F, and 'De. Ag§(r°) was calculated 
from *F3, and A¢’(r*) from °F; and *F;. The parameters 
obtained in this way are, 


A?(r?)=129.8 cm = Ag? (r®) = — 28.6 cm, 


Af(r*)=—71.0 cm = Ag&(r®)=432.8 cm—. 

The gi; listed in Table II were calculated by neglect- 
ing the mixing of the different Stark levels by the 
external magnetic field. 


DISCUSSION 


Three Stark levels were identified for this group. 
The experimental and calculated results are compared 
in Table II. 

The calculated gi; for the lower energy »=-+1 com- 
ponent is 1.09, about a factor of 2 smaller than John- 
sen’s reported value. To resolve this we measured the 
splitting shown in Fig. 3 of Johnsen’s report. We ac- 
cepted his value of g=0.73 for line three. From this the 
Zeeman splitting of the ~=+2 component was calcu- 
lated to be 3.59 cm~!. Then taking the splitting of line 
one to be the sum of the w=+2 of *F; and yw=-+1 of 
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TABLE II. Calculated Stark levels and g with observed values. 


Calculated 


energy cm! 


Experimental 


energy cm! gy> 





140.5 
114.8 
53. 
16 
38 
1.2 
== 34. 
—106. 


106. 
84 
—15. 


—40. 


bo W bo 


— oe 


tS, 


38. 
14. 
14. 
—8. 


24.1 (190.4) 


— 134.2 
— 166.3 


105.8 ( 
46.5 
—14.2 
—30.9 
—69.7 


(14489 .5 
(14489. 
(14466. 
(14408. 


-5.8 (15103.+4 
—26.7 (15082. 


240.9 


(21511 
(21343. 


(21198 .5) 
(21171. 


(27973. 


(27907. 








® Thece 


from the grot 


} 


b Data obtained from Johnsen, see work cited in footnote 1. 


3H, we find a splitting factor for the latter: ¢g 
which is in fair agreement with our results. 

The Stark level of 190 cm~ above the ground state 
was identified as w=+1 of *Hs because of selection 
rules. This disagrees with the identification of Gruber 
and Conway. However in Figs. 3 and 4 of their report 
one could obtain a much better agreement with the 
selection rule if the present identification is used. 

There were some more lines, possibly due to the ex- 
cited states of the ground multiplet crystal, but there 
were not enough lines to give a positive identification. 
The quantum level of 231 cm~ above the ground state 
reported by Gruber and Conway was not confirmed by 
this work. 


=1.14 


83H, and *H, 


These two groups were recorded on the Cary at 


liquid-air temperature. Because of the number of 


ue are adjusted to give the best fit to the calculated value. The value in the parentheses is the difference of energy 


vibronic lines present and the resolving power of the 
equipment it is difficult to identify the pure electronic 
lines. One p=-2 component of *H, was identified at 
8208 cm=! above the ground state. For °#7, three Stark 
levels were identified, w=3 5970 cm! p=3 5865 cm 
u=-+2 5703 cm. These identifications may not be 
very reliable. The 10-wave number accuracy of the 
Cary is comparable to the crystal field splitting. For 
these reasons the data from the Cary was not used in 
the crystalline field calculations. 


af, 


The liquid-helium temperature spectrum of this 
group has 10 lines showing ¢ polarization and six lines 
having w polarization. This is more than the pure 
electronic transitions can account for. Some of these 
lines may be due to vibrational levels superimposed on 
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the electronic levels. The present identification of the 
Stark levels agrees with Johnsen except for the w=+1 
component. This level is found to be at 12 627.0 cm 
above the ground state, and it gives a better fit to the 
calculated level. The line identified by Johnsen as 
w=-+t1 was also observed. The latter line may be due 
to a vibronic transition. The calculated g;; seems to be 
in fair agreement with Johnsen’s value as shown in 
Table II. 

The upper «=3 crystal quantum level alone con- 
tributed 42% of the average deviation. If this line is 
taken as a vibrational level superimposed on the lower 
u=3 state, the average deviation is then reduced to 
Sen, 


°F, and °F; 


The observed spectrum is almost the same as re- 
ported by Johnsen. The calculated gy; for the w=+2 
component of */2 is 3.02 compared to an observed 
value of 3.08. The calculated gi, value for *F3 is the 
same as reported by Johnsen. 


1G, 


The identification of the Stark components agrees 
with Johnsen and Gruber and Conway except for the 
higher energy 4=3 component. Like the *Fy group 
there are definitely some lines due to vibrational plus 
electronic transitions. This makes identification diffi- 
cult. It may be that the component identified by 
Johnsen as w=3 is such a level. 

Gruber and Conway also report a 4=0 Stark com- 
ponent. Although this line was also observed in this 
work it was not possible to make a reliable identifica- 
tion since such a transition is forbidden by selection 
rules. 


iD, 


The spectrum of this group consists of two lines 
having o polarization and one with 7 polarization at 
liquid nitrogen temperature. At liquid-helium tempera- 
ture only one line remains. It exhibits ¢ polarization. 
This spectrum is very similar to the °F, group. 
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The calculated crystal quantum levels give a good 
fit to the observed lines because the crystal field param- 
eters were chosen that way. Gruber and Conway had a 
very poor fit for this group simply because they chose 
a different set of parameters. The configuration inter- 
action does not seem to be as important as claimed by 
them. 

Gruber and Conway also identify a 4=0 component. 
This identification is apparently based on the assign- 
ment of the ~=-+2 ground level component which the 
authors were unable to confirm. 


3P,, 3P,, and 3P,, 


These three groups were recorded using the Cary 
spectrophotometer at liquid-nitrogen temperature only. 
The *Pju=-+1 component is identified as 36 516 cm™ 
above the lowest Stark component at the ground level, 
and the *P,.=+2 component is found to be 38 204 
cm above the ground level. 

Here again since the data is from the Cary instru- 
ment it is not used in crystalline field calculations. 


CONCLUSION 


A good fit has been obtained to theoretical calcula- 
tions with a deviation of the order expected. Although 
the authors observed all the lines reported by Johnsen 
and by Gruber and Conway some of their assignments 


could not, be confirmed. It should be noted that Johnsen 
identified all his lines as pure electronic transitions. 
However, it can be seen from the discussion of *F', that 
some lines must be due to vibronic transitions. 

It should also be noted that a discrepancy in a few 
wave numbers between the data reported here and 
Johnsen’s is to be expected. Johnsen diluted his crystals 
with ytterbium whereas the crystals used in this work 
were diluted with lanthanum. 
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Tests have been made for chemisorption of nitrogen on the (100) surface of a nickel crystal, using low- 
energy electron diffraction and photoelectric work-function determinations. No chemisorption was ob- 
served after exposures as high as 10-* mm Hg min at room temperature or at 350°C. 


HE adsorption of nitrogen ona (111) nickel surface, 

using low-energy electron diffraction, has been 
reported by Germer and Hartman.’ During investiga- 
tions of gas adsorption on a (100) nickel surface now 
under way, using low-energy electron diffraction and 
photoelectric work-function determinations, we have 
searched for evidence of adsorption of nitrogen on this 
surface. 

The experimental apparatus is such that both work- 
function and structure determinations can be made 
under the same conditions.” Mercury diffusion pumps 
and molybdenum getters are used, and nonlubricated 
ground glass valves separate the experimental tube 
from the pumping system and the getter tube. These 
valves are closed during exposures to nitrogen. The 
crystal surface is cleaned by the method of argon-ion 
bombardment and anneal® after the initial production 
of an ultra-high vacuum of the order of 107° mm Hg. 
The crystal is mounted on a solid molybdenum cylinder 
which had been preoutgassed at high temperatures in 
an auxiliary vacuum system. The crystal is heated by 
conduction from the mounting which in turn is heated 
by electron bombardment. All tungsten filaments have 
been outgassed previously until they liberate a negligible 
amount of contamination during the ion bombardment 
and anneal processes. The nitrogen from a 1-liter 
Pyrex flask with a breakoff tip passes into a storage 
volume at low pressure, through a calibrated adjustable 

1L. H. Germer and C. D. Hartman, Second Conference on 
Semiconductor Surfaces, preprint q. White Oak, Maryland, 
December 2-4, 1959; L.H. Germer, E. J. Scheibner,and C. D. Hart- 
man, Phil. Mag. 5, 222 (1960). (This article contains the state- 
ment: “...it has not been established with certainty that the 
adsorbed gas is nitrogen rather than an impurity gas... .”’) 

2H. E. Farnsworth and H. H. Madden (to be published). 

3H. E. Farnsworth, R. E. Schlier, T. H. George, and R. M. 
Burger, J. Appl. Phys. 29, 1150 (1958). 


porous porcelain leak, and through a liquid-nitrogen 
trap before it enters the experimental tube. Care has 
been taken to eliminate contaminating gases from the 
storage volume and connecting lines. No hot filaments 
are present during the exposure at room temperature. 
Tests were made to ensure that the nickel surface was 
clean before exposure to nitrogen. The surface received 
a small anneal subsequent to ion bombardment since 
this condition yields most pronounced adsorption effects 
in the case of oxygen.‘ A nitrogen exposure was made at 
room temperature at a pressure of 5X10~-°> mm Hg for 
20 min. 

After evacuation of the nitrogen, the nature of the 
diffraction pattern and its intensity were found to be 
identical with those for the clean surface. Photoelectric 
measurements, using the Fowler method,’ were made 
before and after exposure to nitrogen under the same 
conditions as were used in the diffraction measurements. 
The resulting values of work function before and after 
the nitrogen exposure were the same. 

To test for the possibility of activated adsorption, 
nitrogen was admitted with the crystal at a temperature 
of 350°C. In 10 min the crystal cooled from 350° to 
160°C in the presence of nitrogen at a pressure of 
5X10~ mm Hg. During the first minute of the exposure, 
a tungsten filament was heated in the vicinity of the 
crystal. The diffraction pattern from the surface follow- 
ing this treatment was again the same as that for a clean 
surface. 

It must therefore be concluded that nitrogen does 
not chemisorb on a clean (100) nickel surface under the 
above conditions. 


‘H. E. Farnsworth and J. Tuul, J. Phys. Chem. Solids 9, 48 
(1959). 
5 R. H. Fowler, Phys. Rev. 38, 45 (1931). 
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By means of a three-dimensional FE-MO model, the AH’s of dissociation for homonuclear diatomic mole- 
cules can be estimated. The atoms are represented by cubes, and the molecules by rectangular paral- 
lepipeds. The parameters involved are the sizes of the boxes and the effective mass of the electrons. The 
spectroscopic terms for the ground states of both the atoms and the molecules are obtained from the model. 





I. INTRODUCTION 


HE FE-MO (iree electron-molecular orbital) 

model has had considerable success in both the 
one!- and two-dimensional forms. We, therefore, de- 
cided to investigate the applicability of using a three- 
dimensional model. In this and subsequent papers in 
this series, we shall report the results of our applying 
the model to various different types of problems. In this 
paper we shall discuss the calculation of AH for the 
reaction 


Ar2A, (1) 


where A is any main group atom (at the time of this 
writing, we do not know how to apply the model to the 
transition elements). 

The energy of the jth level of the three-dimensional 
model is given in rectangular coordinates by! 


E j= (h?/8m) [(n.?/a*) + (7/7) + (2/c?) Jj, (2) 


where the subscript 7 on the bracket means that 
the values of the quantum numbers m;, n,, and n, 
are given the values which apply to the jth energy level. 
Equation (2) can be rewritten so that it refers to the 
energy per gram atom or gram molecule and the size 
of the box is given in angstrom units. Thus, 


E;=k(n2/a?) + (n,7/8?) + (n2/c*) ];, (3) 
where 
k=868 kcal A?/gram atom or gram molecule. (4) 


Since this model assumes a constant potential 
everywhere in the box,! but the actual potential will be 
more negative or more positive in certain volume ele- 
ments depending on whether the nuclear attraction or 
the ‘other electrons” repulsion predominates, it is not 
unreasonable to assume that the “effective” mass of 
the electron will not be that of the free electron. If the 
electron is bound more tightly in the real system than 
the electron in the model, the “effective”? mass will 
have to be greater than the true electron mass. This is 

1G. W. Wheland, Resonance in Organic Chemistry (John 
Wiley & Sons, Inc., New York, 1955), pp. 550-559 and 675-694, 
references to earlier works are given. 


2 J. R. Platt, J. Chem. Phys. 22, 1448 (1954). 


because a greater force has to be applied to the bound 
electron to give it a given acceleration. Thus, it has a 
greater inertia (or greater effective mass) than the 
free electron. In this case, & will have a value smaller 
than that given in Eq. (4). Similarly, if the electron in 
the real system is more loosely bound than the electron 
in the model, & will be greater than the value given in- 


(4). 


II. ATOMIC ENERGY LEVELS 


If we approximate the atom by a cube, the electronic 
energy of the atom, Ea, will be given by 


Ea=(k/s*) Defi, (3) 
F 


where 


fi=(n2+n7+n,) ;, (6) 


and where s is the length of an edge of the cube in 
angstrom units. The dimension s is a modified van der 
Waals diameter. It can be represented as 


s=2ar, 


where r is the single bond covalent radius and a is the 
ratio of the van der Waals radius to the single bond 
covalent radius. The experimental values of a for 
various atoms are listed in Table I. Except for hydrogen 
the values of a range from about 1.5 to 2.0. Introducing 
Eq. (7) into (5), we have 


Ea=(k/4e°r’) Defi (8) 
j 


The first seven energy levels are the 1,1,1 singlet 
(f;=3), the 1,1,2—1, 2, 1-2, 1, 1, triplet (f;=6) and 
the 1,2,2—2, 1, 2—2, 2, 1 triplet (f;=9). Since the 
s and p levels are, respectively, singlets and triplets, 
we associate the 1, 1, 1, and s levels and the 1, 1, 2—1, 
2, 1-2, 1, 1, and levels. The d levels are quintuplets, 
but our next set of levels is a triplet. From this we 
conclude that the model in its simple form is applicable 
only to s and p levels, and that the model ignores all 
but the valence electrons. 
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Van der Waal 
radius? :¢ 


Single bond 
Element covalent®-4 radius 


0.374 
0.74 
0.74 


0.72 
1.1 
1.04 
0.99 
1.23 
ee 
1.14 
1.41 
137 
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-O/ 


fm pee free fe fh fh fe fh fe fed et ND Cd 
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30 


tio of the van der Waals radius to the single bond covalent radius 


ture of the Chemical Bond (Cornell University 


w York, 1948), 2nd ed., p. 189 


m C. A. Coulson, Valence (Oxford 1 
7 and 180 


Jniversity Press, New York, 


rhe H value is one-half the equilibrium internuclear dis- 


III. MOLECULAR ENERGY LEVELS 


For the molecules we use a rectangular parallelepiped. 
We choose the x direction as that of the interatomic 
axis. The y and z dimensions of the box are taken as s, 
the van der Waals diameter. For the x dimension we 
take s+2r. The 2r term is, of course, the interatomic 
distance. We are assuming that the box extends one 
van der Waals radius on either side of the atoms. Thus, 
if Em is the electronic energy of the molecule, 

Em= (k/4r’) > gi, (9) 
u 


where 


‘Fae 


MATLOW 


Ignoring the PAV term, since it will be small at room 
temperature (about 600 cal/mole), AH for reaction 
(1) will be 


AH =2Ea— Em. (11) 


Combining Eqs. (8), (9), and (11) and rearranging 
terms, we have 


>i). 


v 


(12) 


4r’AH =k(2>0fj/a?— 
: 


IV. THE CALCULATION OF k 


Since r and AH are experimentally known values 
and ili and > gi can be calculated easily, once a 
value for a is chosen, we will use the model to calculate 
k. The criterion for the utility of the model will be how 
closely the values of k& for various elements agree. 
Before we do this, however, we must decide on a value 
for a. As we have indicated above, a reasonable value 
would be between 1.5 and 2.0. In Table II we have 
listed the values of the g,’s for the first ten energy 
levels for values of a@ from 1.0 to 2.0 in steps of 0.25. 
We have also listed the term symbols to be associated 
with these levels for the second period. 

It has been recently shown that the ground state of 
the C2 molecule is the !3,+. This means that the 
ty2p—rn.2p doublet must lie lower than the 029 level. 
This is the case for a=1.75 and a=2.00. The a=2.00 
case, however, introduces an unnamed doublet at a 
lower energy than the o*2p. Thus, of the values con- 
sidered, a=1.75 seems to be the best choice. Through- 
out the remainder of this discussion we shall use this 
value for a. Although we have no conclusive evidence 
one way or the other, it is our guess that the unnamed 
doublet is the (d?—d,*) and (d,2_,2—d,?_,2) orbitals. 





6.000 


6.000 


7.250 


A. Ballik and D. A. Ramsey, J. Chem. Phys. 31, 1128 (1959). 





THREE 


It is interesting to note that for all values of a, Oz is 
paramagnetic, 

Let us represent the factor in the parentheses in 
Eq. (12) by the symbol g. In Table III we have listed 
the values of g for different numbers of valence elec- 
trons per atom. It is obvious that the number of 
“valence” electrons per molecule is equal to twice the 
number of valence electrons per atom. Since, in Eq. 
(12), both & and 47? are positive quantities, the nega- 
tive values of g for the 4 and 16 ‘‘valence” electron 
molecules indicate that AH for reaction (1) must be 
negative in these cases. Stating this conclusion differ- 
ently, we would say that these molecules are unstable 
with respect to the monatomic states. It is a well- 
known chemical fact that the alkaline earths and the 
inert gases do not form diatomic molecules from atoms 
in the ground state. The significance of the third column 
in Table IT will be discussed later. 

We can now calculate k for the various molecules. 
The results of these calculations are listed in Table 
IV. As we pointed out in Sec. II, the degeneracies of 
the energy levels led us to believe that the model was 
applicable only to the second period. When one con- 
siders the extreme crudity of the model, it is rather 
surprising that the spread for k for the second period 
elements is so small. When we “blindly” attempted to 
apply the model to the other elements for which we had 
data, the spread was much greater. In fact, the extremes 
Hz and I, differed in their values of & by an order of 
magnitude. 

It should be pointed out that, for molecules with 
multiple bonds such as Ne and Os, we used the single 
bond radii. We did this for the convenience of using a 
single value of a. The correct procedure would have 
been to use as the dimensions of the box 2ar;X2anX 
(2er,;+2ri1), where 7, is the single bond radius and ry 
is the multiple bond radius. The effect of this change 
(from 7; to ry) would be small (of the order of 10%) 
and would involve considerably more work. We, there- 
fore, chose to ignore this error in our calculations. 


TABLE IIT. Values of gq. 


Number of 
“valence” 
electrons 


q (with d-orbital 
per molecule 


perturbation) 


Examples 


H», Lis, Nae 
He, Bez, Mgz 
Bo, Ale, Gaz 
Gez 


No, Po, Aso 


Ce Sis, 
Oz, Se, See 
2, Cle, Bro 
Nes, Afro, Kr» 





DIMENSION: 


MO MODEL Il. 1189 


TABLE IV. The calculation of k. 








AH» 4r AH 


Element 





H Lae 104. 
Li “ 26. 
¢ “yi 141.8 
N yy; 220. 494.9 
O 7 119. 200. 
F Se. 78. 
Na 18. 170.8 
Si ta 410.7 
P 116. 565. 
S 83. 359. 
Cl 57.8 226. 
K 12: 188. 
As 90.0 527. 
64.7 354. 
46.1 239. 
11.65 207.: 

0 

4 


147. 
488 . 
449. 
505. 
454. 
406. 
440. 
549. 
S77. 
625. 
1348. 
485. 
537 
617. 
1426 
534. 
559. 
698 
1520. 
559. 


57.06 
189.6 
336.3 


cm) 
1 1 
We wIRPODs- 


Oe ee 
oO 


CNN OCAC 


Sb 
Te 
I 

Cs 


69. 548. 
S53. 400. 
36.1 255. 
10.71 216. 


o 


R= =m DRO pe et 
e R t 
Re 


So 


“ Taken from C. A. Coulson, Valence (Oxford University Press, New York, 
1952), pp. 87 and 180. The H value is one-half the equilibrium internuclear dis- 
tance in He. The values are in angstrom units. 

b Calculated from data given by D. R. Stull and G. C. Sinke, Thermodynamic 
Properties of the Elements (American Chemical Society, Washington, D. C., 
1956). The values are in kcal/mole of the diatomic molecule. 

© J. Drowart, G. DeMaria, and M. G. Inghram, J. Chem. Phys. 29, 1015 
(1958). 

4 Based on the corrected value of @ of 2.93. 

© d-Orbital perturbation included. 


V. PERTURBATION CALCULATIONS 


Since the model worked so well for the second period, 
we proceeded to investigate the factors which could 
explain the large deviations observed for the other 
periods. As we pointed out in the discussion of Table 
I, the ratio of the van der Waals radius to the single bond 
covalent radius for hydrogen is much larger than that 
for any other element studied. The average value of 
the ratio for the second period is 1.93. We, therefore, 
assumed that the correct value of a to use for He is 
1.75 times the fraction 3.24/1.93. This gives a value of 
2.93 for the ‘‘corrected” a. Using this value for a, we 
obtained the value of 545.5 for k for Ho. 

This “correction” cannot be the explanation for the 
other deviations observed. Aluminum, silicon, phos- 
phorus, and sulfur have all been shown to use d orbitals 
for bonding. We then considered how a d-orbital 
perturbation would affect the system. If we are correct 
in assuming that the 3, 1, 2-3, 2, 1 doublet is a r(d) 
doublet, then we would expect to find the largest 
perturbation effect on the 3, 1, 1 level. We, therefore, 
somewhat arbitrarily, decreased the value of the 3, 1, 1 
level from 1.844 to 1.720. (This value was chosen to 
give a reasonable & for silicon. When this value was 
used, it was found that the values of k for the other 
elements agreed well.) This is the means by which the 
perturbed q’s of Table LI were obtained. These q’s 
were used for the calculations of the perturbed & values 
of Table IV. It should be pointed out that this perturba- 
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tion makes the ground state of Si, the *2 state. This 
agrees with the conclusion of Douglas. 

The extreme values of k, when both the a correction 
and the d-orbital perturbation are included, are 613.9 
(Iz) and 429.2 (Ase). The average value is 492.2. Thus, 
the highest value is 25% greater than the average and 
the lowest value is 13% smaller than the average. If we 
assume that the I, value is poor because of an f-orbital 
perturbation and, therefore, ignore it, the average 
value of k is 458.8. The highest value then is that for 
Bre and is 19% greater than the average; and the 
lowest value is still that of Ase and is 12% lower than 
the average. In either case, the agreement is better than 
could have been expected. 


4A. E. Douglas, Can. J. Phys. 33, 801 (1955). 


MATLOW 


VI. EFFECTIVE MASS CONSIDERATIONS 


In the discussion of Eq. (4) the relationship between 
the value of k for the model and the error introduced by 
the assumption of a constant potential in the box was 
mentioned. Since our value of & is about one-half that 
of the expected value, this leads us to conclude that 
the atomic electrons and the electrons in the diatomic 
molecules considered are less mobile than the simple 
model would suggest. 
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Measurements of the proton magnetic resonance at ~26.9 
Mc in titanium hydride samples, ranging in composition from 
TiHj.«: to TiHi,97, have been made in the temperature range from 
—196° to about 200°C. The second moment of the proton reso- 
nance at the lower temperatures shows that the hydrogen atoms 
are randomly distributed among the lattice sites which are lo- 
cated tetrahedrally with respect to the titanium atoms. Self- 
diffusion of the hydrogen atoms narrows the proton resonance 
above room temperature. The temperature dependence of the 
correlation frequency for the proton motions, obtained from the 
linewidths, leads to diffusional activation energies which increase 
with hydrogen content from 9.4 kcal/g atom for TiH).607 to 10.2 
for TiH:.923. Moreover, the diffusion rate is directly proportional 
to the number of unfilled tetrahedra] holes in the metallic lattice, 
which indicates that the self-diffusion takes place via a vacancy 
mechanism. 


I, INTRODUCTION 


HE original purpose of these experiments was to 
investigate the nature of the anomalies observed 
near room temperature in the magnetic susceptibility! * 
and in the specific heat® of titanium hydrides ranging 
in composition from about TiH,.s5 to TiH:. X-ray*® 
and neutron diffraction® studies have shown that in the 
region of these anomalies, the titanium hydrides 
undergo a small, continuous tetragonal deformation 
typical of a second-order transition. At temperatures 
above the anomalies, the hydrides have a face-centered 
cubic arrangement of titanium atoms, surrounded by 
hydrogen atoms apparently in the tetrahedrally located 
holes. That is, when the composition approaches the 
stoichiometric compound, TiHe, it achieves the CaF, 
structure. Our particular interest was the possibility 
that hydrogen diffusion is connected with the structural 
transition and with the magnetic and specific heat 
anomalies. 
Nuclear magnetic resonance methods are attractive 


* This work was supported in part by the Office of Naval 
Research. 

t On leave of absence from the Institute of Technology and 
the Institute of Physical Chemistry of the Polish Academy of 
Sciences, Wroclaw, Poland. 

t On leave of absence from the Division of Chemical Physics, 
C.S.I.R.O. Chemical Research Laboratories, Melbourne, Aus- 
tralia. 

1W. Trzebiatowski and B. Stalinski, Bull. acad. polon. sci. 
Classe III 1, 131 (1953). 

2 B. Stalinski, Zeszyty Nauk. Politech. Wroclaw. Chem. 4, 25 
(1957). 

3B. Stalinski and Z. Bieganski, Bull. acad. polon. sci. Serie sci. 
chim. geol. geogr. 8, 243 (1960). 

4B. Stalinski and B. Idziak (unpublished). 

5H. L. Yakel, Acta Cryst. 11, 46 (1958). 

6S. S. Sidhu, L. Heaton, and D. D. Zauberis, Acta. Cryst. 9, 
607 (1956) 


Proton resonance shifts to higher applied magnetic fields were 
observed. They were measured at room temperature for all speci- 
mens and were found to increase from 0.01% for TiHh.co7 to 
about 0.032% for TiHi.ss. For these two extreme compositions, 
the temperature dependence of the shift was measured between 
—95°C and 190°C and was found to be similar to the bulk sus- 
ceptibility, the shifts for TiH:.969 exhibiting an anomaly at about 
13°C as does the susceptibility. These results are interpreted 
semiquantitatively in terms of exchange interactions which pair 
spins of electrons in the conduction band with those of electrons 
localized on the hydrogen. The results suggest that the hydrogen 
is held in the lattice by a combination of covalent and ionic 
bonding, the latter involving a net positive charge on the hydro- 
gen. The general importance of exchange interactions in inter- 
metallic compounds is commented upon. 


for investigating self-diffusion in the solid state*.’: 
Hydrogen diffusion is especially difficult to measure in 
metal lattices by classical transport experiments, 
because gross errors result from grain boundaries, pores, 
cracks, and dislocations in the metals. For example, 
the data reviewed by Barrer® for hydrogen diffusion in 
palladium include activation energies ranging from 4.6 
to 17.8 kcal/g atom. The most extensive prior study of 
hydrogen diffusion by proton magnetic resonance 
appears to be the work done on the palladium hydride 
system. Norberg’? found narrow proton resonance 
lines in a series of samples up to PdHpo.s and obtained 
activation energies for self diffusion by using rf pulse 
techniques to observe the temperature dependence 
of the spin-lattice relaxation time between 250° and 
300°K. Similar results were reported by Torrey,” 
who also investigated the proton T; in TiHi.7. A few 
scattered observations have been made of the proton 
resonance in other solid metal hydrides. Garstens” has 
looked at the proton resonance of NaH and CaHp, 
finding broad lines typical of rigid-lattice solids. For 
tantalum hydride he found" a broad line at tempera- 
tures below 215°K with diffusional narrowing occuring 
at higher temperatures. 

In the case of titanium hydride, Garstens” noted a 
broad room-temperature, proton linewidth of about 12 
gauss for three samples of composition TiHo.ss, TiHo.7, 

7H. S. Gutowsky, Phys. Rev. 83, 1073 (1951). 

8C. P. Slichter in Report of the Bristol Conference on Defects in 
Crystalline Solids (The Physical Society, London, 1955), p. 52. 

®R. M. Barrer, Diffusion in and through Solids (Cambridge 
University Press, New York, 1951), 2nd ed. 

10 R. E. Norberg, Phys. Rev. 86, 745 (1952). 

11H. C. Torrey, Nuovo cimento Suppl. to 9, Ser. 10, 95 (1958). 


2M. A. Garstens, Phys. Rev. 79, 397 (1950). 
13M. A. Garstens, Phys. Rev. 81, 288 (1951). 
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and TiH, 57. Similar results were obtained in the more 
recent room-temperature studies by Maluchkov and 
Finkelstein“; they also made some unsuccessful at- 
tempts to measure proton resonance shifts and to obtain 
the second moment of the proton absorption and com- 
pare it with the value calculated for the rigid lattice. 
Our more detailed studies which were outlined in a 
preliminary report,” failed to establish any direct 
connection between the hydrogen diffusion and the 
various anomalies which occur in the titanium hydrides. 
However, it proved possible to characterize the diffu- 
sion process in very interesting detail by observing the 
temperature dependence of the proton linewidth over 
a wide range of composition and temperature. Also, 
we have found large, negative Knight shifts'® in the 
proton magnetic resonance position. The temperature 
and concentration dependences of the shift parallel the 
magnetic susceptibility and demonstrate that the 
anomalies are associated with the conduction electrons. 
The details of our various findings are presented here. 


II. EXPERIMENTAL DETAILS 


A. Preparation of Samples 
The titanium hydride samples were of the composi- 
tion Tit 607, Ti, 719, Ti, 75, Til sis, TiH;4.933, and 
TiHi..%9. They were prepared by the absorption of 
known volumes of high purity hydrogen in the appara- 
tus described previously.” The hydrogen was obtained 


by thermal decomposition of another sample of titan- 
ium hydride. The titanium was produced by E. I. du 
Pont de Nemours and Company. The purity was listed 
as better than 99.5%. Spectral analysis revealed the 
presence of the following impurities, in weight percent: 


Si~10™, Mg~10-, 
Fe~10~. Moreover, 
measurements 
impurities. 
The titanium metal powder used to prepare the 
samples was obtained by powdering some of the 
embrittled metal. The latter was made by saturating 
the original sponge metal with hydrogen and then 
degassing it by heating in a high vacuum for several 
hours at a temperature of about 820°C. This tempera- 
ture should be somewhat lower than the a-f transition 
point of the metal to prevent sintering. All of the 
hydride samples, except TiHi.9, were synthesized by 
slowly cooling 2.5 to 4 g of the metal powder, in contact 
with the hydrogen gas, from 450°C to a temperature at 
which essentially all of the gas had been absorbed. The 
sample was then held for 20 to 40 hr at this tempera- 
ture, which was usually 250°C or somewhat higher. 


Mn~107+, Sn~10, Cu~10™, 
bulk magnetic susceptibility 


gave no evidence of ferromagnetic 


14Q, T. Maluchkov and B. N. 
Nauk S.S.S.R. 127, 822 (1959). 

6 B. Stalinski, C. K. Coogan, and H. S. Gutowsky, J. Chem. 
Phys. 33, 933 (1960). 

16 W. D. Knight, Solid State Phys. 2, 93 (1956). 

17 W. Trzebiatowski, A. Sliwa, and B. Stalinski, Roczniki 
Chem. 28, 12 (1954). 
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Of these five samples, all but TiH:.933 showed a dis- 
sociation pressure of 10-? mm Hg or less at 200°C. The 
TiHji.9s3 showed a dissociation pressure as high as 1 
mm Hg at 200°C, so its hydrogenation was completed 
at 150°C where the pressure dropped to about 10-* 
mm Hg. 

The sample of highest hydrogen content TiH:,99 
was prepared by gradually lowering the temperature 
from 450°C to room temperature, using an excess 
pressure of hydrogen. This sample was sealed under a 
hydrogen pressure of 431 mm Hg to prevent decompo- 
sition in the magnetic resonance experiments carried out 
above room temperature. At such pressures of hydro- 
gen, the saturation of the metal with hydrogen is 
essentially complete at temperatures below 200°C. This 
is shown by the 5-mm drop observed in the hydrogen 
pressure upon cooling a sample from 300°C to room 
temperature. In the vacuum apparatus used, this 
pressure change corresponds to a composition change of 
Tih, 957 tO TiH, 969+ 

Microscopic examination (100) of the particles 
revealed, of course, a considerable apread in particle 
size, but it was apparent that no particles were larger 
than 10~* cm in diameter. The samples actually used in 
the magnetic resonance experiments were about 1 
cc in volume and, except as noted for TiH,..67, they were 
sealed under their equilibrium pressure of He in glass 
tubes whose outer diameter was about 9 mm. 


B. Apparatus and Procedure 


The broad-line regenerative spectrometer used in 
these experiments was similar to that described pre- 
viously.!® It was operated at a fixed radio frequency of 
about 26.92 Mc, and the derivative of the proton 
absorption was observed by automatically sweeping 
the field of the 6300-gauss permanent magnet. The 
30-cps modulation amplitude was kept small to reduce 
its broadening of the absorption, and in cases where 
the modulation had to be large due to a low signal-to- 
noise ratio, the appropriate corrections were made.!® 
Care was taken to prevent saturation of the lines, but 
in some cases it appeared that these efforts were not 
completely successful. The volume of the sample coil 
was about 1.5 cc. The high conductivity of the samples 
led to appreciable losses in the rf coil; this required the 
use of higher plate voltages and greater feedback than 
usual in the marginal oscillator stage of the spectrom- 
eter. 

Measurements below room temperature were made 
with a Dewar-type cryostat,'® using either liquid nitro- 
gen or a dry-ice and alcohol slush as the refrigerant. 
Higher temperatures were obtained with a gas flow 
cryostat. The temperature of the sample was measured 
by means of a copper-constantan thermocouple at- 

18H. S. Gutowsky, L. H. Meyer, and R. E. McClure, Rev. Sci. 


Instr. 24, 644 (1953). 
19 EF. R. Andrew, Phys. Rev. 91, 425 (1953). 
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tached to the outside of the sample tube with a heat- 
resistant glass tape. 

The resonance shifts were measured by comparing 
the magnetic field at the center of the proton absorp- 
tion in the titanium hydrides with that in a silicone 
polymer, Dow-Corning Silastic Gum 400. Small pieces 
of the silicone gum were inserted between the turns of 
the rf coil, so that the spectrum recorded was that of 
the hydride with a small signal from the silicone super- 
imposed. The proton linewidth in the silicone is about 
2 cps at room temperature and it is narrow enough to be 
a good reference over a wide temperature range. In 
the case of the lowest temperatures, about —95°C, 
at which the shift was measured, tetramethyl] silane 
was used as the reference. It was sealed into thin glass 
capillaries which were inserted in the rf coil beside 
the tube containing the hydride. 


III. RESULTS AND DISCUSSION 


Our presentation of the results is divided into three 
main sections: the low-temperature rigid-lattice second 
moments, the diffusional narrowing of the absorption at 
higher temperatures, and the resonance shifts. One 
feature common to all of the experiments is that the 
absorption lines are simple, bell-shaped curves with no 
evidence of structure. Moreover, although the lines 
narrow at higher temperature, their shape otherwise 
remains essentially the same. 


A. Low-Temperature Second Moments 


Experimental Results 


The broad absorption lines observed at liquid nitro- 
gen temperature do not begin to narrow appreciably 
until room temperature or above, depending upon 
hydrogen content. This suggests that the low tempera- 


TABLE I. Linewidths and second moments of the proton magnetic 
resonance absorption in titanium hydride at — 196°C. 











Observed 
second moment 


Observed 
linewidth» 


Theoretical 


Composition second moment® 





TiAi 607 
TiHi.ns 
TiHh. 775 
TiAh. 84s 
TiAl. 933 


TiHi. 969 


12.1+0.1 gauss 
12.4+0.2 
12.7+0.2 
13.1+0.1 
13.50.15 
13.5+0.2 


22.0+0.7 gauss? 
23.1+0.6 
24.30.45 
24.5+0.15 
25.70.55 
25.80.45 


21.3 gauss? 
22.4 
23.0 
23.7 
24.6 
24.9 








® The full width between the maximum and minimum on the derivative curve. 

b The errors are the standard deviations of from 5 to 10 measurements. 

© These values assume that the protons are distributed, at random, in the 
tetrahedral sites only; they were obtained by applying corrections for the 
tetragonal deformation and thermal expansion to second moments calculated 
for the fcc structure at room temperature. The latter were taken from the 
straight line at the bottom of Fig. 1, drawn through the points calculated from 
the room-temperature lattice parameters of various authors for different hydro- 
gen content. 
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Fic. 1. The dependence of the proton second moment upon 
the hydrogen content of titanium hydride. The upper curve is a 
least-squares straight line fitted to the experimental points ® for 
—196°C. The lower solid curve is a least-squares straight line 
fitted to second moments calculated for room temperature from 
the fcc lattice parameters of the following authors: O B. Stalin- 
ski [Zeszyty Nauk. Politech. Wroclaw. Chem. 4, 25 (1957) ]; 
@® B. Stalinski and B. Idziak, unpublished results; @ H. L. 
Yakel [Acta Cryst. 11, 76 (1958) ]. The calculations assume a 
random distribution of the protons among the tetrahedral sites. 
The dotted curve represents the conversion to —196°C of these 
room temperature theoretical values, by correcting for the 
tetragonal deformation and thermal contraction. 


ture corresponds to a “rigid lattice” and that some 
structural information might be gained from a detailed 
analysis of the second moments. 

Experimental values for the second moments were 
obtained by numerical integration of several derivative 
curves recorded at — 196°C for each of the six samples. 
The results are summarized in Table I and show a 
systematic increase with hydrogen content, from 22.0 
gauss? for TiHhi.go; to 25.8 gauss? for TiH);.9%9. The 
linear extrapolation indicated in Fig. 1 gives a value of 
26.3 gauss* for the second moment of the stoichiometric 
compound TiH, at —196°C. These values have been 
corrected for the magnetic-field modulation broadening 
which was of the order of 4% for all of the measure- 
ments. The linewidths, defined as the separation in 
gauss between the inflection points of the absorption, 
show an increase from 12.1 to 13.5 gauss paralleling 
that in the second moment. These values agree with 
that of 12 gauss reported by Garstens” for TiHis7 at 
room temperature. However, our linewidths and second 
moments are about 20% less than the values reported 
by Maluchkov and Finkelstein" for room temperature. 
The discrepancies may be due, at least in part, to the 
fact that the signal-to-noise ratio is much better at 
—196°C than at room temperature. 
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Theoretical Second Moments 


Theoretical second moments of the proton absorp- 
tion may be calculated from Van Vleck’s results for 
the dipolar broadening in a rigid lattice. For a crystal 
powder, the relation is of the form” 


AH? = ($)7(1+1) gueN7 Yor i, (1) 
f>ok 


where, for our purposes, J and g are the proton spin 
and magnetogyric ratio, respectively, V is the number 
of protons in the crystal, and rx is the separation of 
protons 7 and k. There are similar terms” for the dipolar 
broadening of the proton resonance by the Ti and 
Ti® nuclei; however, they constitute only about 0.5% 
of the total. Therefore, although they were included 
in the numerical results given, we shall not refer to 
them again. 

In principle, the substitution into Eq. (1) of an 
experimentally observed second moment can lead to 
the determination of one structural parameter. How- 
ever, there is also the observed, essentially linear 
dependence of the second moment on hydrogen con- 
tent, and an additional structural feature might be 
inferred from it. The positions of the titanium atoms 
in the unit cell have been obtained quite accurately 
from x-ray diffraction studies.‘* However, the loca- 
tion of the protons is not known with any assurance.** 
In particular, there are two types of interstitial sites 
which the protons might occupy in the titanium lattice. 
One set is located in tetrahedral positions with respect 
to the titanium atoms; the other, in octahedral. There 
is also the question as to whether or not the sites occu- 
pied in the nonstoichiometric hydrides are located at 
random. The situation is favorable, inasmuch as there 
are two observed quantities and two structural ques- 
tions. 

Nonetheless there are some complications in com- 
paring the experimental second moments with values 
calculated for various possible distributions of the pro- 
tons. The experimental values are most accurate at 
liquid nitrogen temperatures because of the better 
signal-to-noise ratio at low temperatures. Moreover, at 
low temperatures the residual motional narrowing of 
the absorption will be less. However, most of the known 
structural parameters and their dependence upon 
hydrogen content have been determined at room 
temperature. Also, because of the second-order phase 
transition, the calculation of low-temperature second 
moments from these data must take into account not 
only the volume change at lower temperature but also 
the slight tetragonal deformation of the unit cell. 
Fortunately both effects are small and can be de- 
scribed with sufficient accuracy by a simple analytic 
expression so that the comparison of experimental 


*H. S. Gutowsky, G. B. Kistiakowsky, G. E. Pake, and 
E. M. Purcell, J. Chem. Phys. 17, 972 (1949). 
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and theoretical second moments for different tempera- 
tures can be readily made. 

The lattice constants of the tetragonal unit cell are 
identified as a=b#c, where c=a(1+A); and the 
lattice constant of the cubic cell, as a9. By comparing 
the sums of the contributions from the first and second 
nearest neighbors, which constitute about 90% of 


i>wiz*® in Eq. (1) for the tetragonal and cubic 


crystals, we find that the two total lattice sums are 
related by the following approximate equation, 


a® > a,°(1-2A+4A*) >>. 


(2) 


The subscripts ¢ and c refer to the tetragonal and cubic 
crystals, respectively, and it is assumed that A is small 
compared to unity. Thermal expansion is incorporated 
into Eq. (2) by using the relations V,=a*(1+A) 
and V,=a¢' to eliminate a® and ag* in Eq. (2). This gives 
the final result 


L=(1+4) (V./V)?>, (3) 


which permits us to interconvert second moments at 
— 196°C and at room temperature, providing we know 
the cubic lattice parameter at room temperature, the 
thermal expansion, and A. 

The x-ray studies*® show that the axial ratio c/a is 
about 0.945 at liquid nitrogen temperature. Hence, 
taking A to be —0.055 and introducing the observed 
change in molar volume with temperature,> Eq. (3) 
leads to a second moment at —196°C which is about 
2% larger than at room temperature. This agrees well 
with the approximate 0.5-gauss? difference actually 
observed and suggests that there is no significant 
change in the motional effects on going from room 
temperature to —196°C, 


Location of the Hydrogen Atoms 


Let us now consider the question of the location of 
the hydrogen atoms. If octahedral as well as tetrahedral 
sites are occupied, the observed second moment will 
be the following average of the second moments for 
protons in each of the sites, 


AH? =foct( AH:*) oct +ftet ( AH2*) tet, (4) 


where the f’s are the fractions of the protons in each 
type of site. We now assume a random distribution 
within each type of site and define the probability of an 
octahedral site being occupied as @ and a tetrahedral 
site 8. Bearing in mind that there are twice as many 
tetrahedral sites as octahedral, this gives 


foct=a/ (28+) and feet =28/(28+a). (5) 


Furthermore, in the compound TiHe-;, a and 8 are 
related to 6 as follows, 


(M4+-e)=(1—8) of Malt—t<a),. © 
The second moments (AH:?)oce and (AH?) tet in 
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Eq. (4) require the computation of the lattice sums 
N ae wij * of Eq. (1). However, the octahedral 
sites are equivalent, as are the tetrahedral. Therefore, 
we need only to pick a particular filled site of each kind, 
labeled o and ?#, and compute the sums >> 705* and 
+>; tj to all other filled sites 7. The assumed random 
distribution of filled sites makes it easier to take the 
sums over all sites k, weighting each by the probability 
of its being occupied. For the protons in the octahedral 
sites, this approach gives 


(AH2*) oct = ($) I(1+1) gu? D107, (7) 
j 


with 


Bas a Dron pe _ Doro a+ pS, 63 
j k l m 


=(115.6a+13228) ao. (8) 


The indices / and m designate all octahedral and all 
tetrahedral sites, respectively, surrounding the nucleus 
at the origin of the summation. Similarly, for the pro- 
tons in the tetrahedral sites, one finds 


Dri = drupe = Soriuta+ vr tm °B 
j ‘k 1 m 


= (660.5a+537.78)as*. (9) 


The numerical values for the sums in the fcc structure 
are from the literature"4; they may be assigned by 
noting that the octahedral-tetrahedral spatial relation- 
ship is equivalent to that of Ca and F in CaF:, and 
that the octahedral holes and tetrahedral holes lie on 
a fcc and a simple cubic lattice, respectively. 

The appropriate substitution of Eqs. (5)-(9) in 
Eq. (4) gives the dependence of the second moment 
upon the probability a of an octahedral site being 
occupied, 


AH,? =[(2— 25+ 2.92a—1.46a5—1.740?+0.58) /(2—8)] 
x ( AH? ) “ws 


(10) 


where (AH:?)tet° is the second moment for the stoi- 
chiometric hydride with only tetrahedral sites occupied. 
For the case 6=0, or TiHoe, this becomes 
AH,’ = (1+ 1.46a—0.87a7) (AH?) tot®. (11) 
A value of 24.6 gauss* is obtained for (AH?) tet? by 
extrapolating the theoretical values in Fig. 1 to 6=0. 
This is to be compared with the experimental value of 
25.7 gauss’, which is the 26.3 gauss? observed at 
—196°C, corrected for thermal expansion and the 
lattice change. Thus the observed second moment is 
about 4% larger than that calculated for the fcc 
hydride with only tetrahedral sites occupied. It follows 
from Eq. (11) that a=0.025 and that the proportion 
of all hydrogen atoms in octahedral sites is about 1.25%. 


*1H. S. Gutowsky and B. R. McGarvey, J. Chem. Phys. 20, 
1472 (1952). 
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Actually this is an upper limit to the fraction of 
protons occupying octahedral sites because there are 


. several other factors which can give an increase in the 


second moment. One might expect the observed second 
moment to be low because of the residual motional 
narrowing effects. However, the symmetry of the lattice 
is such that for even moderately large amplitude oscilla- 
tions, as many interproton distances are decreased as 
are increased and by about the same amount, so the 
net effect is very small. On the other hand, there are 
several possible broadening mechanisms, including 
spin-lattice relaxation, saturation, nonrandom distri- 
bution of the protons, and anisotropy in the tetragonal 
lattice of the large proton resonance shifts. The T; 
broadening could be as much as 0.3 gauss? if the proton 
T, were related to the resonance shift in the same fashion 
as found for pure metals"; but direct measurement of 
the proton T; gives somewhat longer times" (~0.3 sec) 
than predicted on this basis (~0.1 sec) , and the proba- 
ble broadening from this cause is correspondingly less. 
The T; is long enough for saturation broadening to 
occur and there was some evidence for it even though 
efforts were made to operate the experiments at very 
low rf levels. In Sec. III.B., it is pointed out in the 
discussion of the diffusion mechanism that about 1.25% 
of the tetrahedral sites are inaccessible to hydrogen. If 
these inaccessible sites are clustered, as indeed appears 
to be very likely, then the second moment of TiH2-9.0s 
should be (AH:?) ¢et°, which would account for about 4 
of the 4% discrepancy. The tetragonal deformation is 
about 5% at —196°C; if there were a corresponding 
anisotropy in the large proton shifts, it alone would 
account for the difference. 

A final argument on this point also concerns the 
question of random versus nonrandom distribution of 
the hydrogen in the lattice. In principle, the latter 
question can be answered by the dependence of the 
second moment upon hydrogen content. If the protons 
were distributed at random among the tetrahedral 
sites, one would predict, for example, that the second 
moment would be given by 


AH? =[((2—8) /2 ]( AH.) tet®, (12) 
which is obtained by setting a=0 in Eq. (10). At the 
other extreme, if the “clustering” of protons were 
complete so that the sample was a two-phase system of 
pure metal and pure stoichiometric hydride TiH, the 
second moment would be (AH,”)tet°, independent of 
average composition. Less extensive clustering leads to a 
smaller second moment, but one still larger than that 
for a random distribution. 

At first glance, Eq. (12) would seem to predict a 
straight line through the origin. However, (AH2?) ter® 
is itself a function of 6 via the dependence of the unit 
cell size upon hydrogen content. The calculated values 
plotted in Fig. 1 include this dependence; the result 
over the composition range of 6=1.55 to 6=1.98 is 
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Fic. 2. The observed proton line- 
width plotted as a function of tem- 
perature for the titanium hydride 
samples. Not all experimental 
points have been shown, to avoid 
confusion. The effect of decom- 
position in sample 6 at high tem- 
perature is shown by the dotted 
line. 
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nonetheless a good straight line, but it has a 6=0 
intercept of about 7 rather than The 
experimental points agree quite well with this cal- 
culated line except for the 4% displacement already 
noted. Also, the experimental line has a slightly steeper 
slope than the theoretical, and the experimental 
points could be fitted somewhat better by a parabolic 
curve, downwards. This sort of nonlinear 
behavior, if real, could result from a small tendency 
for cluster formation. On the other hand, if the excess 
broadening is from anisotropy of the proton resonance 


gauss” zero. 


concave 


shift, the strong concentration dependence of the 
latter would account for the difference in slope and 
shape of the theoretical and experimental curves. The 
latter explanation is favored. 


B. Diffusional Narrowing 
Experimental Results 


Figure 2 shows the linewidth plotted as a function 
of temperature for each of the six samples. The line- 
width is defined here as the full separation between the 
maximum and the minimum of the first derivative of 
the absorption. It can be seen that the linewidth is 
substantially constant at low temperatures but that 
the absorption narrows quite rapidly with increasing 
temperature starting near room temperature. More- 
over, the temperature at which the linewidth reaches 
half its maximum value depends on the hydrogen 
content of the sample, increasing from 66°C for TiH) 07 
to 130°C for TiH; 933, as listed in Table II. In the region 


Paste II. Summary of quantities obtained from the diffusional narrowing of the proton resonance observed in the nonstoichiometric 
hydrides TiHe_s 
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temperature at the center of the linewidth change. 
uency factor obtained by fitting 


is the frequency factor 


.69X 10" sec 0.4110" sec" 
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1.23 


the logy, vs 1/T plots with the equationye=A exp(—Ea/RT). 
corrected for the dependence of v, upon the probability that a hydrogen has a neighboring vacant site into which it can jump; see 
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of rapidly changing linewidth, it found to be 
important to ‘‘equilibrate” the sample for about an 
hour before making a measurement. Otherwise, thermal 
inhomogeneities could lead to appreciable errors. 

Decomposition of a sample at higher temperatures 
also could lead to spurious results. If decomposition 
did occur, the sample would give results expected for a 
sample of lower hydrogen concentration, and the ap- 
parent linewidth change would be displaced to lower 
temperatures from the actual curve for the undecom- 
posed specimen. Evidence for such decomposition was 
found only in the case of TiH,..69, the sample containing 
the largest concentration of hydrogen. For this sample, 
decomposition at high temperatures led to a discon- 
tinuous decrease in linewidth. However, upon slow 
recooling, the sample reverted to its original composi- 
tion, as shown by its linewidth and second moment. 
None of the other samples exhibited such behavior or 
any thermal hysteresis in the line shape, so it is believed 
that decomposition was important only in TiHy 99 
at high temperatures. This is consistent with the condi- 
tions under which the samples could be prepared. 


was 


Activation 


The only motion which can produce the 
observed averaging out of the dipolar broadening is 
self-diffusion of the hydrogen. The extent of the narrow- 
ing depends upon the rate at which the motions occur, 
as shown by the analyses of BPP” and of Kubo and 
Tomita.” The rate of the motions is described by the 
correlation frequency »,, which may be calculated from 
the width 6H of the partially narrowed line by means 
of the following slightly modified form of the BPP 
equation 


Energy for Hydrogen Diffusion 


type of 


Ve 2 1n2)*Av/ tan[w(6H/5H)?/2 (13) 


where Av is the observed linewidth in cycles per second, 
and 6H) is the observed rigid-lattice linewidth in gauss. 
This equation is applicable only to a line shape which is 
Gaussian in the low-temperature limit. 

Fortunately, the proton line shapes observed in the 
hydrides are very nearly Gaussian, as borne out by the 
fact that the ratio of 6H to the root second moment, 
AH2, is approximately 2. In addition, the general 
shape of the absorption is preserved in the narrowed 
lines, so that any errors resulting from the slightly 
non-Gaussian character should be systematic. In 
any event, we have used Eq. (13) to calculate the 
temperature dependence of ». from the observed 
temperature dependence of 6H. These calculations 
were made only for linewidths for which 6H/6H, lies 
between about 0.1 and 0.85. For narrower linewidths, 
inhomogeneity and 7; broadening introduces errors; 
while for broader lines, errors result from approxima- 
tions in the BPP theory. 


2 N. Bloembergen, E. M. 
Rev. 73, 679 (1948). 
*3R. Kubo and K. Tomita, J. Phys. Soc. Japan 9, 888 (1954). 
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Fic. 3. The Arrhenius plot of the diffusional correlation fre- 
quency », for the five samples for which this plot was possible. 
The values = he were obtained from the linewidths given in 
Fig. 2, using Eq. (13). The least-squares straight lines are drawn 
through the data for each sample. 


The logarithm of », has been plotted in Fig. 3 as a 
function of the inverse of the absolute temperature. 
It can be seen that these Arrhenius plots give a straight 
line for each of the samples. The straight lines in the 
figure were obtained by a least-squares fit of the data 
for each sample. The lines are very nearly parallel to 
one another. The activation energy £, for self-diffusion 
of the hydrogen can be obtained from the slopes of 
the lines. The values range from 9.4-++0.5 kcal/g atom 
for TiHy 607 to 10.4+0.5 kcal/g atom for TiH; 933. The 
results are listed in Table II and are plotted as a func- 
tion of composition in Fig. 4. It appears that there is a 
small linear increase in E, with hydrogen content; 
however, the increase is of the same order as the possible 
experimental error. The least-squares linear fit of the 
data gives an extrapolated value of 10.5 kcal/g atom 
for £, in the stoichiometric hydride TiH2. These results 
are considered in more detail in a subsequent paper.”4 
It describes a very simple electrostatic model which 
leads to a semiquantitative explanation of the diffu- 
sional activation energy and the dependence upon 
hytenges content. 


“C.K. Coogan and H. S. Gutowsky, J. Chem. Phys. (to be 
published). 

4a W. Spalthoff has recently investigated the proton magnetic 
resonance in a number of hydrides including one titanium hydride, 
of composition TiH; .9s. For this sample he reports a low-tempera- 
ture (—190°C) linewidth of 11.8 gauss and the narrowing of the 
absorption at higher temperatures, centered at approx 150°C. 
In addition, his analysis of the linewidth change gives an activa- 
tion energy for proton diffusion of 5.8+0.8 kcal/mole. These 
values are all significantly below those which we report. Dis- 
crepancies of this nature would result if his sample had suffered 
decomposition at the high temperatures 250-300°C which he 
used in his experiments. We wish to thank Dr. Spalthofi for mak- 
ing his manuscript available to us prior to its future publication 
in Z. physik. Chem. 
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Fic. 4. The activation energy for hydrogen diffusion as a 
function of composition. The activation energies}shown are de- 


) 
termined from the least-squares analysis of the data given in 


Fig. 3. 
Diffusion Mechanism 


The nature of the diffusion mechanism in our samples 
is shown with remarkable clarity and directness by the 
dependence of the diffusional jump frequency », upon 
the hydrogen content. This dependence is obtained in 
simple graphical form by taking the logy, versus 1/T 
curves for the different compositions in Fig. 3 and 
constructing y, versus composition isotherms from them, 
as shown in Fig. 5. The points plotted on this diagram 
are averages in that they were taken from the least- 
squares straight lines of Fig. 3, for each specified 
temperature, and not directly from the experimental 
points because vy, was not measured for all the samples 
for exactly the same temperatures. It may be seen in 
Fig. 5 that to a very good degree of approximation, 
ve is directly proportional to the stoichiometric defect 


16 











Fic. 5. Isotherms giving the dependence of », upon the stoichio- 
metric defect 6 in the compounds TiH-3. The data plotted here 
are taken from the least-squares lines of Fig. 3. 
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6. The latter describes the concentration of vacant 
tetrahedral sites. Therefore, it is clear that the diffu- 
sion occurs via a vacancy mechanism, i.e., a hydrogen 
atom can diffuse only by jumping into an unoccupied, 
neighboring tetrahedral site, at least for the tempera- 
tures over which 6H changes rapidly. 

Our results are fitted approximately by a single 
equation of the form 


vy. =von(6/2) exp(— E./RT), (14) 


where v is a frequency factor, ” is the number of neigh- 
boring tetrahedral sites to which a proton can jump, and 
(6/2) is the probability of a tetrahedral site being 
vacant. Equation (14) predicts that the isotherms will 
be a family of straight lines going through the origin. 
Scrutiny of Fig. 5 shows that this is essentially so. 
The most striking exception is that the curves converge 
at the point »-=0, 6=0.025 rather than at the origin. 
This requires that (6/2) in Eq. (14) be replaced by 
(3) (6—6)) where 5)=0.025. 

Also, it may be seen that the experimental points for 
large 6 fall above the straight line portion of the iso- 
therms for smaller 6, and that this is more pronounced 
for the lower temperature isotherms. Deviations of this 
sort would be expected from the linear dependence of 
F upon 6. However, the deviations are actually much 
smaller than would be expected from this cause alone, 
because they are very largely compensated by the 
dependence of v) upon 6. This dependence is also 
linear, as shown by the values summarized in Table 
IT. So we can write y=vo"(1— Bs) and E,= E,°(1—Cs5), 
where »o° and £,° refer to the stoichiometric compound 
TiH.. With these revisions, Eq. (14) becomes 
¥e=vo° (1— Bd) n(4) (6—5o) exp[— (£.°—CS)/RT]. 

(15) 
The 6-dependent term in the exponential can be approxi- 
mated as (1+C6/RT), for small 6 and large 7, giving 
¥e=vo°(1— Bd) n(4) (6— bo) (1+C5/RT) 
X exp(— E.°/RT). (16) 
The values of B and C/RT are nearly equal so that 
(1— Bd) (14+Cé6/RT=1, at least for moderate values 
of 6, and our final result is 
yS=vn( >) (6— 6) exp(— E.°/RT), (17) 
which describes the isotherms in Fig. 5 very well. 


The ‘Frequency Factor” in the Diffusion Rate Law 


Aspects of Eqs. (14)-(16) which merit further com- 
ment include n, the value of vp and its dependence on 4, 
and the significance of 59. All of these affect the fre- 
quency factor in the rate expression for the diffusion 
of hydrogen. The value of depends upon the type of 
path along which the hydrogen diffuses. The tetra- 
hedral sites occupied by the hydrogen in the fcc titan- 
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ium hydride lattice are in a simple cubic arrangement 
with a cube edge of a/2. It appears that the most 
probable diffusion path is along the body diagonals of 
these cubes. A given tetrahedral site has 8 such 
diagonals leading from it; however, four are blocked 
by the titanium atoms, so 7 is 4. 

The experimental source of the frequency factors is 
Fig. 3. Extrapolation to infinite temperature of the 
logy. vs 1/T plots gives an Arrhenius frequency factor 
which is the A in the equation y», =A exp(—E,/RT). 
These values, which are listed in Table II, include the 
dependence of vy, upon the probable number, (6/69) /2, 
of neighboring vacant sites to which the hydrogen can 
jump. The “true” frequency factor® vp may be cal- 
culated from A by the relation, obtained from Eq. 
(15), 


v= A/n(4) (6— 8p). (18) 
The values which result are listed in Table II. It is 
found that they increase with decreasing 6. If this 
dependence upon 64 is fitted by the linear relation v= 
vo’ (1— BS), the values of vp in Table IT lead to a value 
for vp° of about 1.810" and for B of about 2. 

The frequency factor is a weighted mean***’ of the 
vibrational spectrum of the hydrogen atoms in the 
lattice. At first glance the numerical values of 10” 
sec! may seem to be low, but they are compatible 
with the rather flat potential function calculated*4 
for the hydrogen in the vicinity of the tetrahedral 
sites. Moreover, the steepness of the potential function 
and also the value of the vibrational frequency should 
increase with F,; this agrees qualitatively with experi- 
ment. The difficulty in obtaining very accurate values 
of vo renders a more detailed discussion profitless at this 
time. 

As to the significance of 69, it does not seem probable 
that the passing of the isotherms in Fig. 5 through this 
point could arise from experimental error. Each of the 
isotherms is well defined and linear to a high degree in 
the region of interest, and all the lines intersect at the 
same point within very close limits. This nonzero 
intercept can be interpreted according to the vacancy 
mechanism as representing the nonavailability for the 
purpose of self-diffusion of a small fraction 49/2 =0.013 
of the tetrahedral sites. Such an interpretation agrees 
with the experimental fact that it was not possible to 
produce titanium hydrides with more hydrogen than 
about TiH;.s. The inaccessibility of this 1% of the 
tetrahedral sites could arise from several causes. One 
possibility is suggested by the work of Bevington, 


%In this discussion, ». should not be identified as precisely 
equal to the frequency with which a proton jumps from one site 
to another. They are related by a constant, of the order of unity, 
whose value depends upon the complex correlation function 
which describes the diffusional motions. See e.g., H. C. Torrey, 
Phys. Rev. 92, 962 (1953) and the work cited in footnote 11. 

%S, A. Rice, Phys. Rev. 112, 804 (1958). 

27 1). Lazarus, Solid State Phys. 10, 86 (1960). 


RESONANCE 


IN TITANIUM HYDRIDE 1199 
Martin, and Matthews,”* who found that the addition of 
small amounts of O, N, and C to zirconium and titanium 
reduces the saturation concentration of hydrogen in 
the metal. The effects increase with the atomic radius 
of the impurity; one atom of oxygen inhibits the solu- 
tion of one atom of hydrogen, while one atom of nitro- 
gen inhibits 4 to 6 atoms of hydrogen. Thus, only 0.2% 
of the sites would need to be occupied by nitrogen to 
produce the observed effect, and this is not unlikely. 

Another possibility is that 49 represents sites which 
are rendered inaccessible by edge dislocations. Cottrell” 
has shown, using a simple elastic stress model, that a 
considerable binding energy for interstitial atoms 
occurs on the stress-favored side of the dislocation. 
On the other side of the dislocation, the interstitials 
are squeezed out. In order to have 1% of the tetra- 
hedral sites inaccessible from this cause, there would 
need to be about 10” dislocations/cm?, with about 20 
sites affected per atom plane. These figures are reasona- 
ble as the metal was cold-worked in the preparation of 
the powder and was probably not annealed to a suffi- 
ciently high temperature subsequently to destroy the 
dislocations. Determination of the actual cause of 6p 
requires further experiments, preferably ones in which 
the value of 59 is changed reproducibly by cold-working 
and annealing of the metal or by the controlled intro- 
duction of impurities. 


Relation of Diffusion to the Crystal Structure 


Because of the neutron diffraction® and proton 
second-moment studies, it has been assumed in this 
discussion of the diffusion mechanism that only tetra- 
hedral sites are occupied by hydrogen and that this 
occupation is random. In addition, the diffusion iso- 
therms themselves afford very strong evidence for the 
first of these points. If the octahedral sites were oc- 
cupied to a fractional extent d, then the concentration 
of tetrahedral vacancies would be (d+6), the », for 
diffusion would be approximately proportional® to 
(d+6) and the intercept of the diffusion isotherms 
would be at approximately 6=—d. The fact that the 
intercept is observed at +0.025 and that there is 
independent support for this being equal to the con- 
centration of inaccessible vacancies is strong evidence 
that even though the protons go through the octahedral 
sites, they don’t sit there long. 

However, the diffusion data offer no conclusions 
on the question of random occupancy of the tetra- 
hedral sites. If the vacancies coalesce to form vacancy 
pairs or groups of higher order, as do negative-ion 


*°C. F. Bevington, S. L. Martin, and D. H. Matthews, Proc. 
11th Int. Congress on Pure and Appl. Chem. 1, 3 (1947). 

297A. H. Cottrell, Dislocations and Plastic Flow in Crystals 
(Oxford University Press, New York, 1953). 

% There would be some deviation from a linear relationship be- 
cause occupation of an octahedral site would partially block dif- 
fusion to an adjacent tetrahedral site, if it were vacant; but this 
effect would approach zero as the tetrahedral vacancy concen- 
tration became small. 
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vacancies in alkali halides, the probability of there 
being a vacancy adjacent to a particular hydrogen 
atom will be reduced. The net result is that », is reduced 
by a factor of the form (1—k,d—k36?--+) where ka, 
k3+++ incorporate the association equilibrium con- 
stants and give the net effect of the association on the 
diffusion probability. Unfortunately, this functional 
form is indistinguishable from the dependence of » 
upon £,, and thus upon 6, which was discussed in con- 
nection with Eq. (15). 

Finally, there does not appear to be any direct rela- 
tion between the diffusion of the hydrogen and the 
various structural anomalies which occur just below 
room temperature. In fact, the diffusion rate is too 
low at these temperatures to produce any significant 
narrowing of the dipolar broadening, so there is little 
hope of detecting any anomalous change in the diffu- 
sion rate in the vicinity of the other anomalies. 


C. The Proton Resonance Shift 


Experimental Results 


It was found, by the method outlined in Sec. LB; 
that the proton resonance is shifted upfield in the 
titanium hydride samples from its position in the 
silicone reference. That is, the shift is in the opposite 
direction to that of the Knight shift found in most 
metals.'® The shifts are from 0.6 to 2 gauss out of 6300, 
which is very large for protons. However, because of 
the dipolar broadening, the shifts are a modest fraction 
of the linewidth, so considerable pains were taken to 
determine whether or not the shifts were real and, once 
this was apparent, to obtain accurate measurements of 
them. 

Inasmuch as an external reference was used in the 
shift measurements, the effect of magnetic field in- 
homogeneities was checked by changing the relative 
positions in the rf coil of the sample and of the silicone. 
This caused small changes in the apparent shift, but 
they were, at most, less than ;’5 of the observed shift. 
The magnetic field was swept from high to low fields, 
as well as from low to high, to ensure that magnetk 
hysteresis or lags associated with the integrating and 
recording system did not contribute to the apparent 
shift; but no differences were found. 

None of the particles of titanium hydride were larger 
than 10~* cm in diameter, so that one would predict*! 
any skin effects upon the resonance position to be less 
than a part in 10°, which is small compared to the ob- 
served shifts of several parts in 10*. As a precaution 
against the possibility of larger effects being produced 
by aggregation of the small particles, a sample was 
mixed with carbon tetrachloride to break up surface 
contacts between particles. The same shift was ob- 


31 A. C. Chapman, P. Rhodes, and E. F. Seymour, Proc. Phys. 
Soc. (London) B70, 345 (1957). 
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tained. Moreover, the absorption lines did not show 
any evidence of the asymmetry typical of skin effects. 
Any correction for the bulk magnetic susceptibility 
is also small compared to the resonance shifts. If we 
assume that the sample approximates an_ infinite 
cylinder normal to the magnetic field, the measured 
bulk susceptibility’ leads to a correction of the order of 
three parts in 10°. However, this is a maximum because 
the reference was contiguous with the sample proper. 
The results of all these experiments are consistent 
with the proton shifts being a real phenomenon, to be 
attributed to interactions at the atomic and nuclear 
levels, rather than to an instrumental or a bulk effect. 
Therefore, detailed measurements were made of the 
dependence of the shifts upon hydrogen content and 
temperature. Each shift reported is the mean of at 
least ten measurements; this number of measurements 
were made because the shifts are a small to moderate 
fraction of the linewidth and the signal-to-noise ratio 
left something to be desired. No effort was made to 
apply any corrections for bulk susceptibility effects 
because of their relative smallness and uncertainty. 
The proton shift was measured at room temperature 
for all six samples. From the results plotted in Fig. 6, 
it can be seen that the shift is a definite function of 
hydrogen content. It is approximately constant at 
0.01% between TiHi.. and TiH;.s5, but then increases 
sharply to 0.03% for TiHi.s97;. The temperature de- 
pendence of the proton shift was measured for TiH, 607 
and TiHi.9%9, which are the samples at the end of the 
composition range investigated. The results given in 
Fig. 7 show that the shift in TiHy 07 is virtually inde- 
pendent of temperature while that in TiH) .%9 shows a 
pronounced anomaly at about 15°C. 
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Fic. 6. The room-temperature shifts in the proton resonance, 
plotted as a function of hydrogen content. The errors shown are 
the standard deviations of ten or more measurements. All shifts 
are in the direction of higher applied magnetic fields. The curve 
fitted to the experimental points for TiHi¢07 and TiHh.969 was 
calculated by means of Eq. (32). The curve at the top of the 
figure is the bulk susceptibility, in cgs units per gram, as re- 
ported in the’work cited in footnote 1. 
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Fic. 7. The shifts in the proton resonance of TiHis07 and 
TiH) 99, plotted as a function of temperature. The errors shown 
are the standard deviations of ten or more measurements. All 
shifts are in the direction of higher applied magnetic fields. The 
curve fitted to the experimental points for TiHi.9 at —100° 
and 15°C and that for TiHi.07 at room temperature were calcu- 
lated by means of Eq. (32). The curves at the top of the figure 
are the bulk susceptibility, in cgs units per gram, as interpolated 
from the results reported in the work cited in footnote 1. 


Comparison of the Shifts with Other Observations 


The most striking aspects of the proton shifts are 
their large magnitude and their direction. The shifts 
observed in the titanium hydrides are an order of 
magnitude larger than the total range of 3 parts in 10° 
for proton shifts in ordinary diamagnetic compounds. 
For example, we searched for a shift in solid CaHp, at 
room temperature, but without positive results, that is 
|AH/H | <0.001%. Nor, apparently, is there a report 
for any of the other stoichiometric hydrides of a proton 
shift of the magnitude found for TiH 3. However, 
proton shifts have been found in two other nonstoi- 
chiometric hydrides. In the case of VHo.¢¢ Oriani et al.” 
found a relatively large upfield shift of 0.00959%, which 
is comparable with those reported here for the titanium 
hydrides of lower hydrogen content; but they also 
reported a negligible proton shift in TaHpo.s;. On the 
other hand, in PdHo., Norberg!’ found a small down- 
field shift of 0.0017%, which is the direction of the 
normal Knight shift.'® Thus, it seems probable that 
large shifts are to be found only in the interstitial, 
metal hydrides, but not in all of them. 

Except for their direction, the proton shifts in the 
titanium and vanadium hydrides are reminiscent of 
the Knight shift in metals. In fact, the hydrides exhibit 
electrical conductivity and bulk paramagnetism similar 
to the pure metals. The Knight shift in metals is well 
known!* and arises from the interaction of the conduc- 
tion electrons, near the Fermi surface of the metal, 
with the metal nuclei. In an externally applied magnetic 
field H, these unpaired electrons have a net spin 
polarization x,f which contributes a local magnetic 
field at the nucleus. This local field AH is proportional 


® R. A. Oriani, E. McCliment, and J. F. Youngblood, J. Chem. 
Phys. 27, 330 (1957). 
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to the product of x,H and the density (|War(0) |?) ay 
of the conduction electrons at nucleus M. In particular, 
the local field shifts the resonance position by a frac- 
tional amount 


AH/H = (8x/3)xp%( \War(O) |2) a0, (19) 


where the superscript @ on x, indicates that the Pauli 
or spin susceptibility is in atomic units. If the suscepti- 
bility is given in cgs units per gram, xp’, Eq. (19) 
becomes 

AH/H = (82/3) Mxp"( |W (0) |? wv, (20) 
where M is the atomic or molecular weight of the 
sample. 

In this expression, (|War(0) |?)4 is unknown and 
cannot be calculated for most metals, and so the 
assumption is made that an indication of its value can 
be obtained from the equivalent expression for the 
free atom, |W(0) |?. There are several ways of obtain- 
ing the latter,!® of which the most direct is from the 
experimental determination of the atomic hyperfine 
coupling constant, a(s), which is given by 


a(s) = (1672/3) (ur/I) up |Wa(0) [2 (21) 


where uw; and J are the nuclear magnetic moment and 


spin, respectively, and wz is the Bohr magneton. With 
the further definition of £ as 


E= (\War(O) |? )a/ |Wa(0) |?, (22) 


“ 


which is of the order of unity, we can write Eq. (20) as 


AH/H =a(s) Mxp%/2grur, 


E (23) 


where gr is the nuclear magnetogyric ratio. It is to be 
noted that the shift results from the contact part 
¥ (0) of the electronic wave function and that, therefore, 
only s conduction electrons make a direct contribution. 

The shifts predicted by this equation are opposite in 
sign to those observed for protons in the titanium 
hydrides; but the magnitudes can be comparable 
depending upon the values of & and x,%. In fact, both 
positive and negative proton shifts of the same magni- 
tude as those in the titanium hydrides have been 
found insolid free radicals.* These shiftsare proportional 
to the spin susceptibility and distribution in the radical 
of the unpaired electron and depend upon the electron- 
nucleus hyperfine interaction as do the Knight shifts. 
Therefore it is of interest to compare the proton shifts 
with the spin susceptibility of the titanium hydrides. 
Unfortunately, the latter is not directly available, as 
it is difficult to separate the spin and diamagnetic 
components from the bulk susceptibility x. However, 
the spin susceptibility is of the same order as the bulk 
susceptibility, and for the transition metals it is a pretty 
fair approximation to take them as equal because the 


88'T. H. Brown, D. H. Anderson, and H. S. Gutowsky, J. Chem. 
Phys. 33, 720 (1960); and earlier work cited therein. 
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effective mass m* of the electron is large.“ On this 
basis, Eq. (23) predicts that the proton shifts should be 
proportional to the bulk molar susceptibility, x =M x’. 
However, the change in hydrogen content causes M to 
vary only from 49.5 to 49.9 g mole, which can be 
neglected; therefore, our comparisons are given in terms 
of the x’ values from the literature. 

Figure 6 includes the dependence upon hydrogen 
content of x as well as of the proton shift. It may be 
seen that both x? and the shift increase with increasing 
hydrogen content. However, x’ has a small anomaly 
at TiH).7, for which there may be no counterpart in the 
shift, but more shifts would need to be measured in the 
vicinity of this composition to establish the point. 
Probably of more importance is the fact that over the 
range of hydrogen content investigated, the shift 
increases by a factor of three while x” increases by only 
about 15%. In Fig. 7, the temperature dependence of 
x’ parallels that of the shift for the two samples in- 
vestigated. Particularly striking is the correspondence 
between the anomaly in the shift and in x at 15°C 
for TiHj.99. This shows very clearly that the proton 
shifts are directly related to the magnetic susceptibility 
of the electrons in the hydrides. However, again the 
quantitative comparison is poor in that the shift at the 
anomaly is larger than that at —50°C by a factor of 
about 1.5 while x? is only about 5% larger. 

It seems that there is no simple, direct link between 


the diffusional motion of the hydrogen and the proton 
shifts. The sample of TiH.9%9 exhibits an anomaly in 


the shift over a temperature range where there is 
negligible diffusion. On the other hand, for TiH; .¢07 the 
ve for diffusion is of the order of 10° sec—! at 50°C, », 
changes considerably over the temperature range for 
which the proton shift was measured, and yet there are 
no anomalies in the shift. Of course, it is conceivable 
that there is an inverse relationship between the 
anomaly and the hydrogen diffusion; that is, the hydro- 
gen diffusion disrupts the interactions producing the 
anomaly and reduces the magnitude of the anomaly in 
the samples of lower hydrogen content. 


Origin of the Proton Shifts 


From the results discussed in the foregoing section, 
we conclude that the proton shifts are related to some 
electronic interaction or property which makes an 
appreciable, but not dominant contribution to the bulk 
magnetic susceptibility of the titanium hydrides. There 
are several such possibilities. The diamagnetic or orbital 
effects of the conduction electrons produce shifts to 
higher fields. However, detailed calculations® have 
shown that these contributions are at most of the 
order of a few percent of the spin effects, so it seems 
reasonable at this stage to consider further only the 
latter. 


34 C. Kittel, Solid State Physics 


York, 1956), 2nd ed., p. 295. 
3% T. P. Das and E. H. Sondheimer, Phil. Mag. 5, 529 (1960). 
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There are three ways in which the spin polarization 
of the conduction electrons can lead to a shift in the 
proton resonance: 

(a) The conduction electrons themselves can have a 
finite density at the protons. This, however, would 
give rise to a Knight shift which we have already noted 
is opposite to the observed shifts. Therefore, any con- 
tribution of this nature must be overcome by the 
mechanism(s) responsible for the negative sign of the 
observed proton shifts. 

(b) There can be a direct bonding overlap between 
the conduction electrons and electrons localized in 1s 
orbitals centered on the protons. By the Pauli exclusion 
principle, this would pair the spin of the 1s electron 
antiparallel to that of the conduction electron, and 
there would result a proton shift opposite to the Knight 
shift. This type of effect we will denote as a “direct 
exchange”’ interaction. 

(c) The conduction electron density on the titanium 
atoms can participate in an exchange interaction with 
the bonding electrons in atomic orbitals centered on 
the titanium atoms. This Hund’s rule coupling tends 
to orient the spins of the bonding electrons parallel to 
those of the conduction electrons. The bonding elec- 
trons centered on the titanium atoms transmit the 
spin polarization, with a change in sign, to the protons 
via the exchange interaction in the covalent part of 
the Ti—H bond. The model is similar to that for the 
C—H fragment, where a positive spin polarization of 
an odd electron in the z orbital on the carbon gives rise 
to an upfield shift of the proton resonance.* This 
mechanism will be called an “indirect exchange.” 

It is beyond the scope of this work to attempt a 
general a priori calculation of the various electron- 
electron, electron-nucleus, spin-spin interactions which 
we have divided in the fashion just described. For 
example, it is very difficult to estimate the indirect 
exchange to better than an order of magnitude in the 
simpler, isolated-fragment 6 Instead, we will 
present an ad hoc analysis which seeks to identify the 
factors responsible for the major features of the ob- 
served proton shifts. These include the sign and magni- 
tude of the shifts and their dependence upon tempera- 
ture and sample composition. 

From a phenomenological viewpoint, we assume that 
the proton shift is proportional to x,*, where the latter 
is the spin susceptibility of electrons “on” the hydrogen 
atoms, expressed in gram atomic units. The effects of 
the direct and indirect exchange interactions between 
the conduction electrons, which presumably are con- 
centrated on the titanium atoms, can be combined in 
the expression 


case.” 


Xu? = — xT". (24) 


This means that there is a probability 7 for the spin 


3% H. M. McConnell and D. B. Chesnut, J. Chem. Phys. 28, 
107 (1958); and prior work cited therein. 
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susceptibility xri? of conduction electrons “on” the 
titanium atoms to be transmitted with a change of sign 
to electrons about the protons. As defined here, 7 
includes the effects of both the degree of the spin 
exchange and the extent to which the orbital on the 
hydrogen is occupied. One might next be inclined to 
say that x», the spin susceptibility of the conduction 
electrons, should equal x7ri*. However, this leads to the 
result that xri* is directly proportional to x’, and that 
the proton shift is also directly proportional to x’. 
But this is incompatible with the observed tempera- 
ture dependence of the proton shifts, unless the polariza- 
tion exchange probability 7 in Eq, (24) is very sensi- 
tive to temperature. To be sure, one would expect some 
dependence of » upon temperature and hydrogen 
content; however, for simplicity we will assume it to 
be constant and explore the consequences. 

A comment on notation may be helpful here. The 
symbol x, has been used to designate the Pauli sus- 
ceptibility, which is the spin susceptibility of the con- 
duction electrons. Titanium hydride differs from metals 
in that according to our atomic orbital model, xp is 
but one of several contributions to the total molar 
spin susceptibility x,. Nonetheless, one would still 
expect the latter to be approximately equal to the bulk 
susceptibility in the hydride, ie., x,=Mx%, just as 
Xp=Myx?’ in the metals. The effective mass of con- 
duction electrons is large in the transition metals, so 
their diamagnetic, orbital contributions to the bulk 
susceptibility are very small**; and one would expect 
this to apply to the titanium hydride as well, because 
the Ti-Ti distance in the hydride is not very different 
from that in the metal and the conductivity is of the 
same order. Moreover, in the hydride, the electrons 
centered on the protons contribute mainly to x, be- 
cause they are s electrons. 

With 7» constant, the temperature dependence of 
the proton shift can be fitted by assuming that there is 
a relatively large, constant component of x, which is 
not involved in the exchange interactions; that is 


Xe,er! =xXs—xX0=M(x"— x0"), (25) 


where xo and xo” are constants and x..." is the nef 
component, in gram mole units, of the spin suscepti- 
bility of electrons associated with the exchange inter- 
actions. This latter quantity consists of opposing con- 
tributions from electrons centered on titanium and 
hydrogen atoms. For TiH»_;, this approach leads to 
the relation 

Xs,er” = xi? + (2—5) xq", (26) 
which, upon substitution of Eq. (24) and rearrange- 
ment, becomes 


Xn? = —Xe,er"/[1— (2—5)n]. (27) 


This can be related to the observed bulk susceptibility 
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per gram x? via Eq. (25), giving 
Xn* = —M(x°— xo?) /[1— (2—4) 0]. (28) 


Equation (28) provides a basis for calculating from the 
bulk susceptibility the proton shift produced by the 
exchange interactions. 

For this purpose, we modify Eq. (23) for the Knight 
shift by substituting x,,° for xp. This gives 


(AH/H) 2c =@(S)Xq%q/2¢ruB, (29) 


where £y is the ratio of |y(0) |q? for a 1s electron on a 
hydrogen atom in the titanium hydride solid to that fora 
free hydrogen atom. In addition to the exchange inter- 
action, there is the possibility that the conduction 
electrons themselves have an appreciable density at 
the protons and thus makes a direct Knight-type 
contribution to the proton shift. This requires a model 
similar to that applied with considerable success to the 
case of substitutional alloys,!® except that allowance 
must be made for the difference in conduction electron 
density about the hydrogen atom compared to the 
titanium atom. A difficulty arises, however, in deter- 
mining the value of the spin susceptibility to be as- 
sociated with this direct Knight shift. Probably it is as 
reasonable a choice as any to use xri* for this purpose 
On this basis one obtains 


(AH/H) x=a(s) xritériMén/2g rus, 
where £7; is defined as the ratio 


Ei = (|W CH) |?) /(\W(Ti) |?) 


(30) 


(31) 


In both Eq. (29) and Eq. (30), a(s) is the hyperfine 
interaction constant for the free hydrogen atom. The 
Knight-type contribution can be expressed in terms of 
the bulk susceptibility x” by elimination of x7;* with 
Eqs. (24) and (27). The final result is 


AH/H=(AH/H) 2+(AH/H)x 
=[a(s)&/2grue ](1—Er®/n) xn* 


(1—&r#/n) M(x2— x0") 
=([a(s)&u/2grms2 |] —— 7 par Ye i —". (32) 


The various experimental observations of the proton 
shifts are fitted at least semiquantitatively by this 
equation with more or less reasonable values for the 
four adjustable parameters &n, fri", n, and xo’. 


Comparison of the Exchange Interaction Model 
with Experiment 


For the temperature dependence of the proton shift 
in a specific hydride, Eq. (32) reduces to the form 


AH/H=4A3(x°—x0"), (33) 


37 This contribution was not included in the preliminary analysis 
reported in work cited in footnote 24. However, if it is not in- 
cluded, an unreasonably low value of 0.125 is required for &q in 
order to fit the data. 
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where the ‘“‘constant” As depends upon 6. A value of 
3.25 is obtained for xo” by fitting this equation to the 
experimental proton shifts and bulk susceptibilities 
at —100° and 15°C for TiHh 99. The solid curve drawn 
through the experimental shifts plotted in Fig. 7 for 
TiHi .69 was calculated from the bulk susceptibility at 
the top of the figure by means of Eq. (33) with this 
value of 3.25 for xo’. The parameter 7 can now be 
evaluated via Eqs. (32) and (33) from the ratio of 
A; for samples of two different compositions. In this 
manner a value of 0.37 is obtained for n from the room 
temperature proton shifts and bulk susceptibilities 
of TiHi 607 and TiHy 9%. The temperature dependence 
of the proton shifts in TiHi.eo; has been calculated 
from the experimental bulk susceptibilities given at the 
top of Fig. 7, using Eq. (33) with 7=0.37 and xo’= 
3.25. The solid curve at the bottom of the figure shows 
the results. 

Thus far we have considered only the relative 
values of the proton shifts. The various constants in 
Eqs. (32) and (33), excepting 7 and xo? but including 
ty and éy\# have been treated as a scale factor. The 
latter two remaining parameters can now be evaluated 
by fitting Eq. (32) to the numerical values of the shift 
and bulk susceptibility at a point. For consistency, we 
have used the values for TiHi 607 at room temperature. 
The result is not a unique value for both éq and £7; but 
a function relating one to the other, namely, 

Ep! =0.37—0.0478y71. (34) 
By employing this condition in Eq. (32) along with 
n=0.37 and xo?=3.25, we have calculated the depend- 
ence of the proton shift upon sample composition from 
the bulk susceptibilities plotted at the top of Fig. 6. 
The result is the solid curve drawn at the bottom of 
the figure. 

It can be seen that this and the other calculated 
curves agree reasonably well with experiment. The 
temperature dependence of the shifts is fitted very 
well. However, the observed dependence upon composi- 
tion is nearly an exponential rise as the stoichiometric 
compound is approached, while the calculated curve is 
hyperbolic. In treating the dependence upon composi- 
tion, one might argue about the effects of the inaccessi- 
ble sites. For instance, should not the term in the 
denominator of Eq. (32) be (2—6—69) rather than 
(2—6)? If the former is used, one obtains a slightly 
different value for 7; however, the agreement between 
calculations and experiment is not affected materially. 
There is some slight evidence that the positive charge 
on the hydrogen increases with hydrogen content”; if 
true, this would decrease y and improve the fit between 
the calculated and experimental shifts. 

The values of the various parameters obtained by 
fitting the experimental data with Eqs. (29)—(34) 
appear to be feasible. Although Eq. (34) does not 


provide a numerical value for either ér# or &y, an 
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independent estimate can be made for éqy. Even here, 
there are a large number of factors which could affect 
the value, such as a van der Waals expansion of the 
electron orbital,*® electrostatic effects of the surround- 
ing titanium atoms, and reduction of orbital overlap by 
contraction of the hydrogen orbital. Hydrogen is most 
closely related to the alkali metals and for Li, Na, Rb, 
and Cs, & increases in the sequence" 0.43, 0.72, 1.00, 
and 1.3, respectively. Therefore, a value of about 0.4 
seems appropriate for &; and, in any case, one would 
not expect &_ to be greater than unity. Accordingly, 
Eri would be about 0.27 and no larger than 0.32. 
Returning to Eqs. (29) to (32), we note that this 
requires the Knight contribution to the proton shift to 
be nearly { as large as the exchange contribution. 
Hence, the analysis suggests that the proton shifts 
result from a fractional difference in the opposing 
effects of the Knight and exchange contributions. 

The value of &r; itself seems feasible. It represents 
the decrease of the conduction electron wave function 
in the vicinity of a titanium atom, and the estimated 
value of 0.27 is certainly less than unity as would be 
expected. Moreover, a value as large as 0.3 is not out of 
the question because each hydrogen atom is surrounded 
by a tetrahedral first shell of titanium neighbors for 
which the H-Ti internuclear separation is only ~1.9 A. 
Of course, if x» were used, instead of the smaller quan- 
tity xri*, to calculate the Knight-type contribution, 
Eri! would be less by a reciprocal factor. 

This raises the question of the significance of xo’. It 
represents a large component of the spin susceptibility 
which does not participate in the exchange interactions. 
This is compatible with our use of xri* in Eq. (30), 
which assumes that xo” does not participate in the 
Knight-type contribution to the proton shift, because 
both involve the conduction electron distribution at the 
“exterior” of the titanium atoms. This suggests that 
xo’ be interpreted as a contribution to the spin suscepti- 
bility from the titanium “‘cores.”’ The outer electron 
configuration of titanium is 3d*4s? and it is possible that 
either the d or s electrons are involved preferentially 
in the exchange interactions. In principle, this could be 
checked by observing the titanium resonance shift in 
the hydrides. In this regard it is suggestive that xo" is 
very nearly the same as x? for the pure metal. In fact, 
the experimental results can be fitted somewhat better 
by using x?’ for the pure metal in Eqs. (32) and (33) 
instead of xo?=3.25. This procedure gives a slightly 
lower value for n, 0.34 instead of 0.37, with a correspond- 
ing modification in Eq. (34) for the value of &pi". 

The picture emerging is one in which each hydrogen 
atom donates some fraction of its 1s electron to the 
conduction band of the solid hydride.The proton shift 
and the change in bulk susceptibility of the hydride 
from that of the metal are determined largely by the 
electrons contributed to the conduction band and by 


38 F, J. Adrian, J. Chem. Phys. 32, 972 (1960). 
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the electron density remaining localized in the hydrogen 
1s orbital. Accordingly, the fact that 7 is less than unity 
results at least in part from incomplete occupancy of 
the hydrogen 1s orbital; and it would seem that the 
hydrogen has a net positive charge, counter to what 
would be expected from electronegativity arguments. 
The value of 0.37 found for » is acceptable insofar as 
we can judge. It equals the extent to which the hydro- 
gen 1s orbital is occupied times the factor describing 
the extent of the spin coupling by the exchange mechan- 
ism(s). Thus, the value of 0.37 for 7 corresponds to a 
range in occupation number from unity to 0.37 while 
the reciprocal range for the coupling factor is 0.37 to 
unity. In the -C-H radical fragment, for which the 
hydrogen 1s orbital is essentially fully occupied, a 
factor of about 0.05 describes transmission by the 
indirect exchange mechanism of the spin polarization 
of the unpaired electron to the hydrogen 1s electron. 
This factor should be several fold larger for titanium 
because of its larger nuclear charge. However, it is 
unlikely to be as large as the required minimum value 
of 0.37, which suggests that the direct exchange inter- 
action is important. 

An entirely different approach to the nature of the 
shifts can be based upon the relation between the 
Knight shift and the spin-lattice relaxation time in 
metals. Korringa**“° has derived the following ap- 
proximate expression for the metal nucleus, 

T,(AH/H)?=hyp?/rkT gP. (35) 
Experimental values of the proton 7 are available” 
for TiH,.7 from room temperature to 400°C. The 7; 
value remains virtually constant over the lower 60°C 
of this range, decreasing from 0.39 sec at room tempera- 
ture to 0.35 sec at 90°C. The effects of self-diffusion 
begin to be important at higher temperatures and the 
T, decreases sharply. However, the 7; at lower temper- 
atures is due presumably to the interactions with the 
conduction electrons. If Eq. (35) applies to the protons 
as one would expect for the model described, the room 
temperature shift of 0.01% corresponds with a T, of 
0.09 sec. The factor of 4 between this value and experi- 
ment is within the approximations. Moreover, the 
temperature dependence observed for 7) is in accord 
with Eq. (35). It is of interest that the net proton shift 
must be used in Eq. (35) to obtain agreement with 
experiment. If the Knight or the exchange contribution 
to the shift were used, or the sum of their absolute 
values, the observed 7; would be 35, 65, and 200 times 
longer, respectively, than that calculated with Eq. 


(35). 
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Negative Knight Shifts in Other Systems 


On the basis of the very limited information available 
on proton shifts in other nonstoichiometric hydrides, 
they appear to be related to the nuclear charge Z of 
the metal. Starting at low Z, the room-temperature 
proton shifts are —0.012% for TiHh ¢07, —0.009;% for 
VHo.66," 0.0000% for TaHo.33* and +0.0017% for 
PdHo ¢6.!° In view of the sensitive balance of opposing 
factors which govern the shifts, this apparent Z de- 
pendence could very well be accidental. Further study 
of these systems is needed to check the basic features 
of the model proposed before one can inquire, for 
example, whether the differences in the proton shifts 
of particular hydrides result mainly from the effects 
of the radius ratio and electronegativity of the metal 
on 7 or from other differences in the nature of the 
conduction band. 

In our preliminary report, there was included an 
attempt to evaluate » for VHo.es using the observed 
proton shift in combination with that for V®™ in the 
hydride compared to that in the metal. It is now 
apparent that the situation is more complex than was 
then assumed. However, there are some qualitative 
features which illustrate what might be gained by 
detailed studies of the metal as well as of the proton 
resonance shifts. By combining Eqs. (24), (29), and 
(30), we can express the proton shift in vanadium 
hydride as 


AH/H = agin (Ev! —n) xy*/ 22 que. (36) 


Also, Eq. (23) gives the Knight shift for the vanadium 
resonance in the hydride to be 


hy =AH/H=a yevXk,v"/ 22 yhB, (37) 


where x:,y7 is that portion of the Pauli spin suscepti- 
bility which contributes to the V™ Knight shift, and 
Xy* is that involved in the exchange interactions. 

A value of 0.72% is obtained for ky in VHo.ss by 
adding the 0.17% downfield shift observed for the V® 
resonance in it compared to the metal, and the 0.55% 
Knight shift for the metal itself.!® Upon substitution 
of this and the other available experimental data into 
Eqs. (36) and (37) and dividing the latter, one finds 


n=ty4+0.094(E,/Es) (xEy?/Xy”)- (38) 


If the same values, 0.3 and 0.4, are assumed for £7 
and &, as were employed for titanium hydride, and a 


value of 2.7 for &,,!° Eq. (38) becomes 


n=0.3+0.63 (x%,y7/Xy")- (39) 


Even when allowance is made for the fact that 2.7 is 
probably too large a value for &,, Eq. (39) gives a 
reasonable result for 7 only if x:,y7<xy*. That is, the 
spin susceptibility of conduction electrons contributing 
to ky is less than that of the conduction electrons 
participating in the exchange interactions with the 
hydrogen atoms. However, even though this might be 
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explained by saying that the exchange interaction 
involves only the d electrons of the vanadium 3d*4s 
outer configuration, the 0.17% V*! shift between the 
hydride and the metal requires that the s electrons be 
affected as well. More detailed analyses of such ques- 
tions can be based upon the bulk susceptibilities. 
Moreover, it would be helpful if the resonance of the 
conduction electrons could be observed. 

The first report of negative Knight shifts was made 
by Bloembergen and Rowland, who observed nega- 
tive shifts for both components in an ordered inter- 
metallic compound NaTI. There is some doubt about 
the Na* shift, which is small (—0.016%) and may be 
due to a chemical shift or to uncertainty about the 
datum for shifts. The authors tentatively suggested 
that the effect may be due to configurational interac- 
tion,' in which an inner s electron is promoted to a 
higher s-type orbit in the conduction band. Negative 
Knight shifts have also been reported for the Al?’ 
resonance in the magnetic rare earth intermetallic 
compounds® having the cubic Laves structure, for a 
and 8 Mn,* for Pt,“* for Sn and Ga in the intermetallic 
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4T. J. Rowland, J. Chem. Phys. Solids 7, 95 (1958). 
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compounds NbsX and V;X,* and for the Pt, Ga, Sb, 
and Si resonances in the intermetallic vanadium com- 
pounds V;X. An exchange interaction between the f 
electrons localized on the rare earth atom, and the 
conduction electrons has been proposed as the origin of 
the negative aluminum shifts.” Our results for titanium 
hydride have been interpreted in terms of exchange 
interactions of somewhat different character, and it 
appears likely that the negative shifts in the intermetal- 
lic compounds also involve exchange interactions. 
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The properties of a macroscopic classical system consisting of 
some 10” molecules are determined by a probability density 
function W of the complete [' space of moments and coordinates 
of all the molecules. This probability density function is that of 
the ensemble representing the totality of all experimental systems 
prepared according to the macroscopic specifications. The entropy 
is always to be defined as the negative of & times the integral 
over the distinguishable phase space of W InW/T. However, the 
total probability density function W, even for a thermody- 
namically isolated system, does not obey the Liouville equation, 
dW /dt=LW, since small fluctuations due to its contact with the 
rest of the universe necessarily ‘‘smoothes” W, by smoothing the 
direct many-body correlations in its logarithm. This smoothing 
is the cause of the entropy increase, and in systems near room 
temperature and above, in which there is heat conduction or 


chemical species diffusion, the smoothing keeps the true entropy 
numerically equal to that inferred from the local temperatures, 
pressures, and compositions. This, however, is by no means 
necessarily general. The criterion of thermodynamic isolation is 
not that the complete probability density function W is unaf- 
fected by the surroundings, but that reduced probability density 
functions w, in the I space of n=2,3,+++ molecules evolve in time 
as if the system were unaffected by the surroundings. This cri- 
terion is sufficient to give a mathematically definable method of 
“smoothing” the complete probability density function. The 
smoothing consists of replacing the direct many-body correla- 
tions in InW by their average n-body values, n=2,3,+++, such 
that the smaller reduced probability density functions w, are 
unaffected. 





A. PHENOMENOLOGICAL DISCUSSION 


I. Introduction 

E wish to discuss, from a statistical mechanical 

viewpoint, the approach of an isolated thermo- 
dynamic system to equilibrium. The object of the 
discussion is to point out, in some detail, a mathe- 
matical description of the ensemble distribution as a 
function of time, in which those terms of negative 
entropy which disappear in time are precisely formu- 
lated. The pure mathematics are, however, far more 
clearly presented if first the motivation for the descrip- 
tion is given. In addition it is necessary to emphasize 
why the mathematical proofs presented, which them- 
selves are almost trivial once the description is made, 
are apparently so limited in nature. Several theorems 
which one might expect to be correct are simply not 
true, as is evidenced by the existence of simple counter 
examples. 

We therefore first discuss some well-known paradoxes, 
one of which particularly appears to us to have been 
given too little attention. In order to make the discus- 
sion as explicit as possible we restrict our attention to 
a particularly simple class of systems. The general 
features of our conclusion are applicable to a far wider 
variety of examples. 

We discuss an isolated thermodynamic system of 
simple molecules in the absence of external forces other 
than those supplied by the retaining wall, which latter 
are assumed to exert only short range forces. The 
volume V, energy /, and number set N= Na, No, +**, 
etc., of molecules of species a, b, +++ are fixed for all 
times. Since we wish to discuss nonequilibrium states 
there must be at least one other parameter which we 
designate «(f) that can vary with time. We assume 
that there is local thermodynamic equilibrium, so that 
the state at any time is described by thermodynamic 


parameters; in other words that x(t) has a thermo- 
dynamic significance. We do this in order to be able to 
discuss a thermodynamic entropy S(t); that is, we 
assume that a conceivable process of inserting insulating 
diaphragms which will stop all fluxes would be a re- 
versible process, and that the thermodynamic entropy 
could then be analyzed by the usual thermodynamic 
methods on the separate parts of the system. On the 
other hand, we could also infer the temporary value of 
S(t) by knowing the temperature, composition, and 
density, at ¢, in every part of the system. We shall later 
make a distinction between these two methods of 
determining S(t). 

In general x(t) would :be a function of the space 
coordinate r in the system, say the local temperature 
T(r), or composition, or hoth, but in order to simplify 
the discussion we shall tacitly assume that a single 
number, such as the difference in temperature or com- 
position at top and bottom is adequate. We choose x 
so that x(t= ©) =x,.q=0 and in general that «(t=0) = 
xo>0. The behavior of the system is that x decreases 
in time, approaching zero asymptotically, and, at least 
after long times, it presumably decreases exponentially. 
We assume the time constant to be of the order of 
minutes, so that, say «(t= 10* sec) =40/e, Fig. 1. 

The negative entropy — S(t), also decreases with ¢, 
and —AS(t)=—S(t)+S(t= ©) =—S(1)+ Seq 
roughly parallels x(t). The plot of Fig. 1 may be re- 
garded, qualitatively, as being either for » or for the 
negative excess inferred thermodynamic entropy. 

We remark here that if the value of x(¢) (or its func- 
tional dependence on the coordinate r at ¢) determines 
all properties of the system at ¢ and for all future times, 
independently of past history, then the system is com- 
pletely described at all times by the static thermo- 
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[or —AS(z) ] for an ensemble W (0, ¢ 


and for an ensemble W (s, ¢) started at t=s, 
two ensembled obtained by “mirroring” these at t=/ 


dynamic variables. Many systems do not have this 
property. For instance, the state of certain glasses 
depend on the speed with which they have been cooled. 
Other systems, which go to an eventual equilibrium, 
appear to show hysteresis in certain phases of de- 
velopment, the properties at f+At depending on the 
past history at ¢<é, as well as upon instantaneously 
measurable properties at fo. We will discuss the sig- 
nificance of this later. 


II. Mechanical Description 


Since we prefer to talk about coordinates and 
momenta and the correlations between them, rather 
than phase relations between vector functions in Hil- 
bert space, we assume that the system is purely classi- 
cal. The mechanical state is specified by giving the 
coordinates and momenta 

(Z:4) 


Yia= T te. P ia 


ee a 


of every molecule 1a<i,< Na for all species a. We will 
tacitly assume that there are no internal coordinates, 
Tis=Xiay Viay Zia, although this assumption is not 
explicitly used. The complete [' space specification is 
then symbolized by 


(N} 


and the symbol d{N} is used for the volume element. 

The potential energy function Ux{N} is assumed to 
be a true potential, and to include only pair interac- 
tions plus singlet terms due to the walls, 


ia=Na 
Ux{N} >. >. u, (wall, r; 
O25 der Ba es tual? 


“Ta 


This assumption is more essential to our argument 


started at /=0 and x=», 


vz, and also for 


. subsets N= m,, 
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than we would like it to be. The effect of violations of 
Eq. (2.4) are briefly discussed at the end. 

For given initial thermodynamic parameters, V E, N, 
Xo, etc., we define an initial ensemble consisting of the 
totality of all systems experimentally prepared accord- 
ing to these specifications, and define a probability 
density function, Wo{N}, such that this function gives 
the probability density of finding a member of the 
ensemble at the fully determined I-space position 
{N} at ¢=0. The normalization used is that 


(2.6) 


fasion WofN}=1, 
N!=N,!N!-<°, (2.7) 


so that Wy|N} represents the probability density of 
finding any molecule of species @ at the position ia, 
etc., rather than the probability density for finding a 
previously numbered set at the numbered positions. 

If the Hamiltonian is fully time independent, namely, 
if there is a true time-independent potential such as 
that specified by Eq. (2.4), the time evolution of W is 
given by 


oW (t, N) /dt=LW (t, {N}) (2.8) 


with L the Liouville operator (Sec. [X). Symbolically, 
we have then, at time f, 
W(t, {N}) =e=Wo{N}. (2.9) 
The average value (F) in the ensemble of any func- 
tion F{N}, and hence of any instantaneously measure- 
able physical quantity, is given by 
F)= fatNjONIHFIN}WIN}, (2.10) 
and is therefore, by Eq. (2.9), determined for all time 
through WV». Measurable macroscopic quantities F{N}, 
however, always consist of a sum of functions each 
dependent only on the phase space, either of single 
molecules or at most on the [T space, {m}n, of small 


ny, *** of molecules. We can formally 
write 
n=m 


a > fa{njn, 


n=1 (n) N 


F{N} (2.11) 
Natuy+:++, of numbers 
of molecules whose I’ space appears in a single function 
is m, and the sum, for each set n, runs over the 
N!/(N—n)!n! different possible subsets {m}y for 
given N=, Np, etc. 

For instance, the kinetic energy in a sum only of 
singlet terms, n=a or J, etc., Piat Pia/2ma. The po- 
tential energy of Eq. (2.4) depends on pair terms 
Uab(Tia,jb). The pressure, through the virial theorem, 
also depends on singlet and pair terms only. All thermo- 
dynamic properties are fully determined by functions 
up to m=2. Static properties involve only functions 


where the largest value, 7 
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which are even in the momenta, whereas flux variables 
have functions which are odd in the momenta. 

At least one measurable instantaneous property, 
namely, slow neutron scattering does, in principle, 
involve functions up to m=4. The interference of only 
two scattering molecules determines the angular de- 
pendence of the scattering amplitude, but the mo- 
mentum transfer is affected by the forces exerted on 
these molecules by their neighbors. 

We define reduced probability density functions 
wn{m} of the I space of small sets n of molecules. The 
integral operators 


hei ext d{N}, 


ii [N-n} d{N—n} 2.12) 


occur so often that we find it convenient to use the 
shortened symbolism. With this notation we have 
Wn{N}=9Inx-.W{N} (2.13) 
and, since there are N!/(N—n)!n! subsets {n}y for 
each n, it is seen from Eqs. (2.10) and (2.11) that 


n<sm 
(F)= > 9" fa{m}wa{n}. 


n=l 


(2.14) 


We wish particularly to emphasize that all in- 
stantaneously measurable properties of a system de- 
pend only on those functions w, for n up to some small 
value n=m, and that the pure thermodynamic proper- 
ties depend on wy, only up to n= 2. 


III. Entropy and InW 
The thermodynamic entropy S for a system in 
thermodynamic equilibrium is given by the equation 


— S/k=InW{N} In(W{N}/9), (3.1) 


where the Inh* is used to assure a value consistent with 
the third-law quantum mechanical absolute entropy. 
The quantity In(W+'") may be written as 


In(Wh'*) = Y°o, {N}, 


n=0 


(5:2) 
where ®y is a constant. The other terms are the sums 


la==Ne 
BIN}=D ¥ t.(yu), 


a ta=!1 


> onfm}n (don n), 


in} N a 


®,, } N \ 


the term ®, being a sum” over the N!/(N—n)!n! 
different possible subsets of n=~,, 7», molecules, of 
functions ¢, of the I’ space {m}~ of these molecules. 
The functions ¢, would be uniquely defined only if we 
require that they, in turn,"do not contain additive terms 
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expressible as a sum of functions of smaller subsets of 
molecules. 

For an equilibrium system 


b= —(PV/kT), 
bal ¥ ia) = (Ma/RkT) —Pia* Pia/2makT, 
dad( ¥ ia Vib) = —Uad(F ia, jo) /RT, 
®,{N}=0, 23, 3.4) 


where pa in ¢, is the chemical potential of species a. 
For the equilibrium system we could obviously have 
added 
> Noaba/kT=N+ w/kT (3.5) 

to the constant term ®, and subtracted u./kT from 
each of the NV, terms ga, writing = A/kT with A the 
Helmholtz free energy. This is a more familiar form 
than Eq. (3.4) for the closed system. 

We wrote the equations as in Eq. (3.4) to make the 
form for the initial nonequilibrium state with zero 
fluxes more obvious, namely, 


$a ( ¥ ia) = pa (Tia) RT (Tia) — Pe * ia ‘2maRT (fia), 
dab= —Uar(1 ia) (SLR T (Pia) F'+2LkT (te) }, (3.6) 


which represents the function InWh** through Eqs. 
(3.3) and (3.2) for the local thermodynamic equi- 
librium of given T(r) and ywa(r). The constant Bo 
must, in general, be determined by the normalization 
condition, Eq. (2.6). We discuss this later in Sec. X. 

In general, then, if we use Eq. (3.6) with ®,=0, 
n> 3, as initial states, the time evolution of InW (t{N}) 
and hence of the functions ®, of Eq. (3.2) are deter- 
mined by the Liouville equation. The nature of the 
equation is such that , for n>>3 becomes nonzero for 
t>0. We discuss this in more detail in Sec. IV. 

For given functions ¢,{n} using (Eq. 3.1) for the 
entropy, and Eq. (2.12) for wa, we find 


— S/k=B)t Do$n°Wa{M}on{n}. 


n>1 
IV. Three Paradoxes 


There are three well-known paradoxes that follow 
from the assumption that the time evolution of a 
system is determined by the Liouville operator L 
through Eq. (2.9). These are as follows: 

Paradox 1. If a proof is possible that dS/dt>0 for 
1>0 for an isolated system initially in a state of local 
thermodynamic equilibrium without flux [such as that 
determined by Eq. (3.6) ] at t=0, then it is equally 
possible to prove that dS/dt<0 for t<0. 

Paradox 2. For every ensemble characterized by a 
probability density distribution W (to, {N}) given by 
Eq. (2.9) at fo from an initial distribution Wo at =0, 
there exists a “mirrored” ensemble Wmir,t)(t, {N}) ob- 
tained from Wo by operating with exp[(/—t) L—toL ] 
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for which the gradients (in temperature or composi- 
tion) at ‘=% are the same as for W“ (to), but for which 
the flows are in the opposite direction. Thus if the 
original system W(t, {N}) has dS/di>0 its mirror 
has dS/dt<0. 

Paradox 3. If —S/k is computed by Eq. (3.1) and 
W‘ given by the Liouville equation Eq. (2.9) then, 


dS(¥) /dt=S=0, (4.1) 


The first paradox follows simply from the fact that 
the Liouville operator is odd in the momenta. The 
initial state of static local thermodynamic equilibrium, 
with zero initial fluxes, is even in the momenta. The 
probability densities computed at ¢ and —t¢ by Eq. 
(2.9) differ only in the replacement of each pa by 
—Pia. Since the static thermodynamic properties, and 
hence S are even in the momenta the statement of the 
paradox follows. 

The second paradox is merely a restatement of the 
first, but in a form which is convenient for use as a 
counter example to many theorems that one would like 
to prove. For the present we content ourselves with a 
simple remark. A very usual experimental procedure 
is to start a system in some defined static thermo- 
dynamic state at t=0, let the flows settle to some 
quasi-stationary state at />0, and start measurements. 
If Eq. (2.9) gives the correct W‘)(t, {N}) then this is 
the probability distribution appropriate to the de- 
scription of an ensemble of systems so prepared. The 
only criterion by which we could judge Wmir(t, {N}) 
to be less “probable” than W(t, {N}) is just that S 
has the wrong sign. This augurs poorly for the possi- 
bility of rigorous proof that S>0. 

The third paradox is well known. It follows rather 
trivially from the fact that the integral of L operating 
on any function which is zero at the limit of integration 
(as is W In W for a closed system) is zero. The more 
physical interpretation is that every value Wo{No!} 
at /=0, is transferred unchanged, and with unchanged 
volume element, to a new position {N;,} by the opera- 
tion e'’. The integral of W™ InwW™ 
unchanged in time. 

The resolution of this last paradox is classical and well 
known.' We propose here that it is correct, but as 
classically given it is incomplete, and requires modifica- 
tion and amplification. The resolution long given is to 
define a “smoothed” probability density, W(t{N}), 
obtained by averaging W‘ in the neighborhood of the 
I’-space point {N}. With this function in Eq. (3.1) we 
define an entropy function S(¢). One may then readily 
prove that 


thus remains 


S(t) > S(t). (4.2) 
The simplest argument for this procedure is by 
analogy, as originally given by Gibbs. The Liouville 


1 See, for instance, R. C. Tolman, The Principles of Statistical 
Mechanics (Oxford University Press, New York, 1938), for a 
rather complete analysis. 
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operator L acting on Wo gives equations strikingly 
analogous to those for hydrodynamic flow in an in- 
compressible medium. Consider a spherical globule of 
ink inserted in a still beaker of water by means of a 
medicine dropper. The composition of ink as a function 
of coordinate r is everywhere zero or unity, the abrupt 
rise occurring at the spherical surface of the globule. 
Smoothing this function over small distances makes 
little difference, since we “blur” only the small volume 
close to the surface. Now stir the mixture. The com- 
position still remains zero or unity at all positions, 
with the volume in which it is unity unchanged. How- 
ever, now the volume containing ink is strung out in 
long narrow filaments with a tremendous surface. 
Smoothing the composition function by averaging 
over the neighborhood at each position leads to the 
uniform low composition that we actually see, since all 
volume elements are close to some interface surface. 

Analogously, the initial Wo, such as that of Eq. 
(3.6), is smooth. At {=0 we find §(t=0) = S"(t=0) = 
S(thermo. ‘=0). At a later time the W‘(t{N}) 
given by Eq. (2.9) using the Liouville operation on Wo 
has the same values that occur in Wo, but intricately 
wound up in filaments in the 6\V-dimensional T' space. 
“Smoothing” now alters the function radically. Since 
the integral of W InW over IT space has a minimum 
when W is constant in the allowable I’ space (re- 
stricted by the values of E and V), the smoothed nega- 
tive entropy is lower than the initial value, S(‘)> 
S(t=0). 

There can be little doubt that this description holds 
at least much of the truth. However, as given, it is 
subject to several criticisms. 

Firstly, the exact prescription for smoothing, that is, 
for obtaining W from W“ is unclear. Any unrestricted 
averaging over all yi, independently, even over an 
extremely short range, alters the entropy for even the 
equilibrium function. That is, it is not correct to say 
that Wo is microscopically smooth, since the necessary 
pair potential terms —wa0(Tia,jo)/kT in the exponent 
make it a rapidly varying function. The smoothing 
must be done by averaging in the I’ space near the 
point {N} only over that portion of the T space for which 
the physical properties of the system are unaltered. We 
shall come back to this criterion later. 

The second objection to the smoothing prescription, 
as outlined, is more cogent to the logic. The validity of 
Eq. (4.2) does not suffice to prove that dS/di>0. An 
obvious counter example is given by the ensemble 
described by Wrir,to(t, {N}) of our second paradox. 
This function at ‘=¢) contains the intricately woven 
filaments of irregular W values, and Smir(to) > S™ (to), 
indeed greater by a considerable amount. However at 
time /=2t we have Wwmir,.(t=2t, {N})=Wo{N}, 
namely, the initial “smooth” function, and Smir(2b) = 
S® (t=0) = S™ (to). If the existence of Wmir,r,(t, {N}) 
is acknowledged, the macroscopically inferred thermo- 
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dynamic entropy actually decreases. Either the entropy 
is not that inferred from the static thermodynamic 
properties, or entropy can decrease with time. 

At this stage the natural reaction is to deny the 
reality of Wir and to state that the prescription of 
smoothing is indeed correct, but that there is merely 
needed an additional mathematical proof that Wnir 
cannot be attained. In other words that the ink sphere, 
once stirred into the water, cannot be would up again 
into a single globule. The proof is not only lacking, but 
an experimental gadget is purchasable in the magic 
shops which does wind up the ink ball! 

The innocent spectator is shown a uniformly weakly 
dyed viscous fluid. The magician then proceeds to 
wind the dye into a neat intensely colored ball, leaving 
the rest of the solution clear. 

The trick is accomplished by a modification of what is 
reported to be the even superior magic of G. I. Taylor. 
Taylor placed the Gibbs ink globule (in a less viscous 
fluid) between two cylinders, rather than in a beaker. 
By rotating the inner cylinder a prescribed number of 
turns at a prescribed rate (above the instability limit) 
the globule gives a uniform light color in a broad band 
encircling the anular space between the cylinders. On 
reversing the rotation of the inner cylinder by the same 
number of turns at the same rate, the ink is rewound 
into (almost) the original globule. 

One may well object that this is argument only by 
analogy, and that the ink dispersion was in no sense 
molecular, so that the entropy, even if computed by 
smoothing W on the molecular scale, had not really 
increased significantly at any stage during the experi- 
ment. 

The objection has been answered by John Blatt? who 
points out that the Hahn spin-echo experiment** shows 
a similar recovery of the inferred negative entropy loss, 
and on a truly molecular scale. The brief description of 
the experiment is as follows. Spins are aligned, and 
thereby given a high excess negative entropy. They 
are then caused to precess by a transverse magnetic 
field. The magnetic moment, whose magnitude is our 
x(t), Fig. 1, then precesses in direction, but also 
decreases in magnitude since the individual spins do 
not all precess at exactly the same rate. The excess 
negative entropy inferred from the magnetic moment 
decreases towards its zero equilibrium value. In the 
course of the process at time f, by a clever pulsing 
technique on a field parallel to the original alignment, 
Hahn throws the spins into an alignment correspond- 
ing to our Wyir,4 (4). The process is reversed, the mag- 
netic moment magnitude starts to increase, and at 
2% attains (almost) its original magnitude, and the 
negative entropy excess which was apparently lost is 
(almost) recovered. 

The conclusion drawn by Blatt? is that which we also 


2 John Blatt, Progr. Theoret. Phys. (Kyoto) 22, 745 (1959). 
3. L. Hahn, Phys. Rev. 80, 580 (1950). 
4E. L. Hahn, Phys. Today 6, 4 (1953). 
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find obvious.’ The smoothing of W™ to W is unallowed 
as a pure mathematical artifice. It does, however, to a 
limited extent at least, always occur in every experi- 
ment. The mathematical reason is trivial. The W 
computed from Wo by the operation e‘" is correct only if 
the Hamiltonian is time independent. The Hamiltonian 
determined by the potential energy function Eq. (2.4) 
is not that of the experimental ensemble. Random time 
fluctuation in the wall potential occur, and it is these 
which “smooth” the probability density function W. 
No system within the universe is truly isolated in the 
sense implied by using the Liouville operator. Even if 
the walls are included within the system, fluctuations 
at the boundary due to radiation exchange with the 
surroundings necessarily occur. 

In the case of the Hahn spin-echo experiment two 
circumstances minimize the smoothing. The phe- 
nomenon observed, the spin, is very loosely coupled to 
the surroundings, the experiment is carried out at an 
extremely low temperature, and the times involved are 
of the order of milliseconds, rather than of minutes as 
in our example. We will present reasons, which appear 
to us to be cogent, for believing that the recoverable 
negative entropy, in excess of the entropy to be in- 
ferred from the thermodynamic state, is negligible in 
the ordinary heat conduction or diffusion experiment 
carried out near room temperature and with time 
constants of the order of minutes. The point, however, 
is hardly important. We wish mainly to derive a more 
concise explanation and description of the smoothing 
process in nature, and of the “location” in W of that 
excess negative entropy above that of the inferred 
thermodynamic value. 


V. Qualitative Nature of the Smoothing 


We wish in this section, without recourse to a de- 
tailed mathematical description, to derive, on the basis 
of physical arguments, the nature of the negative 
entropy loss due to time dependent fluctuations at the 
walls. In the next section we give a more detailed mathe- 
matical formalism by which the process can be de- 
scribed. 

Consider, first, a continuum of different probability 
distribution functions, W(s, ¢, {N}) all giving the 
probability distribution as a function of {N} at time ?, 
differing only in the time s at which they had started 


5 This point of view is not revolutionary or new. It is, for 
instance, implied in many derivations of the relation between 
equilibrium statistical mechanics and thermodynamics, such as 
that in J. E. Mayer and M. G. Mayer, Statistical Mechanics (John 
Wiley & Sons, Inc., New York, 1940), and earlier by others. In 
these derivations the ergodicity is introduced as a perturbation 
on the idealized Hamiltonian of the system. As an explicit concept 
in the treatment of time dependent systems it has recently been 
used by Lebowitz and co-workers: P. G. Bergmann and J. L. 
Lebowitz, Phys. Rev. 99, 578 (1955); E. P. Gross and J. L. 
Lebowitz, zbid. 104, 1528 (1956); J. L. Lebowitz and H. L. 
Frisch, tbid. 107, 917 (1957); and J. L. Lebowitz and P. G. 
Bergmann, Ann. Phys. 1, 1 (1959). The article by Blatt discusses 
the logical philosophy of the concept, and does so with clarity. 
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on the curve x(t), Fig. 1. The function W (0, t, {N}) is 
given by 
W (0, t, {N}) 


=eLWy{N}, (54) 


previously described by Eq. (2.9) for the system started 
at /=0, and at «({=0) =. . The initial function for 
W(s, t{N}) is then to be a function W,{N}, con- 
structed similarly to the set of equations (3.6) but with 
the values of the local thermodynami 
T(r) and wa(r) appropriate to x(s), and 


W(s, t, {N}) =exp[(t—s)LIW,{N}. 


equilibrium 


(3:2) 


If the systems of the ensemble are truly described 
by the static thermodynamic properties solely, as dis- 
cussed at the end of the introduction, the systems for 
different values of s, in the interval 0<s<¢, will all 
have identical behavior for all times ¢’>¢. Let us sum- 
marize this by the statement that the members of the 
ensembles described by W(s, ¢{N}) for differing s 
values, s<t, have all identical macroscopic physical 
properties for all times t’>1. 

Now consider the ensembles described by the func- 
tions W mir.,(s, ¢, {N}) mirrored at fo, i.e., Wmir.t.(S, 
exp[_(¢—) L +- (fo —s)(—L) IW,{N} for different s 
values. There are two qualities of these ensembles which 
depend strongly on s. The first characteristic is shared 
with the ensembles W(s, ¢{N}), namely, that 


<2) 


S®(s, t) = S[thermo., x(s) ] 
with 


dS{thermo. x«(s) ]/ds>0. 5.4) 


The second characteristic is that each of these en- 
sembles will climb “uphill” on the x(t) or —AS(#) 
curve (Fig. 1) until time ¢ 
with “normal” behavior. 
Now we ask what are the required built-in character- 
istics of the probability density that can cause the 
ensemble Wrmir(s, 4, 


=24)—s, and then descend 


{N}) to behave “abnormally” 
between times f and 2¢o>—s. Consider the behavior of 
the systems, W(s, t, {N}), on the “normal” branch of 
descending x(t), say in the case of diffusion of mole- 
cules of species a from the top to bottom of the system. 
The collisions of a molecules with others are essentially 
random: as many are thrown up as down in each 
collision. However, since there are more above any 
horizontal plane than below, the net flux is downward. 
For the mirrored ensemble Wiyi-(s, f, {N}), there are 
still more a@ molecules above than below, but the 
collisions are such that an excess move up after colli- 


sion: the net flow is reversed. Some abnormal property 


is built into the function Wynir(s, to, {N}) which deter- 
mines this character in the collisions for all times until 
2to—s. The requirement that molecule ia when col- 


Since the initial states are always those of systems with zero 

fluxes, it will require several or more collision times, of order 

10~” sec, before those initially started at s ‘catch up” with those 

started earlier. It is partially for this reason that we limited our 
ynsideration to systems with long time constants. 
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liding with jb at fo+At shall take a peculiar course re- 
quires that not only the phase-space position of ia and 
jb were correlated at f, but that also these were cor- 
related with all molecules kc, Ic, etc., with which these 
had collided between f and f+At, and also, in turn 
with all with which these had previously collided, etc. 

The total number of molecules between which the 
correlations must be determined in order that the 
mirrored ensemble run uphill until f+Af may be 
estimated as the number. in a sphere of radius cAf, 
with c the sound velocity. Since sound velocities are of 
the order of centimeters per millisecond it follows that 
if fo—s is of order much greater than milliseconds, the 
“abnormal” behavior of the mirrored ensemble is due 
to correlations between all the molecules in the system. 
On the other hand, if fo—s is only of the order of some 
milliseconds, then for systems with time constants of 
the order of minutes, the excess negative entropy 
S{thermo. x(s) ]—S[thermo. x(t) ] at é is completely 
negligible. 

We thus arrive at the following somewhat vague 
conclusions which motivate our subsequent analysis. 
Firstly, the original excess negative entropy of the 
initial system diffuses with time into terms associated 
with correlations between numbers of 
molecules. In times of the order of milliseconds it reaches 
correlations between all molecules in the system. 
Secondly, for systems with time constants of the 


increasing 


order of minutes the amount of negative entropy 
stored in correlations between numbers of molecules 
less than M, with M~N"" is relatively negligible. 
Thirdly, the “smoothing” done by the random time 
dependent effect of the surroundings on the walls of the 
system occurs in the correlations between numbers of 
molecules M or greater, M of order V'/*. We can hardly 
believe that such correlations can persist for appre- 
ciable times when the walls are subject to radiation 
exchange with the surroundings at temperatures near 
to room temperatures. 

We proceed to formulate these considerations more 
precisely. 


VI. Physically Insignificant Correlations 


The most naive reaction to the conclusions of the 
previous section, when applied to the equations for the 
entropy given in Sec. III, would be to assume that 
the terms ¢,{/n} with M<n<WN of Eq. (3.7) could be 
simply neglected. In other words the smoothing of 
nature might be to set ¢,.=0 forn>M . 

A little consideration shows this to be erroneous. For 
instance, if only the singlet terms, ¢.(¥ ia) are retained, 
the equations correspond to the time evolution of a 
system with no interactions between molecules. Diffu- 
sion and temperature equalization would proceed with 
sound velocity. The high order @n’s with n=N are 
essential in determining the physical properties of the 
system. 
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The procedure that is required may be described in 
two alternate fashions. In any case the physical basis is 
the same. We have emphasized in the second section 
that the instantaneously measurable physical proper- 
ties depend only on the reduced probability density 
functions, w,{nm}, for small numerical values of 2. 
By the definition of a thermodynamically isolated 
system these functions w, for small 2 must be the 
same as those of the system obeying the exact Liouville 
relation, Eq. (2.9), since the isolated system is not 
influenced in its physical behavior by'the surroundings. 
We thus always use Eq. (2.12) to define wa{m} with 
the Liouville function for all molecules, W(t, {N}) 
under the integrand on the right. 

Now suppose that these functions, w,(/, {m}) are 
thus defined at ¢ for all sets n with n<m, but not for 
higher -values. This limited set of functions would not 
suffice to define a unique W(t, {N}). However, a 
unique function, W‘” (t, {N}) can be defined from this 
set as follows. Require that 


wa(t, {m})=In-rW™(t,{N}) for n<m, (6.1) 


and that 
nsm 


Ink W(t, {N})=>> do va™(t, {m}w), 


a=1 (n) N 


(6.2) 


where the sum of Eq. (6.2) runs up to m only. We may 
make the functions y, unique by requiring that each 
has no additive part which can be written as a sum of 
functions of the I’ space of a smaller subset, {v}n 
except for the singlet terms, Ya(y.), in which we 
choose to include a constant to retain the normalization 
condition Eq. (2.6). 

Equations (6.1) and 
including w= 
same I" space. 

Carry this procedure out for all m values to m= WN. 
We then have 


(6.2) define, for each wr, 
1, a corresponding function, Yn”, of the 


W(t{N}) =W(t, {N}). 


(6.3) 


We have thus, for every time ¢, constructed a hierarchy 
of probability density distributions, W(t, {N}) for 
1<m<N, of increasing complexity with increasing m 
value. The function with m= 2 gives correctly the en- 
ergy and pressure, and hence also the inferred thermo- 
dynamic entropy. More detailed instantaneous meas- 
urements made upon the system, such as slow neutron 
scattering, may require functions for higher m values, 
say up to m=4, to correctly reproduce the experimental 
values. Let us arbitrarily choose some value mo, and 
say that all instantaneously measurable properties 
depend on w,{n} for n<mo. 

The function W(t, {N}) is then a “smoothed” 
probability density function which correctly gives all 
measurable properties of the system. The function 
W(t, {N}), if used in Eq. (3.1) for —S/k gives 
correctly the inferred thermodynamic entropy. The 


‘ 
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function W(t, {N}) gives the probability density 
for a hypothetical mathematically ideal system com- 
pletely isolated by a time-independent Hamiltonian at 
the walls from any contact with the rest of the uni- 
verse. The functions W™ for mo<m<N correspond to 
ensembles all having identical measurable physical 
properties. If used in Eq. (3.1) to compute — S/k they 
lead to differing values S™ of the entropy. In view 
of the remark that the “smoothest” function W con- 
sistent with a given restraint leads to the maximum 
value of the entropy from this equation, it is not sur- 
prising that we can readily prove (Sec. XIII) that 

SOD SOD +66 > SMD SMDD ++ > SM = SM, (64) 

Our picture is then the following. Experimental 
systems are always subject to time dependent fluctua- 
tions at the walls. The effect of these is to wipe out 
correlations for numbers of molecules greater than 
some value M. The true entropy is then that given by 
SO, For any initial state of local thermodynamic 
equilibrium S®(t=0)=S™(t=0). As ¢ increases 
S@ = §$™) stays constant, but in a very short interval 
of time the difference S©™ (t) —S, starts to increase. 
This time is usually of the order of that required for a 
sound wave in the medium to traverse the system. 
The inferred thermodynamic entropy S“’(/) is greater 
than the érue entropy S‘™(t). In ordinary classical 
experiments at room temperature or above, with time 
constants of the order minutes, this difference is 
negligible. However, as shown by the Hahn spin-echo, 
if the time constant is short, the temperature low, and 
the coupling of the phenomenon observed with the 
surrounding universe is small, then S®(¢) —S© (2) 
may become large. By sufficiently clever manipulation 
one may cause this difference to decrease, dS (t) /dt< 
0, but always dS (t) /dt>0. 

Now, however, at any stage f) of experimentation, 
imagine that all transport is halted, for instance by the 
insertion of insulating and nonpermeable walls to 
“freeze” the system into a stationary thermodynamic 
state. In this state proceed to measure the thermo- 
dynamic entropy by a true thermodynamic heat cycle. 
The process necessarily destroys the correlations even 
below numbers M of molecules, and the true entropy 
rises to the inferred value, S® (). 

This concludes our discussion of the logic and method, 
referring the mathematical proofs to the later sections. 
We define an entropy for which S>0. We define a 
method for computing an inferred thermodynamic 
entropy, Sin=.S®, which may not always increase in 
time, but which will be the entropy measured if at any 
time the experiment is stopped and a thermal measure- 
ment made. We have not disposed of the first paradox. 

The first paradox is essentially semantic. Thermo- 
dynamics never states that for a given system the 
entropy will increase, but that for the average system 
of an ensemble prepared in a given state, and then left 
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isolated, that S>0. We can equally well prove that for 
this ensemble, if they have been isolated for all past time, 
they must have originated as a fluctuation from equi- 
librium with a consequent decrease in entropy. This is 
extraordinarily unlikely. Our viewpoint of the past is 
biased by our biological memory, our knowledge of 
history. If we find a laboratory system markedly out 
of equilibrium, we assume something which is a priori 
even more unlikely than that it arise by a fluctuation, 
namely, that a more remarkable fluctuation of mole- 
cules produced a scientist who has previously prepared 
it out of equilibrium. 

We must concede, however, that our logic precludes a 
discussion of the entropy of the finite universe, since 
this (if it is finite) is a single system, and we know only 
the entropy of a representative member of an en- 
semble.2 On the other hand, we can measure local 
thermodynamic entropies of the parts of the universe 
in our reach, and there is no doubt that for these the 
entropy flow is in one time direction. That this time 
direction is necessarily coupled with that of biological 
memory has been discussed by Blum.’ 


B. MATHEMATICAL DETAILS 


VII. Outline and the Equation for W‘” 


We have suppressed the discussion of mathematical 
derivations as far as seemed practical in the preceding 
sections, and have given no proofs of the more mathe- 
matical assertions. In this and the succeeding sections 
we develop some equations, and make one necessary 
proof. 

First, in this section we show how, in principle at 
least, it is possible to compute W from a knowledge 
of the reduced probability density functions w,{n} 
for sets n of molecules for n<m; the requirement mak- 
ing W unique is that InW” is expressible as a sum of 
functions ¥,{m} for n<m, that is, it contains no cor- 
relation functions for sets of greater than m molecules. 
Second, in Sec. VIII we prove that the function W™ 
so defined has a maximum entropy compared to all 
other functions W which lead to the same set of reduced 
probability density functions w,{n} for n<m. We thus 
prove the assertion of Eq. (6.4). 

In Sec. IX we discuss the Liouville operator and 
show that the first time derivative of wna{m} depends 
only on functions w,’ for n’ having one more molecule 
than the set n. From this it follows that w,,, and hence 
“W™ is fully determined by W“"+», In Sec. X we write 
the equations necessary for the definition of localized 
thermodynamic densities and their fluxes, particularly 
for the entropy. From this, in Sec. XI we show that our 
equations are consistent with the “irreversible ther- 
modynamics” equations for localized entropy produc- 
tion in the steady state. 


7 Harold F. Blum, Times Arrow and Evolution (Princeton Uni- 
versity Press, Princeton, New Jersey, 1951). 
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An explanation of the notation may be in order here, 
although we have attempted to make it as self-evident 
as seemed possible consistent with reasonable brevity. 

In equations in which it is unnecessary to distinguish 
the types, a, b, «++ of molecules we number the mole- 
cules by 7 or 7, 1<i<N, and use m; for the mass of 
molecule i and ;;(ri;) for the pair potential. Where the 
distinction of the type of molecule is important we 
number ia, 7b, +++ etc., la<ia<Na, 1b<j7b< Nb, 
and use a, Uaa, Uab, ***. Lf we wish to indicate that ia 
is a member of the subset {n}y we write ia@C {n}y or 
more simply iaCn. 

The functions, w,{n}, ¥n{m}, etc., are written with 
the subscript n to indicate that the functional form of 
the dependence on the variable depends on the number 
set N=, Ms, ***, whereas the variable is the 6n- 
dimensional IT space {mn} of the subset.When it is neces- 
sary to indicate that the set is a sum of two sets, 
n+m we use Wajm/{n}+{m}}. If, is now a single 
molecule of type a we use Waim{ Yia+{m}}. When the 
set contains one Jess molecule of type a than a set n 
(for which necessarily m,>1), we use Wna{{n}— ia} 
where, of course, ia@C{m}, and we also will use 
wn—»{{n}—{v},} for the set m less some subset vCn. 

The functions introduced so far are always sym- 
metric in permutations of like molecules. When this is 
not the case, as in Kam({m}, {m}) of Eq. (7.16), this 
is indicated by a comma, n, m, rather than by the sum 
sign, n+m. The function Ky. is symmetric in per- 
mutations of like molecules of the set n with each other, 
and in permutations of liké molecules of m with each 
other, but not in permutations between the two sets. 

The notation should be reasonably self-evident, ex- 
cept possibly in one case, Eq. (7.7), where it is neces- 
sary to sum over subsets { u}, of a set m, but with the 
restriction that the subsets are identical to a set vy, 
Ma=Vay b=Vo, ***. This is indicated by setting v=u 
under the summation. 

We generally use V,; for the three-dimensional vector 
operator of components 0/0x;, 0/dy;, 0/0z;, and Vp; 
for that of components 0/0pzi, 0/0p,i, 0/0p.:. In this 
section alone we find it convenient to use V; for a six- 
dimensional vector operator of six different components, 
0/Ox;*++0/Op:. 

We turn now to the equations determining W™., 
In general, if 


InW heX = :® b # valn}n, 


n=1 {nJ)N 


(7.1) 


and 
wr{n}=In_.W, (7.2) 
then, after operation on both sides of Eq. (7.2) with 
Vv; (where iCn) one has 
yv=en—l 
Vv iWn= Sn—m 
r=Q {m)N—n20 


> Wy Vi v+m-> 


{vy} n-i 


Since there are (N—n)!/m!(N—n—m)! different 
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subsets {m}ny_n leading to the same integral, one finds 


Vm= i p > SmWn+m|{ {n}+ {m} } 


v=0 {vy} n—im=—0 


XV Witrem{ {v}n+{m}+yi}, (7.4) 


where the terms m=0 are simple products. 

We now wish to simplify the appearance of Eq. (7.4) 
at the cost of introducing more complicated kernel 
integrators by collecting all terms of v+m=k to 
arrive at the form 


V iaWainl Yiat{n}} 


= LSmLanam( Yin {n}, {m}) V wWorm{ Yiat{m}}, 
m<0 


(7.5) 
where we now distinguish the species a of molecule for 
which the differential operator V i, is used. 

To obtain Eq. (7.5) we define a sum of products of 
Dirac delta functions, A,.m({v}, {m}), defined for any 
two sets v, m, including v=0 but for which v<m, 
1.€., Va< ma for all a. The function, Ao, m, for v=0 is unity, 
that for 0<v<m is a sum of m!/(m—vy)! different 
products of the v= }>y, different possible products of 
six dimensional Dirac delta-functions between like 
molecules of vy and m. That is, we define 


a=} 


5(¥ia— Yia) = [ [6 (2t0ia— aia) 5(Paia— Pain) 


a=] 


(7.6) 


and for two identical sets v= u, the sum of v! products 
of such functions, 


p=val 
6({v}, fu})=IT 2 ee) IT TT 8(yu—yaa) (7.6’) 
a p=l taCv,jacu 
with ® the permutation operator. We then define 


Ao,m= 1 (7.7) 


Avm({v}, fm})= 2 D7 8( fv}, fu}m), (7.7') 


wy (yu) m 


where the sum runs over the m!/(m-—vy)!v! different 
subsets | u}m for which p= v. 
The functions A, obey the recursion formula 


Agernt { Yiatrat {v} }, {m }) 


_ Zz 5( ¥ i04va— Ya) Ar,m—a( {v}, { {m} — ¥ia}); 


jacm 

(ma>vatl) (7.7) 
which suffices to define them with Ao.m=1. Now define 
Wr4krm({v}, {k}, {m}) 


=Weym{ {k}+{m}}Avm({v}, fm}) (7.8) 
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so that 
Im@apnym({¥}ny {Yiat+ {m} 
—{vn}, {0}) V Warmf yiat {mn} } 
=Sm—u(V= B)Wan¢m—n{ Yat (nj + {mM} —{ yj mj 
XV ibatr—m—ul Yat {v}nt {mm} —{w}m}. (7.9) 
Finally with the kernel function 
Lan'm( Via, {M}, {m}) 


ym 
= DY Dd warn {v}n, {yiot{n}—{v}a}, {m}), 


v= [ry 
(7.10) 
one sees from Eq. (7.9) that Eq. (7.5) follows directly 
from Eq. (7.4). 

Equation (7.4) or (7.5) for a one component fluid at 
equilibrium, for which y= — p?/2mkT+yu/kT — P/pkT, 
Yo= —u(riz)/RT, Yn=0, m>2, written for the three- 
dimensional operator V,; operating on we, and inte- 
grated over the momenta, becomes 


V;ipe(rij) — —po(rij) ¥iLu(rij) /kT | 


(7.11) 


— f arios(r: r;, Ti) VriL—u(rix) kT |, 


which is the Yvon* or Born-Green® integral equation 
for the pair probability density function p2(r;;). Equa- 
tions (7.4) or (7.5) are simply generalizations of this. 
Now our problem is as follows: We assume that the 
reduced probability density functions w,{nm} are known 
for 1<n<~m. For a one-component system there are m 
such functions, for a two-component system there are 
(1/2)m (m+3) functions. In general, let us say, there 
are k different functions. We demand that the complete 
probability density function W‘” be such that the k 
equations (7.2) are satisfied for n<m, and that 


n=m 


nw = >> PS vo™ {n}y, 


n=1 {nj} N 


(7.12) 


so that there are only & nonzero functions Yn. 

The k-coupled linear nonhomogeneous _integro- 
differential equations (7.5) with appropriate boundary 
conditions then serve to determine the unknown func- 
tions Pp. 

For 2<n<m the boundary conditions are that Wa 
be zero if any distance, r;;, i, ]Cm, approach infinite 
value. 

For n=a, b, +++, etc., one normalization condition, 
wo=IxW=1, gives one equation for the arbitrary 
additive constants of Ya, Ys, +++. These constants in the 
individual functions are otherwise arbitrary, since if a 
constant A is added to each of the N, different func- 


SJ. Yvon, Statistiques des Fluides et L’ Equation D’ Etat (Her- 
mann & Cie, Paris, France, 1935). 

9M. Born and H. S. Green, A General Kinetic Theory of Liquids 
(Cambridge University Press, New York, 1949). 
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tions y,, and B= —(N,/.\,)A added to each of the 
N, functions y, the value of InW is unchanged. 

1 the solutions of Eq. 
(7.9) are Y." Inwa( ya) —InNy. For m=2, one 
has, from Eq. (7.4) or (7.5) 


For the limiting case m 


(Ya) 


) Vata’ 


V,, Inw, 


—D fay 


» Yc) 


Wa( Ya) 
(7Ae) 


XVavac” (Ya) Yc) - 


For a single-component system the summation over ¢ 
disappears, the equation is a single linear nonhomo- 
geneous Fredholm integral equation in VwWaal Ya, Ya)- 


For sufficiently large distances fra», 


>Wh\ Yb), 


so that VaWavl( Ya, Yv)—0, rar ® , 
condition Y,.—0, ra» « 


and the boundary 
, can be used. This character- 
istic of the kernels remains for higher m values. 

For the unsymmetrical kernels Lan. there are no 
general existence theorems that real solutions Wz can 
be found the 
Indeed it is rather obvious that arbitrary reduced 
probability density functions w,{nm} which still obey 
the necessary condition, 


set of k-coupled equations (7.5). 


1— Nag) Wri Nn}, 


farce tnt Yat iN} } V 
may be found for which no real solutions ¥n exist. To 
show this, it suffices to consider the one-component 
case, and choose w2(¥i, 7 Q for r;;<2r0, but with 
p=N/V=V tf dyer )> (4v2r9*) “1. 


dk | 
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For this case the pair-distribution function is assumed 
to be such that no molecule has a neighbor with center 
closer than 27, but the total density is greater than that 
of close packed spheres of radius ro. Obviously no real 
positive definite probability density, W{.V}, of all the 
molecules can correspond to such a pair distribution, 
and hence no real functions, Yalz}, of Eq. (7.1) exist. 

However, our assumptions are that the reduced 
probability density functions wy are those computed 
by Eq. (7.2) from W")=e''W(t=0), and hence do 
actually correspond to at least one real positive de- 
finite function W, namely, W. In the next section we 
show that of the infinite continuum of functions W in 
the complete I space {N}, which lead to the & func- 
tions w, for n<m, there is one unique function W°” of 
maximum entropy. For that function Y,=0 for n>m. 
For n<m the functions y,}n} are the undetermined 
multipliers @,{m} introduced into the variation in 
order to require that the functions w,{m} be held con- 
stant at the position {n}. This function ¢,}m} is then 
the change of —S/k per infinitesimal increment in wp 
at {n!, and hence real. Since, then, there are real func- 
tions ¥n{n} for 1<n<m, that lead to a_ positive 
WN}, indeed that of maximum entropy, and since 
these obey Eq. (7.5), it follows that there are solutions 
to Eq. (7.5) for those functions w, that correspond to 
any real system. 

There is, however, one comment that should be made 
about Eqs. (7.4) or (7.5). We assume knowledge of the 
functions wn for n<m, but not for n>m. In Eq. (7.14’) 
for Viwar™ the function w,s- for three molecules enters 
into the kernel. The correct function was. to use is that 
obtained from 9x_o1-W. In practice one would 
presumably use the Kirkwood closure, 


Wabe( Ya, Yb) Yc) = Wel Yb) Yc) Weal Ye» Ya) Wab( Yay Yd) 


X [wa ( Ya) Wo Yo) Wel Yc) | . 
In principle, of course, having used this closure to 
obtain approximate y,° 
improve the kernel, and so iterate. In practice, for 
liquids, this is not feasible. 


ss one could use Eq. (7.2) to 


We conclude this section by recording the equations 
relating the time derivatives Wy, 
Oy, /dl. Use Ex 

le 


sides of Eq. ( 


Ow,/dt and Wn 
j. (7.1) and operate by 0/d¢ on both 
2). One obtains 


wrin} 
dD DS DLGntwnym{{m}+ {my yy, 
v=(0 vy} y» m=0 

If the kernel, 

Kaim( iit, 1d 


f 
2. Wn,v,m | vs ny 


fat 
v=() in 


ve=n,m 


jm}), 
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is defined, Eq. (7.15) becomes 


{Mm} = oInKum({n}, {m})yn{m}. 
m>l1 


(7.17) 


The set of k equations, (7.17), for 1<n<m, with the 
boundary condition of given initial ¥,(¢=0, {n}) are 
alternate to Eq. (7.5) for the determination of 


Yi(t, {m}). 
VIII. Entropies, S$” 


We wish, in this section, to make the proof that, for 
fixed values of the reduced probability density func- 
tions w, for O0<n<m, of those functions W which lead 
to these wn by the equation Jx_,W =w,, that of maxi- 
mum entropy is the function W°” whose logarithm 
given by Eq. (7.12) contains nonzero functions Yn 
only up to n=m. The general method is to use 
IxW In(Wh**) for —S/k, and, by the method of un- 
determined multipliers, to show that this is an ex- 
tremum with ¥,=0 for n>m, if the w, for n<m are 
fixed, 

Make use of the delta-function A, ~({m}, {N}) 
fined by Eq. (7.7) to write 


de- 


Wn{n}=InAnn({n}, [N})WI{N}. (8.1) 
This must be multiplied by an undetermined multiplier 
¢n{n} and subtracted from the variation of —S/k, if 
Wn{M} is not to be allowed to vary at {n}. Since, how- 


ever, W, is not to vary at any {nm} we must subtract 
Innou(M}Ann(im}, IN})W{N} 

DX sxoutm |W {N} 

ni N 


from 6(—.S/k) for all n with O0<u<m. With Eq. (7.1) 
for InWh** as a sum of functions, Yo plus Wa, 
the extremum, 


Indn( N} 


(8.2) 


one has, at 


ddxWEInW— 2, > ¢,{ntw] 


0 ni N 


InWL(Yo+1—b) +35 Do valn}n—on{n}y) 


n=0 [nn] N 


= > va{m}y ]6 InW 0 (8.3) 


n>m \|n| N 


for any variation in InJV. The solutions are that ~,=0 
for n>m, and that the functions y, are the undeter- 
mined multipliers ¢, for 2<m. One may arbitrarily 
set Yo=0 and absorb it into the y,’s maintaining the 
normalization. 

We have described a hierarchy of functions, W°™|N} 
for all values of m in the range 1<m<.V. The log- 
arithms of these functions are each a sum of functions 
vn {n{n of the I space of subsets {n}y for n<m 
only. We may describe a procedure to define these in 
an alternative fashion. 

Suppose the true function representing an experi- 
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mental ensemble at some time ¢ is W“” with M having 
some large value. The logarithm of this function is 
composed of a sum including terms yy‘"?{M fn de- 
pending on the I’ space of subsets {M}~ which cannot 
be broken down into a sum of functions of smaller 
subsets. These terms affect the values of all the reduced 
probability densities, w,, for all values, including 
those for 7< _M. However, in computing w, forn<M—1 
we could replace these terms, ¥y{M}x, by a sum 
of functions, — Ay," {n}~, of subsets for all values of 
n with n<M-—1, such that each of these functions 
approach zero in value when the coordinates of any two 
or more subsets of {n} are at a great distance from 
each other. That is we find an averaged value 
n=M-1 


— Dd Ayn? {n}w 
n=1 {njiN 


of the sum of Wy’s which can replace these functions in 
InW“ without altering w, for any n<M—1. The new 
function W‘-», defined by 


InW —) =|InW@? —Wy{N}, 


$s vu” {M}~x)= 


{MIN 


(8.4) 
with 


n=m—1 
vutN}= 0 va? {Mjs+ Do 


n=l 


than has its logarithm given by a sum with 
y M1 =y, M) — Ay, M) 
n 1 1 


only up to n=M-—1, and leads to the same reduced 
functions, w, for n<M—1. The function Vi;{N} then 
has no affect on w, for n<M—1. Repeating this step 
(M—m) times to m=1 we find the complete hierarchy 
W such that 


u—m 


In[h®™ Wm |= dv, {I J}, 


p=1 


(8.6) 


with W, given by (8.4’). From (8.5) we have our 


formerly defined functions Y,‘” as 


u=M 


Prim =p, — bs Av,™. 
1 


p=m-+ 


for the 
member 


We then have, if we extend M to M=N 
Liouville ensemble W=W™, for any 
W"+™ of the hierarchy 


wr{n}=Ix_.W*O0<m< N—n. (8.7) 


The entropy S” is given by 


m 


— S™/k= DisyWru,{N}. 


u=1 


(8.8) 


In view of the fact, Eq. (8.5), that ¥, contains no 
functions of sets of more than u molecules, and from 


Eq. (8.7) that w, for u<m is the same if computed 
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from W™ or W‘™ we may also write 


u—m 
k= >odxnWW,{N}. (8.9) 
Defining 

(8.10) 
we have 


—AS™ /p=gxWv,, {N} 


=InW- YY, {N} exp¥n{N}. (8.11) 


If now ¥,, is proportional to \ and we form the second 
derivative with respect to A one finds, at \=0, 


[d?(—AS™/k) /ON ),0= In Wr [Wm{N} P>0, (8.12) 


since W™ 


with W,, 
< 


is positive. It follows that the extremum 
0 that we found in the entropy with fixed 
Wn, N<m, is indeed a maximum in S. The sequence 
AS™<0, S&—Y> S™, Eq. (6.4) is thus established. 


The equality S”-Y= §™ holds only if ¥n{N}=0. 
IX. Liouville Operator and Time Dependence 


The complete Liouville operator is 


(9.1) 


N 
L= > [—(pi/m,)°¥7i+¥-Un{N}+Vpil. 


For a closed system, W{N} is zero at the walls, and of 
course the limits +c in 
momentum component, p-;. It follows that 


is also zero at neo any 


far. m;)*V,W=0, (9.2) 
- 


[ dp V,iUn{N}-V,W=0. (9,3) 
From this it follows trivially that the normalization 
wo= InW =1 is retained under the Liouville operation, 


tip = InLW {N}=0, (9.4) 


but also that in expressing the time dependence of wp 
one need only retain the terms in the operator which 
operate on the T space of the set n, 


In fy Ge p Mi)°Ve; 


+(¥,Unx{N})-VpiJW{N}. (9.5) 


Since Uy is independent of the momenta we can write 
V,iUn{N}:Vpi=Voie(V-iUn), and take V,; in this 
term, and V,; of the first term outside of the integra- 
tion, since they operate only on variables not under the 
integral. One has, then, 


1 


> I[- DP:/m;)°VriGnrW + V pie In WV, Un ]. 


(9.6) 
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Define the average vector force fin(yi, {{m}— yh), 
acting on the molecule iCn at y;, when the set n is 
at the I'-space position {m}, averaged over all positions 
of the N—n other molecules. From its definition this 
force is given by 


fin(ys {{n}—ys})wn{n} = —In.W{N}V,Un{N}. 
(9.7) 


One sees that Eq. (9.6) is then 


t n 
Wn} n} = —>[(p, m;)VrW@nin} 
i=] 


+Vnefin(ys {{m}—yi})wa{n}. (9.8) 


For the particular case that the potential is a sum of 
pair potentials we have from Eq. (9.7) that 


(Sant = ’ 
fin(ys, {in} — vif) -> V,tU(riz) 


~¥,ul(ric), (9.9) 


and depends on the functions wry. for only one more 
molecule than is in the set n. 

The expression Eq. (9.8) for w, then looks formally 
almost identical to W=LW with Eq. (9.1) for L. 
The formal difference is only in the order of writing 
V,vand —V,,U =f, x_,; that is, if we write, for a set n 
of molecules 


iz 


L® = — 


[(p: ‘m) Vr tV pie fin ys, { {n—y¥;} ) 


t=] 
(9.10) 
with fe. the vector force on molecule 7 of the set n, 
understanding that the ¥V,; operator acts both on fin 
and on the function operated upon by L, then 


W*{N}=LIV{N}, (9-49) 


w,{n}=L™w,{n}. (9.12) 
The important difference in the two cases of Eqs. 
(9.11) and (9.12) is that whereas for the set N of 
molecules which are the complete set of molecules in an 
isolated system, the force fin is independent of the 
momenta, whereas for the subset n the force fj.n is, 
in general, momentum dependent. That is, if one writes 
Vor fin: (Vpief in) +f ine Vi, (9.13) 
where the brackets (V,;°f in) indicate that this term is 
a simple product function in the operator, then this 
term (V,i*fin) is zero for the complete set N, but 
generally not for the subset n. 
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One other conclusion that we wish to draw from 
Eq. (9.12) is that since, for the system in which the 
potential Uy is a sum of pair terms, so that f;,, is 
determined fully by the reduced probability density 
functions way, Eq. (9.9) then tw, is correctly given by 
integration of LW‘+», 


wn.{n}=In_»~LW@*Y{N}, (9.14) 


It follows that the first time derivatives of w, for 
n<2, which functions fully determine the thermo- 
dynamic properties, depend only on the functions 

n®, and not on the detailed correlations between 

more than triples of molecules. The time derivatives 
¥.™, in turn, are determined by tw, for n<3, and hence 
on the functions y,?, but not on higher correlation 
functions than those between quadruples of molecules. 

Presumably in the time evolution of a system started 
at local thermodynamic equilibrium, with small 
gradients in composition or temperature, the functions 
vi for small values of m=2, 3, 4, etc., soon reach 
steady values, the slow secular changes of these func- 
tions for m=2, which represent the gradual changes 
due to fluxes of molecular species and of heat, being 
determined by their own values, and, probably to a less 
extent, by the steady values of Ay,,. 

For a later interval of time, probably in many 
systems only of the order of that necessary for a sound 
wave to traverse the system, the functions ¥,,{N}= 
dAy.™ keep successively building up to nonzero 
values, without affecting the time evolution of the 
physical properties. At some stage, probably of the 
order MN", the development of these functions no 
longer follows the prediction of the Liouville operator, 
and the higher order correlation functions Wy, for 
M>N"* are actually destroyed by fluctuation terms at 
the walls. 

In the hypothetical mirror system the odd terms in 
the momenta in ¥,, have the opposite sign. The fluxes 
represented in Y,° are reversed. The gradual time 
evolution of the functions w, for n<2 is in the opposite 
direction from the normal, and is maintained so by a 
“feedback” from the terms in Ay,, which in turn 
are maintained by “feedback” from Ay,, etc. If this 
hypothetical mirror system starts with nonzero func- 
tions Wa up to M=Mbs, since the symmetry of the 
operator L requires that the time evolution exactly 
reverse that of the “normal” system in the realm where 
the Liouville operator is valid, the terms Vy, for suc- 
cessively smaller M—values will go to zero values. 
When ¥;= >. Ay, goes to zero, the time evolution 
will start to reverse, the fluxes become “normal” and 
the high order correlation functions start again to 
develop from the bottom up, with the “normal” sign 
of the odd order momentum terms. 


X. Localized Thermodynamic Functions and Fluxes 


The local number density p,(1) of molecules of species 
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a per unit volume at Fr is 
ia=Na 


pa(¥)=In >, 6(r—Tin)W{N} 


ia=la 


(10.1) 


= [ ap. (P., Yr). 


The vector flux J,(r) of,molecules per unit area and 
per unit time at ris then 
ia=Na 


J.(r) =In pe 6(f£—Lin) (Pia/ma)WIN}, 


ia=la 


(10.2) 


and the gradient, V.J.(r), of this flux is the excess 
flow out of unit volume in unit time of molecules of 
species a at Fr, 


ia=Na 
VJ.(r) =3In pe 6(r—Liy.) (Pin/ma) Vr WIN}, (10.3) 


u=la 


where the relation 


0/dy / dxb(y—x) f(x) = / 5(y—x) Of /dx 


has been used. The change in number density per unit 
time is 

ia=Na 

> 6(r—rin) LWIN}. 


a=la 


pa(T) =In (10.4) 
Using the fact that the integral of the additive contribu- 
tion of any coordinate or momentum in LW is zero, 
only the single terms, —Pja/ma*V,i, survive the inte- 
gration of Eq. (10.4) so that 


ia/Na 


pa(f) = —In ps 6(r—TLia) (Dia/ma)-VrsW 


ta=la 


=—VJ,(r), (10.5) 


which the conservation of molecules of 
species a in the flow. 
Similarly, one may define an average kinetic energy 


€ia(¥), of species a of molecules at r by 


expresses 


ia=Na 
Pa(Y) €a( 1) =In z= 6(r—TPin) (Pint Pia) 2m, |W{N}, 


u=la 


(10.6) 


which includes that due to any mass motion of the total 
fluid. The vector flux J,a(r) giving the flux of kinetic 
energy due to molecules of species a, in energy per unit 
area and per unit time, is 
i Na 
Ji4(T) =In x 6(r£—Pia) (Pia Pic) /2ma |(Pia/ma) 
ia=la 


XW{N} (10.7) 


and the gradient of this, the net flow per unit volume 
and per unit time of kinetic energy owt of r due to 
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molecules of species a, is 
VeSialP) =In > 6(r—Pia)[ (Pia Piz) /2ma |(P ia/ma) 


-V, WIN}. (10.8) 


The change with time, (d dt) pa=Pa€katPa€ka, 1S 
found from Eq. (10.6) by operating on W with L. 
Only the terms —(pi./m.)*V,i and V,iV,iU survive 
the integration. The former term is —V,:Jia. The 
latter term can be integrated over dpia by parts. One 
has for Q r), the rate of produc tion per unit volume 
per unit time, of kinetic energy due to molecules of 
species a at r, 


Q, r d/Ol) palT) al L)+EV eS i ( 


\ 


—Ix > 6(r—Pin)[(Pia/ma)*V-iUx{N} WIN}. 


(10,9) 


This term is recognizable as the work done on the 
molecules of species a at rf, per unit volume and per 
unit time, namely, 

Qial(t V.°is a(t) 


p.(Y), (10.9') 


where (V,°/ r)) is the per molecule of 
spec ies a at r, of the scalar product of velocity, Pa/ Ma, 
with the force, f,.,, acting on the molecule due to the 
other molecules of the system. 


average, 


The definition of the local potential energy is some- 
what arbitrary, arising from the fact that the potential 
energy is a sum of pair terms, #;;(ri;), each depending 
on two molecules, 7 and 7, which necessarily are not at 
identical positions. The most obvious choice is to assign 
half of this pair potential to each of the two molecules, 
i and j, so as to write for €,.(7), the average potential 
energy per molecule of species a at r, the equation, 


Pa\ T) €ual T) 


Va N 
$x DS 6(P=—Tin) 8D tMaj(ria3) WIN}, (10.10) 


where the prime on the summation over 7 indicates 
omission of the term 7=7a, and the subscript 7 in ,; is 
used to indicate that the form of the function depends 
on the spec ies to which j belongs. 

The quantity pa()éua(r) defined by Eq. (10.10) if 
integrated over the volume of the system gives a term 
that could be written as N,é... The total potential 
energy [ 
One 


is the sum of these terms over all species a. 
is tempted to conclude that the quantity « 
corresponds 


to the partial molal potential energy of 
species a divided by Avogadro’s number, namely, that 
for an equilibrium system where e,,, were independent 
of r it would be this quantity. Actually it is of. The 
partial molecular energy of species @ at equilibrium is 
given by a much more complicated expression. 
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The vector flux, J..(1), of the energy of Eq. (10.10) 


is 
Juth) 


ia 


Na j=N 
Ix 6‘r—Pin) (Pia/ma) 1 ttaj(¥ ia,j) W{N}. 
j=1 


ia=la 


(10.11) 


On using 


j=eN 
DOV, itlaj(¥ inj) =VriUn {N}, (10.12) 
?=1 


one finds for the gradient of J,,. two terms 


( j==N 
6(r—r;,,) { LY thaj(¥ia,j) (Pia/ma)*VriWIN} 
( j=1 


+3WIN}C(pia/ma)?¥riUx{N} J}. (10.13) 


This is, then, the net flow of potential energy of mole- 
cules of type a out of an element of volume at r, per 
unit volume and per unit time. 

The time derivative (0/01) pa€ua is obtained by re- 
placing W with LW in Eq. (10.10). In the term multi- 
plied by w,; only the two terms of L, —(Pia/ma)* VriaW 
and —(p;/m;)+¥V,;W survive integration. The first of 
these terms is just the negative of the first term in 
Eq. (10.13) for V,*Juc. By partial integration the 
second term can be replaced by +W (pj/mj;) + V,-jttaj. 
One has for, Q,.(r), the production rate per unit 
volume of potential energy of species a at fF, 

ia=Na 
Igy DS 8(r—Pin) WIN} 


ta=la 


Qua(Y): 
NV «x 
XC (pia/ma)?VriUnx{N} + >>’ (p; mj) *VpjUaj | 


te 
j=l 


(10.14) 


The first term of this is seen to be half the negative of 
Qin, Eq. (10.9), namely, half the negative of the work 
done per unit time on molecules of species a at Fr. 
The second term is the other complement of this, 
namely half the negative work done by the potential 
field of the molecules of a at r on the other molecules 
of the system. 

The sum QO. the total change of energy of molecules 
of species a in a volume element at f, per unit volume 
and unit time is then 


Q..(r) Q AE ip) +(), 16 o 


1 


ia=Ne 
gy DS 6(r—rin) WIN} [—(pia/ma)*VrUn{N} 


A 
V 


+5 (pj/m;) + V,jtlaj(tai,j) 


j=l 


(10.15) 


The sum over a and integral of this over dr in the 
total volume of the system is seen to be the difference 
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of two equal terms, and hence zero as it must be. The 
integral over a volume macroscopic in size, but not that 
of the whole system, differs from zero in surface terms 
only. 

The localized entropy has the same ambiguity of 
definition that arises in the case of the potential energy. 
In the expression — S/k=9yW In(Wh*) if In(Wh*%) 
contains a sum of terms ¥,{n} dependent on the T 
space of a set {m}y of molecules we may arbitrarily 
assign the fraction 1/n of this term to each molecule 
of the set, and localize the corresponding part of the 
entropy at the position of this molecule. One therefore 
writes 


o(r)=—S(r)/k 


SxWIN} Dow DY 6(r—r)yafnjn, 
n=l 


tniIn ic (nIN 


(10.16) 


for a density o(r) of negative entropy (divided by &) 
at the position r. 

However, we wish to emphasize one feature of this 
definition. As long as ¥,=0 for n>m, with m some small 
number, the functions ¥, will approach zero in value if 
any one of the coordinates of the set n is far from the 
position r at which the molecule iCn is located. The 
local negative entropy density, o(f), at r, will then 
depend only on the properties of the system near fr, 
the range being of the order m times the range of the 
molecular forces. Now a thermodynamic treatment of a 
system is only of value if the properties of the system 
vary negligibly in many mean free paths, and in such a 
case the properties of the system near Fr can be inferred 
from those at r, and the gradients and fluxes at r. 
The localization of the entropy has then physical 
meaning, in that it is a property which can be inferred 
from the properties at TF. 

If, however, Yu #0 for M of the order M=N"3, 
then Wy will be nonzero with members of the set M 
separated by distances of the order of the diameter of 
the system. In this case the value of o(r) will depend 
on the properties of the whole system, and not solely 
on those close to r. In such a case it has little or no 
physical sense to attempt to describe a local entropy 
density. 

In addition, the assignment of the fraction 1/7 of 
the term y¥, to each molecule of n is arbitrary. One 
might as logically have assigned the fraction m,/Znymy 
to each molecule of species a. As long as 7 is small, with 
Yn localized to be nonzero only when all molecules of n 
are close to r, the values of S(1r) will be independent of 
this assignment whenever the properties of the system 
vary only slowly with r, and a thermodynamic descrip- 
tion of the state at r has value. This would no longer be 
true were Wy nonzero for M~N}, 

In all that follows we tacitly assume that the sum 
over m in Eq. (10.16) is limited to small values. 

There is one other comment required about the use 
of Eq. (10.16). In discussing the solutions of the inte- 
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gro-differential equatigns for ya", Eq. (7.5), it was 
pointed out that only one condition, the normalization 
condition x W=1, was available to fix the arbitrary 
constants in Y for all components. This single condi- 
tion is adequate to uniquely define W, and hence all 
mechanical properties of the system. However, for 
systems of more than one chemical component, if the 
composition at r differs from the average value in the 
system, the value of the local entropy, S(1r) given by 
Eq. (10.16) will depend on the assignment of these 
arbitrary constants to the different species. 

For the system of local initial thermodynamic equi- 
librium, Eq. (3.6), there is a unique method of as- 
signing the normalizing term, the term — PV /kT=4% 
of Eq. (3.4) to the different species. This assignment is 
simply to add P(fiz)ba(Pin) /RT (Pin) with 


Da= (OV /ONa) p17, (10.17) 
the partial molecular volume of species a to the term 
¢. of each molecule of species a, writing for Pa 

at (=0 


Va(t=0, yun) =[RT (Pia) 


Pint Pin 


(10.18) 
2m, 


X} — P( Pia) da( Tin) tHa(Tia) — 
which” will now make Eq. (10.16) consistent with 
thermodynamic local values. If the original system has 
small gradients compared to the mean free path the 
later state will usually” be close to that of a local 
thermodynamic equilibrium, but with nonzero fluxes. 


9 


We will then have y, in the form 


Va ( ¥ ia) 


=[kT (Pia) — Pls) 806 Pa) Hae) — 


2m, 
+a \ ¥ia) (10.19) 


[ — as (rijz) +Ou0( ¥ ia, Yin) | 
X3k(T (tia) +T (2)) 74 


Wad 2 ( © iay Yi) = 
(10.20) 


where the (small) terms 6, 0.0, will contain terms odd 
in the momenta. The expression (10.16) will again be 
that consistent with the thermodynamic functions plus 
terms due to the fluxes arising from @, and 6,5. 

One may integrate, for each term {n}yn in Eq. 
(10.16), over the I’ space of the molecules not in the 

1 This is not necessarily so. One need only consider the case of 
a system capable of a slow chemical reaction prepared initially 
with a thermal and composition gradient, but with the reaction 
at local equilibrium. Obviously heat conduction and diffusion 
could bring the system to uniform temperature and composition 
before the chemical reaction had proceeded to the new equi- 
librium value. Many other cases are imaginable. No general 
proof is to be expected that once local thermodynamic equi- 
librium is reached it is always maintained between all degrees of 
freedom. 
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subset {nN}, and sum over the N!/(N—n) !n! different 
subsets for the same set n, to define 


on(¥) =Inn)5(r—T,)¥n{n}wn{n} 


1cn 


(10.21) 


so that, 
(10.22) 


o(r)= don r)=—S(r)/k. 
n=l 


One may now define fluxes 
Jon(¥) =Ixn >. 6(r—r;) (p./m,)¥n{n}wa{m} (10.23) 
1cn 
and gradients of the fluxes, 


VieJon(Y) =Inw 1S 5( r—r;)[¥.{n}(p./m;)°Vwn{n} 


cn 


+w,{n}(pi/mi)*Vaa{m}. (10.24) 


The total entropy production, per unit volume and 


per unit time, 6(1r), is then 


6(r)=—k> [on(r) +¥--Jon(¥) ], 
n=l 
6n(P)+V,°JSon( 4) = —On(4)/k 
Ixn > 6(r—r;) Twaln}ya{m}+ya{n} wa{n} 


1Ccn 


+wr{n}(pi/m;)+V,evn{m} +yn{n} (p./m,)-V,.:{n} J. 


am 


(10.25’) 


(10.25) 


This total entropy density production rate, 
6(r) 


= —kbx om DD) o(r— ri) 6.0" (7s, (m}n{N}) 
n=l 


a)... tGn 
N 


(10.26) 
Oin*(yi, {m}, {N}) 


= (pi/m;)+(Vrvai{njW{N} +(0/dt) (Yni{n}W{N}) 
(10.27) 


is, of course, zero if the Liouville operator is used to 
compute by (0/d0t) (¥,W) =L(¥,W). This follows since 
the only term surviving the integration is exactly the 
negative of the first term on the right of Eq. (10.27). 

The entropy density production rate given by Eqs. 
(10.26) or by (10.25) with (10.25’) is only nonzero if 
the sum over 7 is terminated at a definite value m, and 
the appropriate ¥,°” are used. 


XI. Discussion 


It is rather trivial that the expressions in the last 
section for the local entropy are consistent with the 
classical treatment of thermodynamics for a definite 
initial and final state. 

Let us consider a system of known entropy, prepared 
out of equilibrium, then isolated and allowed to change 
for a time, ¢. At ¢ imagine that insulating walls are 
adiabatically inserted to stop all fluxes, freezing the 
system into the state of local equilibrium found at ¢. 
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In our description, consistent with the concept that the 
system behaves as if truly isolated from the surround- 
ings, the Liouville operator is used to predict the 
secular changes, but with attention focused on the 
reduced probability density functions w, for small n. 
The process of insertion of insulating walls, if adiabatic, 
changes these only by stopping the fluxes, removing the 
terms which are odd in the momenta, and by removing 
any high-order correlations in InW which may have 
survived the influence of the surroundings during the 
actual transport processes. Any measurement of the 
thermodynamic entropy by heat cycles on the different 
parts of the system will, of course, measure the local 
equilibrium entropy, which is that computed by the 
use of our expression S@, 

However, the thermodynamic treatment of irreversi- 
ble processes does not confine itself to the initial and 
final states, but expresses the local entropy flux and 
production during the transport, particularly for 
systems in a steady state. Now a complete “steady 
state” throughout all parts of an isolated system 
means only that no change at all occurs. But a local 
steady state in part of an isolated system is by no 
means inconsistent with isolation of the system. Con- 
sider, for example, two large heat reservoirs, a and 8 
of masses M, and Ms, of specific heats cq and cg, and of 
temperatures T,>T73, respectively, connected by a 
member of small cross section. The total heat flow, 
Q= —Malal'a=Mcs1's, out of a and into 6 may be 
finite, but —7’, and Ts may be made less than any € 
at constant Q, by increasing the masses, M, and Mg 
of the reservoirs. Similarly the average temperature 
gradients in the reservoirs may be reduced towards zero. 

In the thermodynamic language there is no entropy 
production in either a or 8. An entropy per unit time 
—§,=Q/T. flows out of a, and a larger entropy, Ss= 
Q/T. flows inio 8. The total entropy production, 
S=S,+8,3 occurs in the connecting member, where 
there is a temperature gradient, but where the proper- 
ties are stationary in time. 

The fact that the local physically measurable proper- 
ties near a position rf are stationary means that the 
reduced probability density functions, w,{m}, near 
for all small values of » do not change in time, w,=0, 
n<m. Since the correlation functions ¥,°" of W™ are 
uniquely determined by w, for n<m it follows that for 
small m values ~.°=0. The corresponding entropy 
S™ then has a production rate 6 per unit volume and 
unit time which is just 0” =k¥-J,\™. 

Were we to admit that the exact total probability 
distribution, W, for the system during transport were 
W there would be no truly stationary state, even 
locally. As time proceeds the correlation functions Yy 
in nW“ up to n=N keep increasing in value. These 
functions, for M~N"’ or greater, have nonzero values 
for subsets of molecules extending in their coordinate 
values throughout the entire system. No sensible 
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definition of a localizable entropy is possible. The 
state of the system is continually changing in that the 
positions of molecules at any r become increasingly 
correlated directly with that of molecules throughout 
the whole system. 

Under normal conditions, that the surroundings are 
not held close to 0°K, and for heat or molecular trans- 
port, for which the coupling of the transport with the 
walls, and hence with the surroundings is high, the 
negative entropy stored in the terms of ¥, between 
2<n<N"* will be negligible. The true entropy will 
differ but little from that computed using W™, and the 
transport and production rates will be adequately 
represented by J,® and 6, respectively. In any 
case, these will represent the values which would be 
inferred by observing molecular and heat transports 
together with local concentrations and temperature 
gradients. 

The whole discussion of this paper has been limited 
to a mathematical formalism suitable to the treatment 
of a classical liquid system, and indeed one in which the 
molecules have no integral degrees of freedom, and in 


which the potential is a sum of pair interactions. Clearly - 


no other alteration than the insertion into yia of the 
internal coordinates and momenta would be required, 
were these to play a significant role. An essentially 
similar, although somewhat more complicated for- 
malism is applicable to the coordinate representation 
of the density matrix for quantum systems. 

There is no essential reason why the coordinate- 
momentum space used should be that of molecules. 
For crystals one would presumably prefer normal 
coordinates of vibration, which are now nearly inde- 
pendent. The (weak) cubic and quartic terms of the 
displacement potential lead to interactions between 
these normal coordinates, and the Liouville operator, 
in time, leads to many-body correlation functions in 
InW, which again will be replaced with their pair and 
triple, etc., averages by the fluctuations at the boun- 
daries. The essential features of the discussion remain 
unaltered. 

The limitation of pair potential interaction requires 
more careful discussion. Any potential Uy{N} can be 
written as a sum, 


Ux{N}=)> pm Un{N}n, 


n=1 {njN 


(11.1) 


and if Uy is defined for all N, the analysis is unique, 


with 


un{n}= >> D> (—)"U, fv} a. 


yv—=l1 {vy} n 


(11.2) 


As long as the sums of Eq. (11.2) approach zero 
rapidly for large values, u#,240, n>m, no drastic 
change is required for our treatment, except one of 
considerable numerical complication. The energy, 
and hence the thermodynamic properties, depend 
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on W, up to n=™m, rather than only up to n=2. The 
inferred thermodynamic entropy will be S, and 
the first time derivative of W™ will depend on W@"—», 

However, it is not true that the development of 
Eq. (11.1) necessarily converges. For instance if 
hydrogen atoms, or any other chemical species which 
form saturated valence bonds, are chosen for the 
entities, the development does not converge. In such a 
case even the equilibrium InW contains high-order 
direct correlations, namely, —u,/kT, up to n=N, and, 
as in the case of the entropy S“, one cannot even 
properly define a localizable energy density. The formal 
solution of reducing the entities treated to nuclei 
and electrons would indeed reduce Eq. (11.1) to a sum 
of pair terms, but at considerable expense of numerical 
complication to the calculation. The usual answer is to 
treat H, molecules as the entities, and if necessary in 
a many component system to include chemical reactions 
in the formalism. Nevertheless there exists a region of 
density and temperature where the composition may be 
said to be half-molecules and half-dissociated atoms, 
but where interactions between pairs of atoms could 
not be neglected. 

The contemplation of the difficulties of treatment, 
even at equilibrium, of such hypothetical problems 
may possibly serve to make more cogent the argument 
that the general concept of the discussion given in this 
paper has general validity. Either in quantum me- 
chanical or in classical treatments of many-body 
problems, the attempt is necessarily made to find a 
coordinate system in which the problem is at least 
nearly separable. The interactions between these, if 
important, are then pairwise. 

Finally, we would like to comment on one important 
feature of our discussion. We have emphasized that 
physical measurements depend only on the simul- 
taneous values of comparatively few coordinates and 
momenta, and, in the case of many-body systems, on 
sums of such functions for similar subsets of the 
identical molecules. The use made of this fact has not 
been such as to elevate it to a philosophical principle. 
The concept has been used only to select the reduced 
probability density functions w, for small values as 
the functions which fully characterize the instanta- 
neously measurable properties of a system. The cri- 
terion that a system be thermodynamically isolated 
is then interpreted as meaning only that these functions 
evolve in time as if the surroundings had no effect on 
the system. One might possibly be tempted to speculate, 
however, that some kind of statement of the impossi- 
bility of simultaneous measurement of very many 
correlated coordinates or momenta is indeed funda- 
mental. Presumably if so, the argument would have to 
make use of quantum mechanical concepts similar 
to those used in deriving the uncertainty principle for 
conjugated momentum coordinate pairs. 
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Theoretical investigation of the oscillator strength of the 
V—N transition in Hy has been carried out employing the al 
ternative length, velocity, and acceleration operator methods in 
the calculations. By successive improvements in the approximate 


molecular wave functions assumed for the two states, convergence 


of the results obtained by the three methods toward a unique f 


value is demonstrated. The best wave functions employed yield 
an f value of 0.27 for the V—N transition in Hg. Because in general 
the three methods weight different spatial portions of the wave 


functions in the dipole strength integrals, comparison of the 


I. INTRODUCTION 


HE transition probability calculations published to 

date have been motivated for the most part by the 
desire to predict as well as possible f values for given 
transitions, or to test wave functions by comparison 
with experimental oscillator strengths.' Although it is 
well known? that there are three equivalent dipole 
operators which yield identical transition moments 
when exact wave functions for the initial and final 
transition states are employed, little advantage has 
been taken of the possible comparisons of the three 
methods of computation when approximate wave func- 
tions are used.® 

In this paper we shall show that the oscillator 
strengths computed by the dipole length, velocity, and 
acceleration operators may be quite useful in concert as 
criteria of the goodness of molecular wave functions 
alternative to the variationally obtained state energies. 
Emphasis is laid upon the greater sensitivity of the 
former compared to the latter results, dependent upon 
the pair of wave functions employed. As a specific 
example, the !2,+—!2,t+(V—.\V) vertical transition 
probability for Hz is investigated employing various 
types of approximate molecular wave functions. Theory 
is reviewed showing that agreement among the oscil- 
lator strength values calculated by the alternative 
methods are not independent of the state function 
energies; the reported investigations indicate that 
convergence of the results of the three methods toward 
a unique f value occurs as substantially better wave 
functions (in the energy sense) are employed. In addi- 
tion, a systematic procedure is outlined for such 

+ Work supported in part by the Office of Naval Research. 

For a review of work on atomic transition probabilities, see 
R. H. Garstang, Vistas in Astron. 1, 268 (1955). 

27H. A. Bethe and E. E. Salpeter, Encyclopedia of Physics 
Springer-Verlag, Berlin, Germany, 1957), Vol. XXXV, p. 334; 
S. Chandrasekhar, Astrophys. J. 102, 223 (1945). 

H. Shull [J. Chem. Phys. 20, 18 (1952) ] pointed out the 
value of such an approach, comparing dipole velocity results 
with the dipole length results of R. S. Mulliken and C. A. Rieke 
[Repts. Progr. in Phys. 8, 231 (1941 


f= (82?mc/3h)vD 


alternative numerical f values is shown to provide some insight 
into the goodness, over-all and regional, of these wave functions. 
Agreement among the three values is also shown to be a more 
sensitive test of the goodness of the wave functions than are the 
usual energy criteria. All integrals necessary in these computa- 
tions are shown to be expressible in terms of Cag” functions 
which are to be found in the literature. A systematic scheme for 
computing the oscillator strengths of any 2—Z transition in- 
volving one and two quantum-number Slater orbitals in terms of 
these C functions is outlined. 


computations with any pair of molecular wave func- 
tions expressed in terms of Slater atomic orbital basis 
sets, and the appropriate integrals for ©—~ transitions 
tabulated. 


II. THEORY 


The oscillator strength f for an electronic transition 
between two states J and F is given by 


1.085 X 10" yD = 6.667 X 10-1! (7D), 
(1) 


where v(¥) is the transition frequency in cm (a.u.), 
and D(D), the dipole strength, in cm? (a.u.); f is 
dimensionless. The dipole strength is related to the 
transition moment Q by 


D=G|Q\?. (2) 


The quantity G effectively counts the number of inde- 
pendent final states to which transitions are made; 
further details may be found in the Mulliken and 
Rieke review.’ 

Three equivalent expressions for the transition 
moment Q, easily obtainable from matrix mechanics* 
are (in atomic units), 


QL [oe Xeadr, 


dipole length: 


dipole velocity: Or ( Er- Ev) [ve* vad 


dipole acceleration: 
(ere = (E,;— Ep) [vet Dew ) Wide i, (5) 


where the summations are over all the electrons in- 
volved in the transition from J to F. It should be 
noted that the length and acceleration operators are 
multiplicative operators, while the velocity operator 
involves the gradient of the wave function yr. 
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THEORETICAL 


The f values for which the experimentally deter- 
mined energy difference is employed [in Eq. (1) as 
well as in (4) and (5) | will be differentiated by the 
label, semi-theorelical, from those where the theo- 
retically determined energies for both states are used. 

The V—WN transition, following the notation of 
Mulliken, is of the '2—!Z type for which G is unity and 
the operators in Eqs. (3), (4), and (5) reduce respec- 
tively, by virtue of zero x and y components, to 2;, 
0/dz; and [(2a/ra®) — (22/re*) |i. The two terms of the 
last operator arise as an expression of the potential 
energy contributions of the two nuclei a and b; the 
negative sign is due to the arbitrary choice of the 24 and 
Zp axes pointed towards each other. Further details are 
to be found in the Appendix. 

Additional specification is required for the Hb, 
calculations presented. In all cases we have computed 
the vertical or Franck-Condon transition probability 
from a single level of zero rotational and lowest vibra- 
tional energy. The transition is computed for the 
equilibrium internuclear separation of the J state 
(1.4 a.u.) to the lowest-lying excited singlet, or V, 
state. A completely meaningful comparison to the 
experimentally observed oscillator strength would 
require consideration of contributions involving all 
possible vibrational and rotational levels of the states 
considered. As Mulliken and Rieke have shown,* how- 
ever, the approximation we have employed should be 
relatively good and, what is more important, will not 
affect the agreement criteria for our intertheoretical 
comparisons. Exact purely electronic wave functions 
for the V and V states would therefore produce exact 
agreement among the three methods, in approximate 
agreement with the true V—V (Lyman band) f value.‘ 

It is apparent then that the value of these computa- 
tions as tests of the goodness of the electronic wave 
functions for the transition states involved should not 
be overshadowed by the numerical values of the oscil- 
lator strength obtained. 


III. DETAILS OF THE COMPUTATIONS 


For the hydrogen molecule, normalized single-par- 
ticle wave functions of several types were employed. 
The N state was represented alternatively as py= 
o,(1)o,(2), with oj~(1sa+1s,), using both free atom 
(¢=1) and varied orbital exponents,® by an SCF func- 
tion constructed out of a basis set including 1s, 2s, and 
2po Slater functions,® and by the simple configuration 


‘ An experimental value for the V—JN transition in hydrogen is 
unavailable at present due to overlapping of the Lyman with the 
'y,*—'IL, (Werner) bands. The respective frequencies for the 
transition maxima lie at 99000 and 104000 cm™! for which a 
total f of roughly 0.65 may be assigned, according to Mulliken 
and Rieke.’ The latter value was determined from the dispersion 
formulas of K. L. Wolf and K. F. Herzfeld, Handbuch der Physik 
20, 492 (1928). 

5 C, A. Coulson, Trans. Faraday Soc. 33, 1479 (1937). 

6 Private communication from B. J. Ransil of this laboratory. 
See also B. J. Ransil, Revs. Modern Phys. 32, 245 (1960). 
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interaction function of Weinbaum.’ The V state wave 
functions were taken to have the general form y= 
(1/v2) [o,(1)ou(2) +ou(1)0,(2) ]. The cases considered 
were oj=a,ls~(15a+15,), gu=culs~(1sa—1sy), first 
with equal orbital exponents for o, and o,, then with 
orbital exponents optimized separately for o, and a,3; 
finally, with the o, orbital also taken to have the form 
Ou=Culp~(2poa—2po,). Further, an SCF virtual 
orbital representation (vide infra) of the V state was 
examined. 

All integrals over the three operators when trans- 
formed to prolate spheroidal coordinates may be re- 
duced to functions of the form, 


‘co +1 
Cag (1) 84444 (Spy yetatrtsizen f ae dn 
l l 


Xexp(—p&—rpn) (E+n)*(E—n)?(1+8)7(1—-&)? 
x (2—-1)*(1—79?)§, (6) 


where the parameter indices a through e are determined 
by the operator and orbital combinations employed. 
These C functions were originally introduced by Ruden- 
berg, Roothaan, and Jaunzemis’ for their analysis 
of one- and two-center Coulomb and hybrid integrals, 
but their utility is quite general: any spatial one-electron 
integral involving Slater atomic orbitals can be reduced 
to these C functions.” The necessary dipole length, 
velocity, and acceleration integrals using 1s, 2s, 2po, 
and 2pm Slater orbitals in terms of these C functions 
are to be found in the Appendix. 


IV. RESULTS AND DISCUSSION 


The f number results for the Hp (V—) transition 
calculations employing the approximate molecular 
orbitals, Yw=[Lo,ls P, Yy=[(o,15) (ouls or ou2p) | with 
equal and with varied orbital exponents are presented 
in Table I. Reproduction of the semitheoretical results 
of Mulliken and Rieke,’ and Shull’ serve to check the 
discussed C function analysis. A comparison of these 
and the associated purely theoretical results indicates 
strongly how relative agreement among the alternative 


f values depends upon the energy difference adopted 


in the calculations. Particularly striking in their 
differences are the results for the ‘‘free-atom ¢” orbital 
exponent approximations. This is of course directly 
attributable in this case to the very poor theoretical 
energy difference, and generally to the fact that fz, fy, 


7S. Weinbaum, J. Chem. Phys. 11, 593 (1933). 

8 P. E. Phillipson and R. S. Mulliken, J. Chem. Phys. 28, 1248 
(1958). 

®K. Ruedenberg, C. C. J. Roothaan, and W. Jaunzemis, 
Technical Report (Laboratory of Molecular Structure and 
Spectra, University of Chicago, 1952-3), pp. 137—256+ii. (Copies 
available upon request.) An abridged presentation is given in 
J. Chem. Phys. 24, 201 (1956). 

1 W. C. Hamilton [J. Chem. Phys. 26, 1018 (1957) ] has re- 
duced the dipole length integrals for quantum number one and 
two orbitals to C function difference equations which may be 
converted by coordinate transformation to the simpler forms 
presented in the Appendix. 
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Paste I. Oscillator Strengths for H2(V-N) Transition, for 
¥n=LoolsP and py=[(o,ls,or o.2p)]. (Each block of four 
numbers represents fi, fy, face and;(Hy—Ey), in ev in column 
order. )* 


t,(1s) 


1.197% 


.163 


.840 
.06) 
688 
449 
.938 
.69) 


120, 0.68¢ 
0.316, 0.52¢ 
0.552, 2.46 

20.18) 


0.482, 0.44¢ 0.281 

0.175, 0.19 0.144 

0.193, 0.28 0.148 
(13.60) (14.59 


® Boldface values were computed by the semitheoretical method. 


AE (experimental) =99 000 cm™!=12.27 ev. 


b Optimum {,% =1.197, En=—3.47 ev from work cited in footnote 5. 


Optimum {9 V = 1.450, tu V —0,275, En =8.92 ev from work cited in footnote 


4 Values obtained with (,=1.325 regularly paralleled the results for the op- 
timum value of this parameter within 5%. 
® See works cited in footnote 3. 


and face have explicit dependence upon AE, 1/AE 
and 1/AE’, respectively. Whether it is legitimate ever 
to use the semitheoretical energy difference alone is 
doubtful. Certainly when agreement among the alter- 
native operator results is to be used as a criterion for 
goodness of various pairs of approximate wave functions 
it is not. The results of Green, et a/." are interesting in 
this regard. They find that the theoretical energies give 
closer agreement to the f sum rule for all operators than 
do the experimental energies in the particular cases of 


AND PP. cE. 





Q'= (1s|2|2p)=[3-249 / exp(—}r)r'dr 
0 


= (1s|a/as|2p)=[3-2-4/(3/8) 1” exp(—Ir) rar 
0 


QAcc= (15|2/r3|2p)=[3-12-4/ (9/64) if exp(—$3r)rdr 
0 
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calcium atom transitions. Later use will be made of the 
semi- and purely theoretical results, side by side. 
Returning to the main body of the table, attention is 
directed to the results obtained for the best wave 
function pair. Here ¢,”= 1.450, ¢,”=0.275 with Ey= 
8.912 ev’, and ¢(,V=1.197 with Evy=3.470 ev®. These 
and all other energies quoted in this paper are referred 
to zero for infinitely separated ground state hydrogen 
atoms. Although both state energies are poor (viz., 
Ey experimental= —4.7466 ev") their errors almost 
cancel in A#. Both the theoretical and semitheoretical 
methods (latter not shown) indicate relatively good 
agreement between the length and velocity f values, 
but a much higher acceleration value. The disagree- 
ment of face With f;, and fy along with the state energies 
suggests that both yy and py are poor wave functions, 
a conclusion which would not be as forcibly demon- 
strated by comparison of f; with fy alone, or by com- 
parison of the theoretical with the experimental AE. 
The other combinations of wave functions yield similar 
or even less satisfactory agreement among the alter- 
native results. It may be concluded at this point that 
these simple wave functions are not capable of providing 
a reliable estimate of the oscillator strength and con- 
versely show themselves, one or both, to be poor 
approximations for the states which they are intended 
to represent. Nor as a general conclusion may the agree- 
ment among the alternative values of f calculated be 
noticeably better when slight improvements in poor 
functions are made. In other words, agreement among 


fr, fy and face is more dependent in a complex way upon 


the wave function parameters than are the state ener- 
gies or their difference. 

The reason why approximate wave functions should 
yield so widely divergent results by the three operator 
methods is worthy of further examination. That such 
divergence should be expected was pointed out by 
Chandrasekhar? in a discussion of his oscillator strength 
calculations for H~. It is simply that the Q operators 
emphasize different spatial portions of the wave func- 
tions in the integral weighting process. A simple 
graphical example of this point is afforded by the 
hydrogen atom transition 1s to 2p where the exact 
wave functions are readily available. Here Q”, Q”, and 
QA are identical so that after spherical coordinate 
integration of the @ and ¢ functions which are the same 
in all cases, 


= 128v2/243. 





u'L. C. Green, N. E. Weber, and E. Krawitz, Astrophys. J. 113, 690 (1951). 
2 G. Herzberg, Spectra of Diatomic Molecules (D. Van Nostrand Company, Inc., Princeton, New Jersey, 1950), p. 530. 
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The correct 1s and 29 orbital exponents are 1.0 and 0.5, 
respectively. In Fig. 1, the normalized integrands of 
Eqs. (7) are plotted versus r, the radius vector of the 
electron. The r values of the respective maxima for the 
length, velocity, and acceleration curves lie at $, 2, and 
3 a.u. The important insights afforded by this example 
are in two in number. First, while the length and ve- 
locity operators do indeed stress different spatial por- 
tions of the wave functions, a much greater difference 
is noted in comparison of either with the regions 
emphasized by the acceleration operator. The latter 
heavily weights the regions close to the nucleus, just the 
portion of space in which approximate atomic elec- 
tronic wave functions are generally poorest. Second, 
excess electron density for both states in a particular 
region should be reflected in an increased integrand 
value by the method stressing this region (although 
not necessarily in the result obtained upon division 
by AEF, or if the two states are in error in the opposite 
direction in this region). It should again be emphasized 
that these conclusions require care in application to 
molecular systems where the electron density distribu- 
tion is anisotropic; howevef, qualitatively they are 
similar.'* 

We are now in a position to reexamine in somewhat 
more detail the results of Table I. For all the orbital 
representations in terms of 1s Slater orbitals, with one 
reasonable exception, the dipole acceleration f value is 
found to be considerably greater than the correspond- 
ing values obtained from the length and velocity 
methods. This conclusion holds, in many cases more 
strongly, upon comparison of the corresponding semi- 
theoretical results. It is well known™ that simple 
LCAO-MO wave functions are unable, by virtue of 
their construction, to properly weight ionic and 
covalent contributions by explicit variational means. 
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Fic. 1. Radial dependence of length, velocity, and acceleration 
oscillator strength integrands for hydrogen atom 1s—2p transi- 
tion. 


18 Suggested by unpublished results from this laboratory. 
Work is presently underway to refine these considerations by 
examination of H2* molecule transitions employing both exact 
and approximate wave functions in various combinations. 

4C. A. Coulson, Valence (Oxford University Press, New 
York, 1952), Chap. VI. 
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This deficiency is of course more important in some 
cases than in others. For the ground state of hydrogen 
with ¥y=[o,1s P, the ionic and covalent contributions 
are equally weighted. However, as was demonstrated 
by Weinbaum’ in his variational calculation, the energy 
minimum for the ground state represented as 


Y= C[1s4 (1) 1s, (2) +1s,(1) 1s4(2) ] 


+[1s4(1) 154 (2) +1sz (1 ) 1sp (2) 1, (8) 


occurs when ¢(1s)=1.193 and C=3.9 (Ey=—4.024 
ev, an improvement of 0.5 ev over Coulson’s value’). 
For this much improved representation, the covalent 
contribution is seen to be much more important than 
the ionic. Further, while the V state generally has been 
assumed dominantly ionic, the results of several com- 
putations have raised some questions about this. 
The best V state functions examined here have de- 
parted from purely ionic character through gross varia- 
tions in the orbital exponents (¢,”>1, ¢.”<1, where 
¢,"=¢." would give the purely ionic form, shown to be 
a very poor approximation’). Perhaps a Weinbaum- 
type treatment would further decrease the ionic con- 
tribution. Even assuming the V state to be properly 
pictured with regard to the weighting of these con- 
tributions, the ground state in the simple LCAO-MO 
approximation is overly ionic, and as a result regions 
near the nuclei should have an excess of electron 
density which would exaggerate the acceleration dipole 
value, Q4°. This implies, in general, that since there is 
too much charge density near the nuclei, regions farther 
out should be deficient in charge density. Therefore 
integrals over the dipole length and velcoity operators 
would tend to be too small, and integrals over the 
acceleration operator should be too large. This does not 
necessarily mean that face would always be too large, 
and f, and fy too small, since AE enters into these 
quantities in different powers. However, this conclu- 
sion fits well with the generally high values obtained 
from the acceleration calculations. In fact, the only 
parameters which result in reduction of the acceleration 
value to agreement with either of the values obtained 
by other methods also result in obviously incorrect 
diffuseness of charge (i.e., when £,*% = 1.00, ¢,"” =0.200). 

Where o, is approximated as o,29, the acceleration 
values are no longer higher than those computed by the 
other methods. This result is fully in agreement with 
the analysis presented when the spatial electron dis- 
tributions in 20 and 1s orbitals are contrasted. The 
suggestion of Mulliken and Rieke,’ to the effect that 
further improvement in the o, orbital, beyond minimi- 
zation with respect to ¢,(1s), might be accomplished by 
going over to the 2po, Rydberg form, seems reasonable 
from these considerations. Further computations are 
in order, perhaps by including 20 orbitals in a Wein- 
baum-type treatment as discussed above. 


8 C, Zener and V. Guillemin, Jr., Phys. Rev. 34, 999 (1929). 
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TABLE II. Oscillator strengths for H2(V —) transition employing 
improved ground-state wave functions. 


Best (o,1s)? SCF Weinbaum 


242 
287 
.267 


.024 


With these results noted, some improved wave func- 
tions were tried. Again taking the best simple V state 
wave function available (o,1s¢,1s, with the optimum 
¢’s 1.450 and 0.275, respectively) we have examined 
the Weinbaum and SCF ground-state functions. The 
Weinbaum function has been described above; the 
SCF function® where py- ¢)¢;, With g; including 
1s, 2s and 2p0 Slater orbitals, has all ¢’s= 1.2313, and 
an energy of —3.595 ev. The coefficients ¢, ¢2,, and 
Cope are, respectively, equal to 0.4993, 0.0365, and 
0.0408. Table II contains the results of these calcula- 
tions with the values for the best wave function pair 
from Table I included for comparison. 

Several interesting results emerge from consideration 
of Table Il. The SCF function employed for the ground 
state has improved the agreement between the f values 
somewhat; however, the acceleration value, although 
the most improved, still remains quite high. This is 
perhaps not too surprising when the relatively small 
contributions of the 2s and 20 orbitals and the value of 
the single ¢(1.2313) are considered. Similar expression 
of the simple Coulson function reveals c,,=0.535 and 
¢=1.197. Other SCF ground-state functions for 
H». have been constructed which should provide some- 
what better results. In one of these which also employs 
a 1s, 2s, and 2p0 basis set, the orbital exponents and 
coefficients were variationally optimized to yield an 
energy of —3.632 ev.® The five-term SCF wave func- 
tion of Coulson" would not seem to offer anything 
beyond this in as much as a single preset orbital ex- 
ponent was employed. What is perhaps of more interest 
in this paper is the electron density comparison for the 
simple optimum ¢(1s) versus SCF functions. This 
shows a shift of charge from around the nuclear posi- 
tions into the region between the nuclei in passing from 
the former to the latter. 

Neither of these were examined however, attention 
being directed rather to another method of improve- 
ment of the approximate ground state representation, 
configuration interaction. The Weinbaum function, 
which has already been discussed, yielded the values 
found in the last column of Table II. Here the results of 
the,three methods have converged well (to an average 
value of f equal to 0.265, spread over 0.045). While 
improvement was to be expected over the simple MO 


16 C, A. Coulson, Proc. Cambridge Phil. Soc. 34, 204 (1938). 
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functions on the grounds of suppression of the ionic 
contribution, it is perhaps surprising that so much better 
agreement results. Besides the obvious ‘shortcomings 
of as rough a V-state representation as was employed, 
the doubtlessly important effect of electron correlation 
has been completely overlooked in the V state. A 
possible reason for this improvement is that the de- 
crease in the ionic portion of the V-state wave function 
has pulled charge away from the nuclei into regions 
further away, presumably between the nuclei, thus 
lowering f Acc. These results indicate that at least in this 
case, the results are more sensitive to the V state than 
to the V state. This is because the electron correlation 
effects, which are partially accounted for in the Wein- 
baum function are far stronger in the V than in the V 
state. In the latter case, the two electrons are kept 
apart by the fact that they are in distinct orthogonal 
orbitals o, and oy. 

Review of the discrepancies in the state energies and 
their difference as compared to experiment, however, 
leads to the interesting conclusion that the theoretical 
AE has provided a better picture of agreement than 
may in actuality be justified. The theoretical difference 
(12.94 ev) is over 5% greater than the experimentally 
measured value; employment of the latter yields the 
respective semitheoretical length, velocity, and ac- 
celeration values, 0.230, 0.301, and 0.309. Somewhat 
poorer agreement among these values and proximity of 
the velocity and acceleration results, both higher 
than that computed by the dipole length method, are 
noteworthy. 

If the range 0.080 is roughly centered about the 
average theoretical value 0.265, all the results, both 
semitheoretical and purely theoretical, are encom- 
passed. The best He (V —V) f-value estimate available 
then from this study is 0.27. 

It was of interest to extend these calculations to 
examine the SCF V-state function generated as a by- 
product from variational optimization for the ground 
state SCF examined above. While there is no theo- 
retical reason why a function of this sort (designated 
generally as a virtual orbital) should be a good repre- 
sentation of the actual symmetry state, several inter- 
esting points of rough agreement have been noted (i.e., 
slopes of potential curves and energy differences be- 
tween excited states®). Since these functions are deter- 
mined solely by the requirement that they be ortho- 
gonal within their symmetry to the ground state, it is 
surprising that they resemble the true picture at all. 
Calculation of the f numbers arising from use of this 
state provide another mode of comparison; most per- 
tinent is the calculation of the transition probability 
from the SCF ground state, the determination of which 
is responsible for the virtual orbital representation. For 
the single ¢ functions, the ground-state parameters are 
listed The virtual V-state function, with 
E=12.619 ev, has the coefficients Cis, Cos, and Cope 


above. 
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TABLE III. Type I integrals (a | Qa | a’).* 


Length: 2, 


TRANSITION PROBABILITIES. I 


1229 








Velocity: 0/02. 


Acceleration: cos6./Ta” 





h 


32 (fa*fa*)? 


1s, | a | 2 a’/ 
i : = (fatfa-)® 


160) (Gk a+)"* 


(25a|Qa|2poa") 
cd V3 (SatSa)® 


® For the dipole velocity: (a | 0/Oza | a’ )=— a’ | 0/0za | a). 

equal to 0.3460, 0.7826, and —0.2140. The respective 
length, velocity, and acceleration f values are 0.762, 
0.538, and 0.607, in relatively poor agreement with 
each other and much higher than the estimated value 
of 0.27. The semitheoretical values are of course much 
worse (AE theoretical being 16.214 ev). From the view- 
point of the oscillator strength calculations then, in 
agreement with the energy, the only conclusion possible 
is that this virtual orbital V-state approximation is a 
very poor one. 


V. CONCLUSIONS 


The oscillator strength values calculated by the 
alternative dipole length, velocity, and acceleration 
methods for the (_V—.V) transition in He are found to 
exhibit improved internal agreement as the wave 
function representation of the participant states are 
grossly improved. Also, it appears that these values 
tend to converge toward a physically reasonable value. 
Both of these results are in agreement with theory. 
The effects of minor improvements as judged by the 
energies on very poor functions is, however, often not 
recognizable. The best functions considered here pro- 
vide an f value for this transition of 0.27. 

While it is still not possible to show unambiguously 
that close agreement between the alternative method 
results necessarily means that the correct f value is 
being approached, such a conclusion now seems more 
reasonable. The uncertainties voiced by Bates and 
Damgaard” on the possible fortuitous agreement ob- 
tainable for comparison of the length and velocity 
results are made less likely by the further and more 
stringent comparisons provided with the acceleration 
value. As an additional check, the semitheoretical 
values, where available, preclude apparent agreement 
through integral error cancellation by incorrect energy 
differences. 

Extension of this investigation is suggested to further 
check the conclusions obtained from these results. 
Information on whether better, yet still approximate, 
wave functions would provide a more regular approach 
to convergence for the three methods would be of 
interest as would of course the exact value for the 


“Dp, R. Bates and A. Damgaard, Phil. Trans. Roy. Soc. 
London A242, 101 (1949). 
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transition considered. For example, and in the degree 
of ultimate refinement the improved agreement ac- 
companying the stepwise addition of terms in James 
and Coolidge’ and Kolos and Roothaan” functions 
should provide, ignoring the attendant mathematical 
complexity, much valuable information in this regard. 
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APPENDIX 


Transition Moment Integrals in Terms of 
C,37°* Functions 


For any atomic or molecular wave function con- 
structed out of a Slater orbital basis set, all integrals 
over the three transition operators reduce to a linear 
combination of one-electron integrals of three types, 

ae ee 
I ((nlm) «| Qa\ (n'l'm’) a+) 


c 


II ((nlm) 5|Qa| (n'l’'m’) 5) 


Ii (( nlm) »\ Qa (n'l'm’') a). (A1) 


The dipole operators (in atomic units) are given by” 


Qu!=2.= R—2s 


QO." = 0/d2a= —O/02p 
QA%= (Z, COSAa/a2) — (Zp cosOs/1re”) =QaA-—OpA&. 
(A2) 


Here a and 6 refer to the two nuclei; the coordinate 
system is so chosen that the positive 2, and 2, axes point 
towards each other. Integrals of the form I are simply 
of the one-center one-electron type which may be 


18H. James and A. Coolidge, J. Chem. Phys. 1, 825 (1933). 

1 W. Kolos and C. C. J. Roothaan, Revs. Modern Phys. 32, 
219 (1960). 

70In general these operators have x, y, and s components. In 
Y—* transitions of the type examined in this paper, only the z 
component yields nonvanishing integrals. Investigation will be 
limited here to these types. A fuller account will be published in 
the near future which will include dipole and quadrupole transi- 
tion integrals for all components in terms of the Cag”** functions. 
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TABLE IV. Type ILjintegrals (b | Qa | b’).® 











Length: 2, Acceleration: cos,/tq” 
5 / 





15,|0. 8R(Soko)* _2(Sov)? C_»100 
(150 | Ua “Pigs eae C_2 
; (Sotfo-)® (Sot$o-) 

8 3  3e > 4 2 3 5 4 
(155|Qe| 2s) Rv3 (50'S?) (Soe ) C10 
. (SotSo)* V3 (So+o0")? 
| 2(Fe%Fo*)* 
(1s, Oa | 2 pov ) = C_2 


(So+ho")? 


110 
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TABLE V. —_ Ill siete @1Qe a).® 


Length: z, Velocity: 0/02a Acceleration: cosa/Ta” 
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easily evaluated in spherical coordinates. Integrals of 
the form II and III are of the two-center type most 
conveniently determined by first expressing them in 
prolate spheroidal coordinates defined by 


rab=2(Etn)R,  cosba y= (1é&)/(E+n), 


., _Le=-)i—*)?} 
sin, 5= R 
(+n) 


The volume element is (R*/8) (+n) (E—n) dtdndg, 
and the ranges of integrations are, 1<&<«, —1<n< 
+1, 0<@< 2m. After the ¢ integration is carried out, 
integrals II and III assume the general form, ignoring 
the constants of normalization 


(A3) 


| dn exp(—p&—n7p) 
1 


XL(E+n)*(E—n)8 (1+) (1 —&) (HP —1)*(1—1?) J 
=[(-1)#*3+¢(d py) ort IC gp, py), (AA) 
where in general, 

p=3(Fat$o)R, r= Sa-So) / (Fa tho) J, 
Pa= (1+7)p, (AS) 


These conditions always hold for integrals of the form 


po= (1—r)p. 
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III. For II integrals these parameters assume the values 


p= 3(foth’) R, r= —1, pa=0, po= 2p. 


The expressions for Cas”*(pa, p») are tabulated by 
Rudenberg, Roothaan, and Jaunzemis® and are stated 
in terms of a parameter x= }(r+77"); for II integrals 
k= —1. Care must be exercised in taki:g the limits 
pa—0, x—>—1 for integrals II. Cases for which r=0 
(fa=s) are already tabulated. 

Nonvanishing integrals for 1- and 2-quantum Slater 
orbitals in terms of Cag"**(pa, pp) are tabulated in Tables 
III, IV, and V. These orbitals are: 


(1s) = (58/) te 
(2s) = (€°/3a) tre" 


(2pc) cos 
(2pm) = (58/x) bre | 
| 


| 
| 


sin8 cos 
(2pm) (A6) 


The integrals are over the operators za, 0/0Za, and 
QAc/Z,=co0s0a/ra”. Any integrals over center b can be 
obtained using Eqs. (A3) and noting the comments at 
the bottom of each table. 


siné sing. 
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Difficulties arise in the MO treatment of z-electron systems due to electron correlation. Current methods 


allow, explicitly to some extent, for horizontal correlation (i.e., 
the carbon skeleton) but not for vertical correlation, 
A method for doing this, first suggested by M 

1958) J, is outlined and applied to ethylene with satisfactory results. 


two 7 lobes). 


Phys. 29, 158, 


NE major and unresolved problem in the molecular 
orbital method has been to find some adequate 
way of allowing for electron correlation,! using the term 
in a general sense to cover the correlation of electron 
motions due both to the exclusion principle and to their 
mutual Coulomb repulsions. Here we shall consider one 
spe ific aspect of the general problem; the inclusion of 
electron correlation in the treatment of the a electrons 
in conjugated systems, following the conventional 
Hiickel approximation that the a electrons can be 
treated apart from the ‘‘core” of inner electrons and 
electrons forming o bonds. We shall also make the 
approximation, unavoidable at present, of expressing 
the wave functions for the m electrons in terms of 
2p-AO’s ¢; of the contributing atoms. 
The wave function y for a w-electron system contain- 
ing 2 electrons can be written in the form 


¥= Lawl [o.'0%, (1) 


denotes electron k occupying the AO@, 
with spin function o* and the a, 


where Ocoee 
are algebraic coeff- 
cients. The sum extends over all possible sets of such 
products of the ¢;; subject to the condition that no ¢; 
occur more than twice (and then only if the two corre- 
sponding spin functions differ). This notation repre- 
sents the wave function W as a linear combination or 
hybrid of a number of contributing structures, in each 
of which the » electrons are shared out in some definite 
way among the conjugated atoms; structures in which 
each @; appears once are described as covalent; struc- 
tures in which at least one ¢; appears twice as ionic. 
The square of each coefficient a, is a measure of the 
importance of the corresponding structure. 

In the SCF LCAO MO treatment,’ where electron 
correlation is neglected apart from antisymmetrization, 
the importance of ionic structures is overestimated; 
the importance of such structures is diminished by the 
strong mutual repulsion of two electrons occupying 
the same AO, an effect which is neglected in the SCF 


*On leave of absence from Facultad de Ciencias Exactas, 
Universidad de Buenos Aires, Argentina. 

1M. J. S. Dewar and C. E. Wulfman, J. Chem. Phys. 29, 158 
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correlation of electron motions parallel to 
i.e., correlation of electron interchange between the 
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treatment. In the VB (valence bond) method the 
opposite approximation is made of assuming that the 
mutual repulsion of two electrons in the same AO is 
so great that ionic structures can be neglected; in the 
case of Hs, where accurate wave functions are avail- 
able, the truth lies nearer the VB extreme. An inter- 
mediate course is taken in the SCF CI® method, where 
the value of the coefficients a,, in Eq. (1) are adjusted 
by writing the wave function ¥ of a molecule as a 
combination of individual LCAO MO functions, 


v= > AN,. (2) 


When this treatment is applied to simple diatomic 
molecules it leads to wave functions W for the ground 
state that differ from the simple ground state SCF 
functions Wo; there are large contributions from excited 
SCF functions y,. When the resulting function ¥ is 
expanded in products of AO’s [cf. Eq. (1) | the terms 
corresponding to covalent structures predominate. Both 
these facts suggest that the SCF treatment is a very 
poor approximation, the true wave functions lying 
much closer to the VB extreme with very little partici- 
pation from ionic structures. 

Recent work** has shown, however, that the fault 
lies not with the MO method itself but with the neglect 
of electron correlation in calculating the mutual re- 
pulsion of electrons. These repulsions appear in the 
calculations as sums of terms (ij; k/) defined by 


(ij; kl) = / $:'b (e/a) dedtdr, 


where ra is the distance between electrons a, b. This 
integral represents the repulsion of two electron distri- 
butions without allowing for the fact that the two 
electrons will tend to correlate their motions in such a 
way as to reduce their mutual repulsion as much as 
possible. The estimated total electron repulsion, found 
by summing terms of the form (77; kl), is, therefore, 
too great. The error is greatest when the electrons a, } 


. P. Craig, Proc. Roy. Soc. (London) A200, 474 (1950). 

. Pariser, J. Chem. Phys. 21, 568 (1953). 

. Pariser and R. Parr, J. Chem. Phys. 21, 466, 767 (1953). 

’, Moffitt and J. Scanlan, Proc. Roy. Soc. (London) A218, 
464 (1953). 
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occupy the same AO, so that i=j7=k=1 in Eq. (3); 
the overestimate of electron repulsions is, therefore, 
greatest for ionic structures and ‘consequently, the 
SCF CI method underestimates their importance. 

The errors so introduced may not be too large in the 
case of o bonds formed by s- or hybrid orbitals; in such 
an AO there is only one region of high-orbital density. 
If two electrons occupy the AO, they are unable to 
keep apart unless one of them is pushed away into 
regions where the nuclear field is low; electron correla- 
tion cannot do much to lower their energy since any 
gain in reduced electron repulsion is lost in reduced 
nuclear attraction. Neglect of electron correlation will 
not, therefore, have too serious an effect in such cases. 
The situation is entirely different in the case of p-AO’s 
where there are ‘wo equivalent regions or lobes of high- 
orbital density; two electrons occupying such an AO 
can greatly reduce their mutual repulsions by corre- 
lating their motions in such a way that at any instant 
they occupy different lobes; since their motions need not 
be otherwise affected their interaction with the nuclei 
need not be reduced. Correlation of this kind, there- 
fore, greatly reduces the total energy and so the SCF CI 
method should be greatly in error when applied to MO’s 
built up from p-AO’s, i.e., when applied to z electrons. 
In such cases the SCF CI method should greatly under- 
estimate the importance of ionic structures. 

This argument is supported by a comparison of the 
calculated and observed values for the integral (11; 11) 
between two electrons occupying the same carbon 
2p-AO. This can be estimated from the energy required 
to transfer an electron from one neutral carbon atom 
to another,‘ i.e., 


_ ote 
C.+C.=C:+C, (4) 


which is known from spectroscopic data to be 10.53 
ev; this should be equal to the integral (11; 11) since 
the core potential for the two electrons indicated in 
Eq. (4) is the same in each case. The experimental 
value is much less than the theoretical one (16.93 ev) 
calculated from Eq. (3) using a Slater function for the 
AO. 

Pariser and Parr’ have met this difficulty in a frankly 
empirical way bysetting the value of the integral (11; 11) 
equal to the experimental value; they also modified cer- 
tain other repulsion integrals in an analogous manner. 
Use of these values in a modified SCF calculation gives 
results in much better agreement with experiment 
than the SCF or SCF CI methods, while in the case of 
ethylene, interaction of the ground state with excited 
states becomes unimportant so that the SCF wave 
function represents the ground state well. Similar 
conclusions have been reached by Moffitt® by a method 
similar in principle to that of Pariser and Parr; here 
again experimental data were used to estimate the 
mutual repulsion of a pair of electrons attached to the 
same atom. 
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These treatments are essentially empirical. The Pari- 
ser-Parr method relies on the use of empirical values 
for the electron repulsion integrals, while Moffitt’s 
atoms-in-molecules method uses empirical values for 
the energies of atoms, the energy of a molecule being 
found from the energies of the component atoms by a 
perturbation method. Dewar and Wulfman! suggested 
an alternative approach, based on the arguments given 
in the foregoing and avoiding any appeal to experiment. 
They argued that the vertical correlation of two electrons 
occupying a p-AO, i.e., their tendency to correlate their 
motions in such a way as to keep in separate lobes of 
the p-AO, might be almost complete, so that a good 
approximation might be obtained by assuming that it is 
complete and that the probability of finding both 
electrons simultaneously in the same p lobe is zero. 
They pointed out that the value (11, 11) calculated on 
this basis for the (11; 11) integral, using a Slater 
function for the AO, is 10.37 ev, in almost exact agree- 
ment with experiment. This supports very strongly the 
suggestion that vertical correlation is almost complete 
for two electrons occupying the same 2p-AQO; it also 
suggests that vertical correlation should also be essen- 
tially complete for a pair of electrons occupying any 
orbital of p-type symmetry, i.e., any orbital where 
there are two equivalent regions of high-orbital density, 
such as the x orbital of ethylene. An obvious extension 
of this idea led to the suggestion that similar vertical 
correlation may occur in conjugated systems where a 
number of electrons occupy a set of r orbitals; vertical 
correlation in such cases should tend to keep the 
electrons evenly shared between the two lobes of the 
m orbitals, exactly half the electrons being at any in- 
stant on each side of the nodal plane. Preliminary 
calculations along these lines gave encouraging results. 
Snyder and Parr’ independently used a similar treat- 
ment to calculate the ground state energy of the helium 
atom and pointed out that the same approach should 
be applicable to molecules containing 7 electrons. 

Dewar and Schmeising* have carried the argument 
further in a qualitative way. They pointed out that 
vertical correlation in the case of a polyene should 
have an important effect on the electron distribution, 
tending to concentrate the electrons in pairs in the 
bonds written as double in the classical structure. Treat- 
ments in which vertical correlation is neglected must 
then overestimate the degree of delocalization of elec- 
trons in such molecules. The empirical adjustment of 
integrals adopted by Pariser and Parr? and Moffitt® 
does not help in this connection; these methods still 
attach too much weight to configurations in which 
there are more electrons on one side of the nodal plane 
than on the other. 

Kolos® has described a method in which electron 


7L. C. Snyder and R. G. Parr, J. Chem. Phys. 28, 1250 (1958). 

8M. J. S. Dewar and H. N. Schmeising, Tetrahedron 5, 166 
(1959). 

®W. Kolos, Acta Phys. Polon. 16, 257 (1957). 
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correlation is taken explicitly into account by including 
in the MO wave function terms in which the inter- 
electronic distances appear directly; it would, however, 
be extremely difficult to apply this method to any but 
very simple molecules; so far it has been applied to no 
r-electron systems other than those in ethylene and 
benzene where the MO’s are determined by symmetry. 
Calculations even for butadiene would be very difficult 
to carry out. 

The best hope seems to lie in the method outlined by 
Dewar and Wulfman! which we propose to call the SPO 
(split p-orbital) method. This paper describes the 
first steps in applying the SPO method to conjugated 
molecules; the method is described in detail and the 
results of its application to ethylene are presented. 


SPO METHOD 


The basic principle of the SPO method will be made 
clear by its application to the case of two electrons 
occupying a given p-AO, ¢;. Denote by xi, w; the 
upper and lower lobes (SPO’s) of @;, respectively. 
It is assumed that ;, x;, #; are normalized; hence 


oi= (1/V2) (x: +:). (3) 


In the usual orbital picture, the space part of the two- 
electron wave function can be written 


$''67=3(xi+w?) (x?+?) (6) 
=3(xix2todw?)+3(xJw2+x7w?). (7) 


Here the first pairofterms in(7) represents states in which 
both electrons occupy the same lobe of the p-AO, while 
the second pair of terms represent states in which the 
electrons occupy different p-AO’s. In the SPO method 
it is assumed that the electrons cannot occupy the same 
lobe simultaneously; the SPO wave function becomes 


(1/v2) (x20?+x7w?). (8) 


Now the wave functions (7) and (8) are precisely 
analogous to the MO and VB wave functions for a 
homonuclear diatomic molecule (e.g., Hz); this pro- 
vides a justification by analogy for the SPO approach. 
The neglect of terms such as x;', x,2 in the SPO method 
corresponds to the neglect of ionic terms in the VB 
method; both represent attempts to allow for electron 
correlation by the extreme approximation that electron 
repulsion makes it impossible for electrons to be near 
each other in space. 

The expressions (8) can be further simplified since 
the functions x;, w; are not merely orthogonal but do 
not overlap at all; this being so, one can equally well 
use a single product x!w,? or x7w;. 

Two further points are worth mentioning. The in- 
dividual SPO functions x, w are solutions of the atomic 
Schroedinger equation for a space bounded by the 
node of the p-AO on one side. The functions are 
therefore well behaved. Second, the kinetic energy 
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of an electron occupying the SPO x; or a; is easily 
shown to be identical with that of an electron occupying 
the complete p-AO ¢;; use of SPO functions therefore 
introduces no difficulties either on the grounds that the 
functions are not well behaved or on the grounds that 
the kinetic energy is affected by limiting the electron 
to half-space. 

These ideas can now easily be extended to molecules. 
Consider a set of Nr-MO’s, Wn,expressed in terms of 
component p-AO’s ¢; by 

Yn= > Amid i. (9) 


v 


These 7-MO’s can be divided into two sets of 
t-MO’s Emm given by 


Wm = (1/V2) (Em+nm) 


Pa _ dam iXi 


+ 


Nm >= py iW; 


1 


split 


(10) 
with 


(11) 
(12) 


[note that the coefficients an; are the same in Eqs. 
(9), (11), and (12) ]. Consider a set of 2N electrons 
occupying the V MO’s y. In the SPO approximation 
we assume that exactly half the electrons occupy &-type 
orbital, and the other half y-type orbitals. It can be 
shown! that there is no loss in generality in assuming 
that all the & electrons have similar (a) spin, and all 
the 7 electrons the opposite (8) spin. Since the & and 
n electrons occupy orbitals that do not overlap at all 
in space, the complete wave function can be written 
as a product of two independent N-electron functions 
=», 2p, expressed as Slater determinants: 


Zp= det |En‘a* | 
Q,= det |nm‘B* |. (13) 
The calculations from this point are similar to those 
involved in a normal SCF treatment,’ apart from the 
use of different values for the two electron integrals. 
The calculations are of course simplified considerably 
by the use of a 2N-electron wave function which is a 
product of two N-row Slater determinants rather than 
a single 2 N-row determinant. The one-electron inte- 
grals have the same values as in the SCF treatment; 
thus for the one-electron resonance integrals: 


[otto dr=3f cto) Haters 


= i] fttocide+ fostteosr| 


(14) 


= [xittexide= foottaodr. 


Note that integrals of the type {x :H,dr vanish since 
there is no region where both x; and w; are nonvanish- 
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TaBLe I. Values of integrals for ethylene 
aS _ bond length, 1.337 A). 


(11; 12) ise 12) 


Integral (11; 11) (11; 22) 
Values (ev) for: 
Uniformly charged 

sphere approxi- 


mation 10.02 


Slater AO’s 


10.98 


ing. Note also that the core Hamiltonian H, is the 
same throughout. A similar argument shows that the 
overlap integrals Joi@idr, Jxixjdr and Jwwjdr all 
have the same value (S). 

The electron repulsion integrals are of two types: 


(ij; kl): (15) 


fx fx ;/ ( e Tab) xxx Pdr 


(1j; kl) = fr ox i9(e?/rap) wxPwi’dr. (16) 

All the other integrals vanish by virtue of the fact that 

no x orbital overlaps anywhere with any w orbital. The 

bar notation in Eqs. (15), (16) is self-explanatory. 
From Eqs. (3), (5), (15), and (16), 


(ij; RL) =3 (07; kL) + (a7; Rl) ]. 


The integrals (77; kl) can be estimated with sufficient 
accuracy by the uniformly charged sphere approxima- 
tion® since they represent the mutual repulsions of 
noninterpenetrating electron distributions. The inte- 
grals (ij; Kl) can then be found from Eq. (17) using 
tabulated values for (17; Rl). 

Configuration interaction can be included in the 
usual* way, using appropriate values for the necessary 
one- and two-electron integrals. 


(17) 


p-ORBITAL) 


METHOD 


RESULTS FOR ETHYLENE 


The SPO method was applied to ethylene in the 
manner indicated in the foregoing; here the split + 
orbitals are determined by symmetry, being given by: 


= (2+25S)(x1+x2) ; 
m= (2+2S)4(a+e») ; 


The necessary two-electron integrals for a C—C bond 
length of 1.337 A are listed in the first row of Table I; 
they were calculated by the uniformly charged sphere 
approximation.®> The value for (11;11) differs some- 
what from that (10.37 ev) reported by Dewar and 
Wulfman,! due to the use of a slightly different value 
for the radius of the sphere. The second row of Table I 
shows values for the (11;11) and (11; 22) integrals, 
calculated by Snyder" by direct quadrature using Slater 
orbitals. (The value for (11; 22) is interpolated.) The 
values given by the uniformly charged sphere approxi- 
mation seem more satisfactory since the theoretical 
value for the (11; 11) integral should be less than the 
empirical one (10.53 ev). It would be interesting to 
have the corresponding integral for Hartree-Fock 
orbitals. 

Table II compares the calculated and observed values 
for the VN—V and N—T transition energies and for the 
separation of the singlet and triplet excited states. 
The calculated values are for the SCF, SCF CI,” 
Pariser-Parr,> AIM,® Kolos,? and SPO methods. The 
two SPO values correspond to different values for the 
one-electron resonance integral 8. 

The experimental value for the V—T transition has 
been somewhat uncertain; the value quoted is a recent 
determination by Evans." 

In the LCAO MO treatment of ethylene the ground 
state can interact only with the doubly excited state.* 


TaBLE II. Transition energies and separation of the singlet and triplet excited states for ethylene calculated by various methods; 


omen irison with experiment. 


SCF Cr> .-P.° 


(Values in ev). 


AIM#4 








Kolos® SPO! SPO« 





Sl 


® See footnote 12. 

b See footnote 12 

© See footnote 5. 

4 See footnote 6. 

© See footnote 9. 

f SPO calculated with 8=2.85 ev (see footnote 13). 

© SPO calculated with B=3.13 ev (see footnote 5). 

h Pp, G. Wilkinson and H. Johnston, J. Chem. Phys. 18, 190 (1950). 


10H, Allen, Jr., 
EL, C. Snyder, 
12 R, Parr and B. Crawford, J. Chem. Phys. 16, 526 (1948). 

13 R, Parr and B. Crawford, J. Chem. Phys. 16, 1049 (1948). 
4 —, F. Evans, J. Chem. Soc. 1960, 1735. 


and E. 





K. Plyler, J. Am. Chem. Soc. 80, 2673 (1958). 
thesis, Carnegie Institute of Technology, Pittsburgh, Pennsylvania 


(1959). 
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PaB_e III. Effect of configuration interaction in various 
approximate treatments of ethylene. 

P.-P 


SCF CI SPO 


Ci 0.96 0.992 0.994 


C2 0.30 0.118 0.106 


21 37 42 


ri 
( 


ionic structures 


Lowering of ground 
state (ev) 


The resulting wave function for the ground state can be 
written in the form: 


W=C, (ground-state function) 


+C, (doubly excited function). (19) 
Table III lists values of the coefficients C,, C2 for the 
SCF CI method for the corresponding Pariser-Parr 
treatment, and for the SPO method, together with the 
corresponding weights of ionic structures and the 
lowering of the ground state energy. Configuration 
interaction has very little effect in the two latter 
cases. (Note that the simple MO method without 
configuration interaction corresponds to 50% contri- 
bution by ionic structyres in the ground state. ) 


DISCUSSION 


The results in Table II are very encouraging. The 
SPO method is at least as good as any method that 
could reasonably be applied to conjugated systems of 
any complexity and it avoids the empiricism of the 
Pariser-Parr method and Moffitt’s atoms-in-molecules 


method. 


AN ON. ths, 


Oye AT 


Table III indicates that configuration interaction is 
even less important than in the Pariser-Parr method; 
it seems clear that the extensive configuration interac- 
tion in the SCF CI method is an artifact due to neglect 
of electron correlation and that the ground state of 
ethylene is well represented by a single LCAO MO 
wave function. 

Even in this case the results differ from those given 
by the Pariser-Parr and AIM methods; the differences 
are likely to be greater in the case of molecules contain- 
ing more 7 electrons, for two reasons. First, the other 
methods do not require the numbers of 7 electrons in 
the two lobes to be approximately the same at any 
instant; secondly, they replace the (77; 77) integral by a 
lower value nelecting the fact that the lower value 
applies only to the SPO integral (77; 77). The correspond- 
ing integral (77; 77) for two electrons in the same x lobe 
is much greater than the “classical” value. Thus the 
(11; 11) integral is very much larger (23.4 ev) than 
the usual (11; 11) integral (16.9 ev). The qualitative 
consequence of these approximations has been discussed 
elsewhere’; it seems fairly certain that they must make 
the Pariser-Parr and AIM methods overestimate the 
importance of electron delocalization in molecules such 
as polyenes for which only single classical structures 
can be written. 

We are at present extending the SPO method to more 
complex molecules, in particular benzene and butadiene. 
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The various order wave functions of the Rayleigh-Schrédinger perturbation theory can be obtained di- 
rectly by solving certain differential equations or by minimizing equivalent variational expressions. These 
expressions are related to the ordinary variation method. The perturbation series is shown to result in a 


unique way from the minimization of larger and larger portions of (y, Hy 


y, v). In addition to several 


orders of perturbation, each step gives the exact remainders and upper limits to the energy. The approach 


suggests several “‘variation-perturbation”’ schemes. 


INTRODUCTION 


ERTURBATION theory is especially useful in 

many-electron problems. It allows one to reduce 
a many-electron problem rigorously to fewer-electron 
problems!” within given orders of perturbation. In 
contrast the variation method uses arbitrary trial func- 
tions. It has the advantage, however, of always pro- 
viding upper limits to the energy. 

In perturbation theory energies calculated to odd 
orders also yield upper limits!’ to the exact energy. 
Under certain conditions the even orders give lower 
limits.* 

In the 
method, 


most common form of 


orders of the 


the perturbation 
wave function and 
energy are written as infinite sums over a known com- 


various 


plete set of basis functions. Because of large continuum 
contributions such sums can be obtained only very 
approximately. Instead, more general ways of solving 
the nonhomogeneous differential equations of the 
perturbation method may be used. Each of these 
differential 
variational 


also be converted into 
Hylleraas? devised such a 
“varlation-perturbation” method for obtaining the first 
order W.F.’s of ground states. The method has been 
extended to excited states by the present writer.® 


equations can 
principles. 


The purpose of this article is to examine the con- 
nection between such ‘“‘variation-perturbation” methods 
and the ordinary variation method. It will be shown 
that the Rayleigh-Schrédinger (RS) perturbation 
series can be derived from the variation method in a 
rather unique way by minimizing larger and larger 
* Part of this work was done by the author at the Department 
of Chemistry and Lawrence Radiation Laboratory, University of 
California, Berkeley. 

1Q, Sinanoglu, Phys. Rev. (to be published); University of 
California Lawrence Radiation Laboratory Rept. UCRL-9320. 

2Q. Sinanoglu, Proc. Roy. Soc. (London) (to be published) ; 
University of California Lawrence Radiation Laboratory Rept. 
UCRL-9365. 

3 P.M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), Vol. IT, 
pp. 1119-20. 

4B. F. Gray, J. Chem. Phys. 29, 276 (1958). 

5}. A. Hylleraas, Z. Physik. 65, 209 (1930). 

6Q. SinanoSlu, Phys. Rev. (to be published); University of 
Calitornia Lawrence Radiation Laboratory Rept. UCRL-9316. 


portions of (Y, Hy)/(W, yw). This derivation gives the 
exact remainders after each order of perturbation. The 
use of the remainders in conjunction with the perturba- 
tion method suggests several variation-perturbation 
schemes. 


PERTURBATION METHOD 


We first outline and comment on the properties of the 
RS perturbation method. 

Let H of the eigenvalue problem, H¥= EY, be split 
as Ho+Hh;, and ¢o be an exact unperturbed eigenfunc- 
tion. For the state of interest, it is assumed that in the 
limit H;—->0, Yo. We write arbitrarily 
and 


V=go+x E= y+ AE, (1) 


where [Hoody 


comes 


= Ep). The equation HW= EW then be- 


(Ho— Eo) x=[AE—H1](do+x) 


or using the inverse operator 


(Ho— Eo) l=¢! 
x= (1 e)[AE—H, |(do+x). 

From Eq. (2) we have 
(Po, (H,-—£, )x 

i+ (Po, x? 
where /1= (do, Hido). The last term is the exact re- 
mainder after (¢, H@) and is simplified by the nor- 
malization (go, x )=0, i.e., (do, ¥)=1. 

Equations (2) or (3b) can be solved by iterations. 


To do this it is convenient to write Eq. (2), using 


(3a), as 


AE=£,+ 


ex=QLAE— A, |(do+x) ; (5) 


Q is the operator, 1—@) (0, that projects out the do 
component of the function on which it acts. Equation 
(5) is equivalent to Eq. (2) whose right-hand side was 
already orthogonal to @po. 

Various types of perturbation schemes can now be 
derived from Eq. (5) depending on how AEF is treated, 
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and for each order of x, i.e., xn, lead to equations of the 
type 
CXn= VUTm5 (6) 


Fm is a known function depending only upon the al- 
ready determined lower order (m<n) wave functions. 
The role of Q is to ensure that this nonhomogeneous 
differential equation will have a solution. The existence 
of such a solution requires’ the orthogonality of all the 
solutions of the corresponding homogeneous equation, 
e=0, to the nonhomogeneity, Q5,,. If Ho is non- 
degenerate, the only solution of ep=0 is go; and we 
have from the definition of Q, (¢o, QFn)=0. Otherwise 
the appropriate combinations, ¢o*, of the degenerate 
eigenfunctions for Ky must be found to define new 
O'F,*’s such that (go!, Q*Fn*)=0. Then each ¢o* leads 
to a different equation, exn*=Q*Fn*. 

The RS perturbation series is obtained by sub- 
stituting AH, for H, 


yn" En (7) 


n=] 


x=) d\"y, and AE 
v=] 


rn 


in Eq. (2). The d is a formal expansion parameter; its 
role is similar to the role of Q in Eq. (6) and will be 
discussed later. Equating coefficients of \", one gets 


EXn= —GXn-1t DL Eixn- (8) 
k=2 


and from this 


n—1 
0» FXn 1 — Ex (bo, Xn 
k=2 


where 


q= H,— F. 


Hylleraas® pointed out that Eq. (9) can be reduced 
much further and that each new order, s, in x, deter- 
mines the energy to order (2s+1). To show this, the 
recurrence relation, Eq. (8), and the self-adjoint 
property of g, e, and e~ is used; E,, becomes 

n—1 


\X1, YXn—2 — > Ex{ (bo, x: TANG Xa 


Further, from gxi= E2bo— exe, 


’ 


» YXn—3 — DF xa, x 2] 


P 


(x1, Xn—1-k)— Dy Ex (boy Xn 
k=3 


In this way one continues to lower xn-3 and raise x2. 
The orders of x, and x, in the first term of Eq. (11), 
Xr, 9Xs), are always such that (r+s+1) =n. Thus, as 
we set out to show, if n=2m-+1, the lowest order of x 


>> E 


(11) 


See, for example, B. Friedman. Principles and Techniques of 
1 pplied Mathematics (John Wiley & Sons, Inc., New York, 1957), 
pn. 170. 
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from which E£, can be determined is given by r=s=m. 
The normalization of @o+x in Eqs. (8) through (11) 
is arbitrary. 

The fact that x, determines the energy to the term, 
F241, follows from the stationary property of E= 
(, HV)/(@W, VW). A variation in VW of the order «AV 
affects the energy to order e. Thus, suppose V has been 
approximated by (¢@o+Axi+°++-+A*xs), then the error 


1S 


8 oo 


cAV =W—do— DA %Kn= Dd"Kn 


n=] n=s-+] 


= NHC xarbaxeet es) (12) 


and so e=A*t!, Then the error in energy will be of the 
order of @=d**** and the last term of the energy 
determined by 


Weriat _ got > A"Xn 
n=) 
is \7*+1 Foss. 
Equations (8), e.g., 


exit 9b0= 0 (13) 
may be solved by a direct method instead of the usual 
method of expanding x; in the eigenfunctions of Hp. 
Each x, equation may also be replaced® by a stationary 
condition; e.g., for x1, Eq. (13) is equivalent to 
5{ 2 (ho, 9x1) + (xa, €x1)} =O. (14) 
This equation may be used to attain -, as a minimum 
with trial functions %,. For excited states too, E, may 
be obtained by minimization, provided X% is restricted 
in the way shown by Sinanoglu.® 
For a general x,, Eq. (8) is equivalent to 


5{2 (xn, qXn 1 —2>° EF, as Xn b+ (xn; eXn )} =(), (15) 
k=2 


where x, is to be varied. Again x, may be obtained from 
Eq. (15) by minimization procedures. 

We now relate these properties of the RS perturba- 
tion theory to the usual variation method. We shall 
derive the equations of the RS series given above from 
the variation method by requiring larger and larger 
portions of the exact remainder to the energy to be 
stationary. 


RELATION TO THE VARIATION METHOD 


The equations of the RS perturbation theory are 
obtained from the variation method in a quite natural 
way. The eigenvalue problem H¥= EY is equivalent to 
finding a V such that 


5( (, HV)/ W, V)) =0. (16a) 
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If is the lowest state of an irreducible representation, 
for any trial function, ¥ 
E<(W, H¥)/(%,¥)). (16b) 
The following equation, equivalent to Eq. (2), is ob- 
tained when we write V=¢+¥ as a trial function in 
Eq. (16b), 
ESEo+Eit+ Ep, 

where 
2 (bo, IK) + (RK, EX) + (RK, 9X) 

1+2 (bo, X)+ KX) 


The equality holds and the last term is stationary 
when ¥Y=x. 

In the usual variational procedure one chooses an 
arbitrary X and minimizes Er with respect to some 
parameters. Instead of this arbitrary procedure, it is 
desirable to have a systematic way of obtaining a good 
x. Since in general it is not possible to solve Eq. (2) 
directly for x and make the entire Ep stationary, one 
may inquire instead into the possibility of finding a 
large portion of Er which would become a minimum 
for a definite X. This portion of Er would be stationary 
and the ¥ to make it so would be obtained by solving 
the Euler equation corresponding to this stationary 
condition. 

One part of Er in Eq. (17), other than all of 
Er, that can be made stationary is 2 (0, g¥)+ (%, eX). 
But this is exactly the stationary expression in Eq. 
(14) and so the desired ¥ is the first-order wave func- 
tion x1, of perturbation theory. Thus the condition 
that part of Er should be a minimum leads' to the Euler 
equation, exit+qg¢o=0. The minimum is (¢o, gx) or 
by Eq. (9), Ee. 

If the remaining terms of Er were negligible, x1 
would be very close to the exact x. In any case, x1 
can be substituted for % everywhere in Eq. (17) to 
obtain an approximation, Er to the entire Ep. 
Using Eq. (13) 

E+ (x1, 9x1) 
1+2 (oo, x1) + (x1, x1) 
we thus find that one part of Er can be used to obtain 
a definite trial function x; which gives the usual Fa, 
and a total remainder Er which should yield a 
better upper limit to £ than (qo, H¢o). Equation (10) 


for n=2 and n=3 indicates that when (x1, x1)<1, 
Eq. (18) leads to 


Fot Ait fFo+ E;> E. 


Ex{x]= (17) 


= Ep™> Er, (18) 


(19) 


Also notice that the previous role of the formal expres- 
sion parameter, A in Eq. (7), has been to single out 
that portion of Eq. (17), when minimized, would lead 
to a solution, x1. 

The upper limit obtained in Eq. (18) may be im- 
proved by continuing the process started above. We 
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go back to Ep in Eq. (17) and this time and the new 
remainder left after ¥ has been approximated by ¢o+x1. 
Let A; be the error left in x, and substitute 


X=xt+Ai 


in the exact Er. We use Eq. (13) and Eq. (10) for n=2 
and 3, clear first the denominator of 2, then of FE; 
and obtain 


Er= Eo+ E3 
' 2 (Ai, 9x1 )-+- (Ai, (e+q) Ai \— ( Eo+ E;) N+2E, (do, x1) 
“— 1+N 


(20) 





? 


(21a) 
where 


N=2 (bo, xi tAr)+ GatAr x+41). — (21b) 


This equation is more useful than the usual pertur- 
bation formula. It gives the exact remainder after EF; 
and may be used in several ways: the exact A; mini- 
mizes E, so we may use the ordinary variation method 
at this stage, choose arbitrary trials, Ai, and attain the 
lowest Er that we can. Or we may seek a systematic 
way toa good A, using the same type of approach that 
led to x;. We look for a large portion of the new re- 
mainder which can be made stationary. The condition 
that this portion be stationary should lead to a non- 
homogeneous differential equation satisfying the re- 
quirements for a solution.” This equation will be 
simplest!? if its homogeneous part consists of e= 
Ho— Eo. 

After examining several portions of Eq. (21) one 
is led to 

6}2 (Aj, qX1 )+- (Ay, eA, )—2E2 (Ai, do)} =(), (22) 
We denote the solution of this equation by A; x2; 
then the corresponding Euler equation is 
ext gxi— Expo=0. (23) 
The solution x2 exists because by Eq. (9), (do, 
(qx1— Expo) )=0 for nondegenerate do. There ap- 
pears to be no other portion of Eq. (21) satisfying the 
conditions mentioned above. Equation (23) is again 
just the RS equation, ie., Eq. (8) for n=2 which 
previously had resulted automatically with the aid 
of X. 

Substituting x2 for A; everywhere in Eq. (21), a 
second approximation Er” to the remainder is ob- 
tained [compare Eq. (18) ], 


ER?= E.+ Es 


(xa x)= Baa, bo)-+ (xe gx) —M 


+- > En, (24) 


1+-N® 


where 


M=2E2 ($0, x1) — (E2+ Es) N+ Es (xo, $0) 
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and V® is the same as Eq. (21b) with A;= xe. As in 
Eq. (18), we again have a remainder more complete 
than that given by perturbation theory and which 
yields an upper limit to £. Equation (11) with n=4 
and n=5 indicates that the last term of Eq. (24) con- 
sists of Hy and E; with some normalization corrections. 

Further remainders and upper limits to the exact E£, 
may be obtained by continuing the above procedure. 
This time one goes back to Eq. (21) 
the exact Ai, 


, and writes for 


Ai= x2 Ae, (25) 


defining the new error Ao. The nk R becomes the sum 
of Es, E3, Ey, Es and a new remainder in terms of Ao. 


The new remainder, still exact, may be obtained either 
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by minimizing’ it with respect to trial A.’s, or again, by 
finding that portion of it which will be stationary and 
lead to the Eq. (8) for xs. In this way one generates 
the perturbation series, but in addition obtains the 
remainders after each term. 

Thus a very flexible method is obtained. At each 
step a variation method may be combined with the 
perturbation method in the ways discussed above. If 
the scheme converges, closer and closer upper limits 
to E are obtained, but even when it diverges, the first . 
few terms may yield good approximations to E. 


‘We have been considering mainly lowest states as in Eq 


16b). For excited states, only (16a) applies and minimum 
principles require orthogonality restrictions® on trial functions. 
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A method for the numerical computation of the vibrational-rotational term levels from an arbitrary 
potential curve is presented. In this method, the potential curve is approximated by a step function and 
the exact eigenvalues of this latter function are found by an iteration technique. The accuracy of this method 
is demonstrated by finding the term levels for a Morse potential and for the ground state of Hp. 


M' IST theoretical calculations on diatomic mole- 
cules are based on the Born-Oppenheimer ap- 
proximation. This reduces the problem to finding first 
the eigenvalues of an electronic Hamiltonian as a 


function of internuclear separation, and then the 
vibrational-rotational energy levels using this function 
as a potential field for the motion of the nuclei. It has 
been customary, as a matter of convenience, to omit 
this last step, and instead, to compare the theoretical 
potential function with a semiempirical one which re- 
produces the experimental energy levels. Both es- 
thetically and practically, however, it is better to 
compute directly the theoretical counterparts of the 
experimental data so as to leave no intervening step 
which could mask the origin of the discrepancies. With 
this in mind, the problem of calculating the expected 
vibrational and rotational levels directly from a nu- 
merical representation of a potential function has been 
investigated with emphasis on finding a method ap- 
plicable even when the potential function cannot be 
approximated accurately by simple standard functions 
such as the Morse potential. 


* Supported in part by a grant from the National 


Foundation and in part by a contract between the AF OSR and 
Indiana University 


Science 


By appropriate substitutions, the problem of finding 
vibrational and rotational levels of a diatomic mole- 
cule! can be reduced to the problem of solving the 
differential equation 


(@S/dR?) +kLE—V(R) ]S=0 


for R>O, subject to the boundary conditions S(0) =0 


and 
| S*SdR< oo. 


2M, Miyms3(M,4+M,)~ 


Here, & is 


and V(R) is given by 
K(K+1)k7?R?+Z,Z,R'+U,.(R), 
where U,(R) is the electronic energy in Hartree units, 
and R is the internuclear distance in Bohr radii. If 
V(R) is approximated by a step function Q(R) de- 
fined by 
O(R) = On? STV (Raut) +V (Rn) 
'L. Pauling and E. B. Wilson, Introduction to Quantum Me- 


chanics (McGraw-Hill Book Company, Inc., New York, 1935), 
p. 266. 
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for Riyi<R<R,, and the intervals (Ria—Rnii) are 
chosen according to some relation 

(Ri- RK. 41) = ef (£) ; 
the 


R,>§> Mati 


then resulting differential equation becomes 


(d?S/dR?) +kLE—O, |S=0. 
This has the general solution 
Sn= An expLRA'(O, — E)!]+B, exp[—Rk!(O,— E)!] 


for Rayi<R<R,, but it is more convenient for E>Q, 
to use the equivalent form 


Sr= An cos_Rk}(E—Q,)!]+B, sin[Rk(E—-Q,)!]. 


Hence, from the requirement of continuity of S and 
dS/dR everywhere, recursion relations for A, and B, 
in terms of A, and B,_, are easily obtained and the 
function S(E, R) is completely determined, for any E, 
by the values of Ap and Bo. If Ro is taken to be infinity 
and Ao taken to be zero, then S(E, R) is normalizable. 

In principle, the eigenvalues E, for which S(E,, R) 
has v zeros and vanishes at R=0, can be determined by 
varying £ iteratively and evaluating S(E, R). In prac- 
tice, however, V(R) always has a first- or second-order 
pole at R=0 so that this scheme cannot be used to de- 
termine whether S(E, 0) is zero or not. This difficulty 
can be avoided by evaluating Sy(E, Ry) for Ry suffi- 
ciently small that either S has (v+1) zeros for R> Ry 
or else S has only v zeros for R> Ry but (E—Q) <0 for 
R<Ry and [Sy(Ry)/Sy'( Ry) ]<Ry. In the former 
case, it follows from the Sturm separation theorem 
that E> £,. In the latter case, it follows from S”/S= 
k“(O—E)>0 for R<Ry that S(E, R) cannot be 
zero for O0< R<Ry and hence, that E< F,. With these 
criteria, upper and lower bounds may be found for FE, 
which differ by an amount much less than the error 
introduced by replacing V(R) by O(R). 

The error 6, in the eigenvalues F, can be obtained by 
treating the function {V(R)—Q(R)} as a perturbation. 
The leading term in an expansion of @ in terms of this 
perturbation is 


/ {V(R)—Q(R) }S.7dR. 


0 


TABLE I. Eigenvalues of the Morse potential, 


V (R) =expl—2(R—-2) ]—2 exp| R—2) |. 


E cale F. theory 


0.90243 0.90250 


—(0.72247 0.72250 


—(). 56254 0.56250 


-0 42249 0.42250 


a 7). ter Haar Rev. 70, 222 (1945). 
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TABLE IT. Values of the electronic energy U, for the ground state 
of the hydrogen molecule (Hartree atomic units). 


R U 
.90372 
.270175 
.124517 
.998263 
.941554 
.914675 
.88728 
883648 
. 863677 
. 839495 
. 793438 
.710541 
.637999 
.574465 
.518751 
.469903 
.427099 
38963 

303441 

. 2641789 
. 1673302 
. 1250341 
1000000 


© oo 


= DO: 


RWNWNNR Be ee eRe Re ee ROO 
tw bo De be te Gn Ge DD 


=~ 


CO OD re Wo 


For small ¢ this integral is easily shown to be —ce’, 
where ¢ is given approximately by 


7 (dV /dR*)S2(R)f?(R)dR. 
0 
Hence the leading term in the expansion of 6 is nega- 
tive definite so /, will in general be too large. Also, the 
instinctive feeling that f(R) should be small in the 
regions that S,(R) is large is verified. For the examples 
which follow, {(R) was defined implicitly by choosing 
(Rnsi—R,) as large as possible subject to the condi- 
tions | V(R)—O(R) | <e and (Rayi— Rn) < (Rra— Rr). 
For functions V(R) of the general shape of the Morse 
potential these conditions lead to a function f(R) with 
the correct qualitative properties. 

The accuracy of this method has been tested by two 
problems. In the first, V(R) was evaluated from the 
Morse-type formula 


V(R) =exp[—2(R—2) ]—2 exp[—(R—-2) ], 


and the differential equation was solved with k= 100 
and e=0.0075. As shown in Table I, the maximum 
error in this case was less than 0.01% in the eigen- 
values. With e=0.01 the maximum error was still less 
than 0.02%. 

Since, for a given potential curve, « determines the 
number of points R,, the minimum size of € was limited 
to about 0.007 D.° by the storage capacity and speed 
of the IBM 650 on which the computations were per- 
formed. With an ¢ of this size no more than 500 inter- 
vals are ever used although the exact number of inter- 
vals is determined by the value of V such that, for 
R=Ry, the guess E to the eigenvalue E, can be re- 
jected as too large or too small. The time for a single 
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TABLE III. Vibrational levels of the ground state of the hydrogen 
molecule (cm™'). 


Calc. Exptl.* 


De 36 108 36 116.6 
2177 


-E 4163 


Zero point 2170 
4161 
BE, 3946 3926 
Ep 37 3695 
3 468 
3240 
® G. Herzberg, Can. J. Phys. 37, 636 (1959 
iteration on £ is about 4 min on an IBM 650 tape 
system. This time varies linearly, for a fixed number of 
digits in the results, with e! while the error in the 
results is proportional to e’. 
In the second problem, the constants appropriate 
for the hydrogen molecule were used with U.(R) given 
by the two-point interpolation formula 


U.(R) =exp[{ (InU;) (Rju—R)/(Rju—R,) } 


+ { (InU 541) (R—R;)/( Rigi — Rj) } ] 


for R;<R<Rj1. The values of U=U(R;) shown in 
Table Il were taken from the work? of Kolos and 
Roothaan for R<4 and from the work* of Hagstrom 
for R>4. With «=0.001 and K=O, the energy levels 
given in Table III were obtained. 


2 W. Kolos and C. C. J. Roothaan, Revs. Modern Phys. 32, 219 
(1960). 


3S. Hagstrom, private communication 
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Errors of unknown magnitude remain in the vibra- 
tional levels because the Born-Oppenheimer approxi- 
mation has been used and because the U; were ob- 
tained by the variation method. If it is assumed, 
however, that the vibrational eigenvalues determined 
from the U; given in Table IT should agree with ex- 
periment, then much of the error in this calculation 
must be due to the inadequacy of the two-point inter- 
polation formula used for U,(R). It would seem from 
these results that, even with this interpolation formula, 
this method of solving the differential equation is ade- 
quate for finding the energy level spacing to within 
0.1% of D,° for any reasonable potential curve V(R). 

Numerous other methods are available in the litera- 
ture for the numerical solution of differential equations. 
Only one of those, however, is useful for the high-ac- 
curacy solution of Sturm-Lionville equations. In that 
method, the differential operator is replaced by a finite 
difference operator and the potential function is re- 
placed by a step function. The difference equations for 
a given E are then solved for a finite interval of the R 
axis by relaxation techniques and E is varied iteratively. 
The computer time involved in a solution of the prob- 
lem by this method of finite differences is comparable 
in magnitude to the time needed for the method pro- 
posed in this paper. A recent paper published after the 
present work was completed utilized the finite differ- 
ence method for the vibrational levels of H2*.* 
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A method for calculating the Coulomb interaction between the electrons to the second order of approxi- 
mation, due to Kessler, is examined and shown to require modification. This removes the discrepancy be- 
tween the value obtained by Kessler and that obtained by Hylleraas and Midtdal using a variational 
method, although only very limited accuracy is obtainable. 


I. INTRODUCTION 


HREE main methods of attack have been used to 

treat the problem of the helium-like ion. Of these 
the variation method has been by far the most suc- 
cessful beginning with the work of Hylleraas' and 
culminating with the extremely accurate work of 
Kinoshita? and Pekeris.* However, this work is highly 
specialized and not easily generalized to other systems 
except possibly to that of the hydrogen molecule.‘ 
In fact most of these calculations are specific to helium 
itself and similar results for two-electron ions with 
arbitrary nuclear charge can only be obtained by 
individual calculations in each case. 

A more general but slightly less accurate procedure 
was followed by Hylleraas> based on the variation- 
perturbation approach. The energy for the ground state 
is assumed to be of the form 


E= —-2+6Z+e+ (6 


where «=2 


&) +++, 

exactly in atomic units. 

attempt to calculate ¢: from the formula 
€= > Loin? ‘( E,°— E,°) ], (1) 


Hylleraas used a variational method, minimizing the 
quantity 


Rather than 


€o( Fy’) [t2m'eb+ F,'H°F,'— FE,( Fy')?—2e¢, F,' ]dr, 


where H/,°¢; and F,° are the Hamiltonian, ground-state 
wave function, and ground-state energy, respectively, 
of the unperturbed system. Here F;’ is a trial function 
approximation to Fj, the first-order correction to ¢o; 
e.(F';') is an upper bound to e (see Bethe and Sal- 
peter®). Using a 24-parameter trial function, Hylleraas 
and Midtdal’ obtained the upper bound for e of 
—0.157657 a.u. However, the trial function Fy’ was of 
the same analytical form as the purely variational trial 


. A. Hylleraas, Z. Physik. 54, 347 (1929). 

7. sei, Phys. Rev. 105, 1490 (1957). 

3C. L. Pekeris, Phys. Rev. 115, 1216 (1959). 

4H. AL James and A. S. Coolidge, J. Chem. 
(1933). 

5 E. A. Hylleraas, Z. Physik. 65, 209 (1930). 

6M. Bethe and E. Salpeter, Quantum Mechanics of One- and 
Two-Electron Atoms (Academic Press, Inc., New York, 1957). 

7E. A. Hylleraas and J. Midtdal, Phys. Rev. 103, 829 (1956). 
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function used by the same author, and as such cannot 
be extended beyond two-electron systems. 

An evaluation of €: from the infinite series (1) would 
give more widely applicable results and several at- 
tempts have been made in this direction. Matsen and 
Gerhauser® and Gray® used the Lennard-Jones ap- 
proximation, i.e., 

1 


> Vin™ =—)o" Vin ryt 


kY—E,° Ey, Fi 7 E ’- 


+o" Vin ses! | / Be 
WY — E,°} 


where it should be a aa Pins to neglect the 
summation if the continuum states are unimportant. 
These calculations gave e=—0.31 a.u., indicating 
that the continuum states are important, as we might 
expect. 

A method for evaluating €: exactly, in closed form, 
due to Dalgarno and Stewart" is, unfortunately, not 
tractable for the helium-like ions. 

Recently Schwartz! attempted unsuccessfully to 
calculate « by analytical means in order to have an 
exact result by which to judge the variational calcula- 
tions of Hylleraas. However, he was able to calculate 
the first-order correction to the one-electron density 
exactly and compare it with the results from the 
variation perturbation method. 

Finally Kessler in a series of papers’~“ developed an 
approximate method of calculating ¢, from the per- 
turbation formula itself and applied it to two-, three-, 
and four-electron atoms, obtaining the value —0.19 
a.u. for two-electron systems, which although the best 
perturbation value to date, is in serious disagreement 
with the value —0.16 a.u. obtained by the variation 
perturbation method. An examination of this method 
and its possible generalization will form the subject of 
the rest of this paper. 


Vin" iP. 


(v7) 


8F. A. Matsen and M. Gerhauser, 
(1955). 
9B. F. Gray, J. Chem. Phys. 28, 732 (1958). 
10 A. Dalgarno and A. L. Stewart, Proc. Roy. Soc. 
A238, 269 (1956). 
>. Schwartz, Annals of Physics 6, 156 (1959). 
. Kessler, Compt. rend. 240, 1058 (1955). 
. Kessler, Compt. rend. 240, 1314 (1955). 
. Kessler, Compt. rend. 242, 350 (1956). 


J. Chem. Phys. 23, 1359 


(London) 
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TABLE I. 


. 187500000 
.178011584 
. 176988842 
. 176951420 
.177062181 
.177179551 
. 177278693 
.177358305 
. 177421673 
. 177472336 
177513211 


.177546556 


II. EXAMINATION OF KESSLER’S METHOD 


Kessler splits the infinite series for € into two parts 
by writing 


é DD? (EY—E,°) ]+[a (Ex? Buys) ]Q i010? 


=> [on?/(EY— E,°)] 


+[a (Ey°— Ey41") l{ (v? 


using matrix summation, i.e., 


» Vin? (U") iy 


“yu fo: ‘dT. 


Kessler then assumes that @ is independent of « and 
therefore writes, taking «= 1, 


where 


(4 — ky IL v*)u— (vu)? j. 
Further taking x=6 he then has two equations for the 
two unknowns, @ and és, i.e. 


P 
XC(2) u— Doon), (4) 

n=] 
which he solves for €:, not getting the result one would 
expect for two-electron ions, thus indicating that @ is 
not independent of x, at least that a; ag. It is not clear 
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why one should assume a@ to be independent of x so it 
was decided to test the method by application to a 
known example. It was decided to use the hydrogen 
atom as treated by Trees" as this has much in common 
with the present problem. In this case the perturbation 
is —(1—Z,)/r, where Z, is the charge on the un- 
perturbed nucleus, i.e., only part of the potential 
energy is included in the zeroth order and the rest is 
treated as a perturbation. Using the exact value of € 
as obtained by Trees we can calculate @ exactly as a 
function of «x. The following results are obtained. 
(See Table I.) 

Here a@ obviously varies with «x, particularly for small 
x, dropping rapidly to a minimum at «= 4, then rising 
to a limiting value as «>. Kessler’s assumption 
aa, is far from justified, the only case which is 
justifiable being in the neighborhood of the minimum, 
i.€., gay. We cannot treat the difference between two 
values as a direct measure of the constancy of the a’s 
because for large « all differences become small including 
those between matrix elements and energy denomi- 
nators. Hence although a,a,4; may be true to, say 
six figures for large enough n, the quantity 0) n41/A£y°— 
En41° will be zero to this accuracy and the two equa- 
tions for «. and @ are no longer independent, making 
their solution impossible. 

However assuming a3ay, gives €@= —0.5025 a.u 
compared with the correct value of e@= —0.5000 a.u. 
In a genuine problem one would not know where the 
minimum lay, and therefore the best values of « would 
be unknown. Kessler’s values a;ae give 15% error for 
hydrogen. 

It has been possible to find a semiempirical method 
of detecting the minimum without prior knowledge of 
€2, Which is very plausible but not rigorous. 

We first define a number of finite differences which we 
will use, 


We also have the basic equations 
aX « 
ict x4 X 04] 


nt 2 On4oX 042, 


where 


am] 
y= SLont/ (Ey) E) J, 
l 
giving us three equations for four unknowns &, ax, 


6 R. Trees, Phys. Rev. 102, 1553 (1956). 
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Qx41, and ayy, Where we no longer assume a to be inde- 
pendent of x. We can replace ax: and aye bY Sepeyt 
and 6,,.<;2" giving us 


= Y,t+a,X, 
= V cp rte X opr tb 041X 041 
€é2= V pot aX p29 2b ep 1X ep ebb, 0427X 042, (7) 


from which we proceed to eliminate €: and a,, giving us 
an exact relationship between 6,41 and 6x,<49”. We can 
repeat this procedure for various values of x and use 
the resulting equations to set up a general relation of 
the form 


6 i, i431 A ;*8;,542° +B;', (8) 


A;' and B;' can be determined without knowl- 
edge of «. In the case of hydrogen we know that | 3,| 
is small compared with neighboring values (i.e., mini- 
mum in a) and also that | 6s?! is small compared with 
neighboring values (inflection in a variation). We might 
hope that this would be shown in the variation of the 
B;‘,i.e., | Be | might be smaller than neighboring values. 
This is in fact so as inspection of Table II reveals. 
Hence if we assume that smallness in | B;'| with respect 
to its immediate neighbors indicates the position of the 
minimum and the inflection we can determine € with 
reasonable (but quantitatively unknown) accuracy. 
We would suggest that this assumption replace the one 
of Kessler. We obtain then 


where 


03= a4; €2= —0.5025 a.u. 


645= 9565 €= —0.5021 a.u. 


e.(correct) = —0.5000 a.u. 


Upon constructing a similar table for two-electron 
ions, the same phenomenon appears (Table III), 
indicating again that as;=a, and 64;= d46 will give the 
best results, which are, respectively, e2= —0.1625 a.u. 
and €.= —0.1621 a.u. Again we have no idea of the size 
of the errors, but these results appear to be correct to 
two figures, that is, in agreement with the variation- 
perturbation and perturbation methods will give 
identical results if the latter can be evaluated with 


TABLE IT. Values of B;' for hydrogen. 
5:4 


—0.00043 —0 .00094 —0.0012 


+0 .00068 —0.00013 —0.00024 


+0 00009 +0 .0000014 —0.000050 —0.000085 


+0 .000021 —0.0000062 —0.000024 


+0.0000059 —0.0000045 


THEORY 


OF HELIUM-LIKE IONS 


TABLE III. Values of B;‘ for helium-like ions. 


6 352 6 167 


+0.00015 +0.00015 


| +0.0000056 | 


—0.00016 +0. 000047 


545 —0.00034 —(0.000069 +0. 0000080 


—(.000016 


ie —0.00011 


greater accuracy. The limiting factor in the present 
investigation is that we have to use finite differences 
for a fixed interval of unity. 


III. POSSIBLE GENERALIZATIONS OF THE KESSLER 
METHOD 


The problem is essentially to solve the set of » 
simultaneous equations for 7+1 unknowns: 


e= Y,+aX, 
6= Yo+aX2+6X, 
= V3taX3+26X3+ 0X3 


é= J v +aNX, + 3 6X4 + 3 OX, + OX, 


on ¥itek.+e-Deuerx,, 9) 


the familiar binomial coefficients appearing, and the 
n+1 unknowns being é:, a, 6, 6, ++ +6"! of which we are 
really only interested in €. We proceed by eliminating 
all the variables except € and 6""! which we hope may 
be negligible. The result is 


1 


| ! | | 
| An | b,, — 6” , | by ; 
where 

an= gD. 


and 6,=1/X;x. 


The determinants |a@,| and |},| are known as recur- 
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rents and their expansions are given by 


| Gn | = d—Ndo+43n(n—1)ag+e+ an. 


(12) 
We could conceivably obtain an exact solution to the 
problem if 

lim (6"—1/| 6, 


nw 


)— 0; 


6" certainly falls off rapidly for cases where the 
unperturbed spectrum contains an ionization limit in 
the discrete part, but it appears that [b,| also ap- 
proaches zero, so that in most cases the error term does 
not vanish. Here |a,| also becomes zero in the limit, 
and limiting processes of this kind do not appear a 
practicable proposition. 

An entirely different type of generalization suggests 
itself upon examination of the values of a in Table I. 
It will be noticed that to three significant figures, as, 
a4, ***ayo are all equal, other values of a differing even 
to this accuracy. If these a’s were strictly equal within 
this range, then whichever pair we chose to equate 
would give us the same value of €. In fact, whichever 
pair we equate within this range, we do get reasonable 
constant values of &, i.e., between —0.48 a.u. and 
—0,52 a.u. (see Appendix). It seems possible then that 
one might modify the basic equations to the form: 


€9>= Y3+a;*X; f(3) 
€2= Vatay*X, f( 4) 
2= Yst+as*X; f(5) 


= Vio t+ar0* X10 f(10), ( 13) 


where f(x) in this case could be chosen as a slowly 
increasing function of «x by using the criterion that the 
value of €, obtained was independent of the pair of a’s 
chosen within this range. We would then assume that 


this meant that a,* was really independent of « over 
the limited range taken. Further work in this direction 
is in progress at the moment. 

In conclusion it seems very plausible that the ordi- 
nary infinite series expression for e: will give results in 
agreement with the perturbation-variation results. It 


A. Muir, Theory of Determinants, (The Macmillan Company, 
New York, 1906). 
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also seems probable that the results of Kessler are about 
15% in error due to his unfortunate choice of a; and av. 
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APPENDIX 


It is of interest to examine the magnitude of the error 
in € due to the assumption a;=a; as a function of 7 
and j 

= Y +a:X; 


é= Y;+a;X;; 
therefore 


ai=[C(V;—Vi)/(Xi—X;) JAX 58i/ (X 1 -—X5) J, 
and 
e= Vi+X ((Y;-Y:)/(X:-X,) ] 
+[X iX;/(X i: —X;) ]8i;. 


We assume that the last term is negligible and ob- 
tain 


€2(1, 7) = Y +X ;( Y;- Y;)/(2 Xj) ], 


with an error term [X,X,;/(X ;—X;) ]6,;. Hence if we 
have a range of values of «x where €.(7, 7) is independent 
of i and j, or nearly so, we will obtain the smallest 
errors by choosing i and 7 from opposite ends of the 
range, assuming that all the 6;;’s are small. In the 
hydrogen example we would take (3, 4, 5) and (9, 10, 
11) and equate a’s across the two sets, thus ensuring 
that |X,—X,| does not become small. 
If we take the special case 7=i+1 we have 
a Y +(X;( rum V3) /(Xi-—X is) ] 
ALX iX ga/ (Xi —X igs) J85, 4. 
Now as the a’s approach a limit asymptotically, 
lim ;.0(6;,:41) 0 we might under certain conditions 
make the error term vanish. However for one- and two- 


electron atoms 1/(X;—Xi4:) becomes singular suffi- 
ciently quickly to prevent this. 
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The microwave spectrum of cis 1-chloro-2-fluoroethylene, CHCI1=CHF, has been observed in the 15-25 
kMc region for both chlorine species. Rotational constants for CHCI®CHF are a=16,405.9, b=3,756.05, 
and ¢=3,052.67 Mc. Agreement of these and other data with values predicted from an assumed structure 
strongly suggests that the structure can be well represented as a composite of the known vinyl chloride 
and vinyl fluoride structures. Second-order quadrupole coupling theory is used to afford a direct measure- 
ment of x»; the nonzero elements of the tensor x for the Cl® species have the values xaa= — 22.46, xw= 
— 10.88, and xq=-+56.7 Mc. These values show a 4% deviation of the C—Cl bond from cylindrical sym- 


metry. 





OLLOWING the method of Swart,! and that of 
Yakubovchu, e¢ al.,? a mixture of cis and trans 
1-chloro-2-fluoroethylene was prepared by the follow- 
ing two-step synthesis: 
SbFs 


CHC1,CHCl,+ SbF; —CHC],CHCIF 


Bra 


CHCl,CHCIF+Zn CHCICHF. 
Because of competing side reactions in both steps, the 
over-all yield was low. 

Since all observations were made on the mixture of 
the two isomers prepared by the foregoing method, it 
proved impossible to identify any absorption lines as 
belonging to the érans species, the cis species giving rise 
to a very intense and crowded spectrum. 

The assumed structure is given in Table I; this 
structure is based on the work of Kivelson ef al.* on 
vinyl chloride and on the work of Bak e# al.‘ on vinyl 
fluoride. The moments calculated from this structure 
for the cis species are given in Table IT. As will be seen 
shortly, the agreement of these moments with the ob- 
served values suggest that the assumed structure is at 
least approximately correct. 

From the assumed structure, it is possible to predict 
the main features of the microwave absorption spec- 
trum of the cis species. These are first, that only } type 
transitions will be important (yu, being estimated at 1 
to 2 D), and secondly, that only a few low J transitions 
are to be found in the 15-25 kMc region (two R types 
and the Q-type series Joy—J1s-1). These predictions 


* Financial support of the machine calculations reported in 
this paper was provided by the U. S. Atomic Energy Commission 
in conjunction with the Lawrence Radiation Laboratory. The 
remainder of the work reported herein was supported by a grant 
extended Harvard University by the Office of Naval Research 
under contract and by a grant from the California Research 
Corporation. 

{ Present address: Chemistry Department, University of 
California, Berkeley 4, California. 

1F, Swart, Mem. acad. roy. Belgique 61, 94 (1901). 

2A, Y. Yakubovchu ef al., Zhur. Obshchei Khim. 24, 2257 
(1954). 

3D. Kivelson and E. B. Wilson, Jr., J. Chem. Phys. 32, 205 

960 


(1960). 
4B. Bak et al., Spectrochim. Acta 13, 120 (1958). 


were experimentally confirmed, the Q series being 
identified by the appearance of the Stark pattern and 
of the hyperfine quadruplets. The approximate fre- 
quency of the Og—11 transition was predicted from 
the Q-type frequencies and assumption of planarity, 
this line then being found and identified by its hyper- 
fine structure. As further confirmation of the assign- 
ment, two components of the 19:22 transition of the 
Cl*> species were observed under low resolution condi- 
tions. Although this transition was not observed for 


TABLE I. Assumed structure. 








CC 1.333 A 
1.726 

CF 1.348 

CH 1.079 


123.6° 
123.2" 
121.0° 


<CCCl 
<CCH 
<CCF 








the Cl species, the assignment of the Oo—11: transi- 
tion is corroborated by the agreement of the observed 
planarity defects for the two species. Of course, the 
entire assignment is consistent within itself, with the 
expected hyperfine structure, and with the assumed 
structure. 

Table III lists the observed frequencies of assigned 
transitions of cis CHCI*CHF; also included in this 
table are transition frequencies calculated from the 
molecular parameters listed in Table IV. Table V gives 
similar information for the species cis-CHCI”CHF. It 
should be remarked that in some cases it was not 
possible to measure the frequencies of all of the most 
prominent components of a multiplet because of over- 
lapping by an adjacent high J line. 

It is of considerable interest to compare the observed 
and calculated frequencies given in Table III. With the 
exception of the 1o—>2,. transition, which was ob- 
served under very poor conditions, the mean devia- 
tion between calculated and observed frequencies is 
about 0.06 Mc. However, it will be observed that the 
11/2--11/2 and the 7/2—+7/2 components of the 
5os—514 transition show a much larger deviation. This 
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TABLE IT. Predicted moments. 











cis-CHCICHF 
Ccl* 
31.190 (amu A?) 


135.254 


31.300 
138.726 


166.444 170.026 


deviation arises from a nonnegligible second-order 
quadrupole coupling term and affords an opportunity 
to obtain xa» directly from the observed spectrum. 

As is well known, cf. Townes and Schawlow,® appli- 
cation of first-order quadrupole coupling theory pre- 
dicts that the most intense members of the 59-514 
multiplet are the AF =0 transitions and that these form 
a symmetrical quadruplet. Therefore, if the quantity A 
is defined by A=v(11/2) —v(9/2) —v(13/2)+v(7/2), 
deviation of the value of A from zero affords a direct 
measure of the importance of second- (and _ higher) 
order terms, A being independent of zero and first- 
order terms. 

From the observed frequencies of Table III, it is 
calculated that A=—0.67 Mc, the large second-order 
contribution arising because the level 5,4 lies only 
298.2 Mc below the level 422. Subsequent redetermina- 
tion of A with the aid of the high-resolution spectrom- 
eter described by Narath® yields the value A=—0.59 
Mc. By taking the average of these two determinations 
and by estimating that the uncertainty is likely much 


TaBLe IIT. cis CH®CICHF. 


v(Mc) 


observed 


v(Mc) 
Transition calculated 


240.67 5 240.8 
240.14 
239.60 
237 .39 
238.21 
229.76 
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870.66 
868 . 13 
863.18 
860.48 
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053.22 
051.40 
045.89 
043.40 


NNN Nh 
mw~ NO 
iS) 


461.25 
459 .04 
456.39 


NON 


19212 


NN 


5 565. 25 565. 
563. 25 562 


P °C. H. Townes and A. L. Schawlow, Microwave Spectroscopy 
(McGraw-Hill Book Company, Inc., New York, 1955). 

6A. Narath, thesis, University of California, Berkeley, Cali- 
fornia, 1960. 
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TABLE IV. Observed values cis-CHCICHF. 








ce Ce 


io 30.814 (amu A?) 
I, 134.591 
{. 165.603 
I.+h—I. —0.197 
Xaa —22.46 Mc 
Xbb —10.88 

+56.7 

—0.89465 
16 405.9 Mc 





30.926 (amu A?) 
138.029 
169.152 
—0.197 
—17.31 Mc 
—7.96 
—0,89911 
16 346.6 Mc 
3662.49 
2988 .61 


3756.05 


3052.67 


less than +0.14 Mc, an observed value A= —0.63 
0.14 Mc is obtained. 

With the aid of the matrix elements given by Bragg’ 
it is a simple matter to obtain the linear relation be- 
tween xq,” and A, the only additional information re- 
quired being the value of the matrix element of the di- 
rection cosine product ®.,®.,. This value was obtained 
by the use of a recently completed program for the 
IBM 704 computer which can compute asymmetric 
rotor direction cosine elements through J=11 and for 
an arbitrary asymmetry parameter. This procedure 
yields xax=+56.7 Mc with a probable error less than 
+6 Mc. 

The molecule cis 1-chloro-2-fluoroethylene is of 
interest from the standpoint of chemical bonding theory 
since both the Cl and F lone pair z electrons can inter- 
act with the ethylenic 7 system. In order to test the 
validity of various models representing this lone pair 
delocalization, one wishes to obtain from the micro- 


TABLE V. cis-CH®”CICHF. 








v(Mc) 
observed 


v(Mc) 
Transition calculated 





7/27/2 15 160.37 15 160.27 
5/2-5/2 15 157.89 15 157.65 
9/2-—9/2 15 154.71 15 154.66 
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9/2-49/2 16 712.87 712.86 
7/297 /2 16 710.90 16 710.85 
11/2-+11/2 16 707.20 16 707.14 
5/2-95/2 16 705.23 16 705.14 


13/213/2 18 781.91 18 782.01 
7/27 /2 18 780.34 780.38 


505514 


3/2->1/2 19 337.18 19 337. 
3/2-95/2 19 335.66 19 335. 
3/2-43/2 19 333.62 19 333.63 


Oo 11 








7J. K. Bragg, Phys. Rev. 74, 533 (1948). 
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wave spectrum the dipole moment, the approximate 
structure, and, as Goldstein® has shown, the x tensor 
in its principal axis system. 

Unfortunately, the presence of quadrupole coupling, 
with its consequent destruction of MV as a good quantum 
number, renders the quantitative interpretation of 
Stark effect data difficult. For this reason, no dipole 
moment can be given here although a preliminary 
treatment of the Stark effect of the Oo—11: multiplet is 
consistent with a 6 dipole component of 1.6 D. 

If one makes the usual assumption that the x princi- 
pal axes coincide with the bond axis system having the 
z axis coincident with the C—Cl bond axis and the x 
axis in the plane of the molecule, then, from the above 
x elements one obtains x.,=—73.7 Mc and x,,=40.3 
Mc with 6, the angle between the a and z axes, being 
42°6’. The value of x.,=40.3 Mc may be used to ob- 


"8 J. H. Goldstein, J. Chem. Phys. 24, 106 (1956). 


THE JOURNAL OF CHEMICAL PHYSICS 


1-CHLORO-2-FLUOROETHYLENE 1249 
tain a value of 6 (see reference 8) of 0.04. A +6 Mc 
uncertainty in x» will produce uncertainties of +18’ 
and +.03 in @ and 6. 

A partial check of the 6 value may be obtained by 
using the data for the Cl species. Using primed quanti- 
ties to refer to this species, then 6’=@—a, where a has 
the value 20’ and is calculated from the assumed struc- 
ture. Using this value of 6’ with the x’ elements given 
in Table V, 6’=0.03 is obtained. Further, it should be 
noted that the value of @ calculated from the assumed 
structure is 42° 21’. 
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Derivation of the Tait Equation and Its Relation to the Structure of Liquids 
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The Tait equation —(dV/dP)=J/(L+P) has been theoretically derived from association theory. It 
is shown that the constant L, which is temperature dependent should also have a small pressure depend- 
ence. From the equation for the constants it is shown how the volume of holes in the liquid can be calculated. 
The number average degree of association of a liquid is defined and an equation for its determination is 
given. The general structure of liquids in light of this equation is discussed. 





N a previous paper! it was shown, on a geometric 
basis using association theory, that a liquid whose 
1-mers consist of spherically symmetrical particles 
surrounded by a spherically symmetric force field 
must contain small asymmetric clusters. Clusters of a 
similar sort have previously been postulated by Eyring 
and co-workers? in their treatment of the liquid state 
and also by Bernal* who uses the term prenuclei. Such 
clusters or j-mers as are present in the liquid cannot give 
rise to crystalline solids very easily, since the formation 
of nuclei requires the cooperative rearrangement of 
from 12 to 15 1-mers as a very minimum (homogeneous 
*On leave 1960-61; permanent address: Brooklyn College, 
Brooklyn, New York. 
1 R. Ginell, J. Chem. Phys. 34, 992 (1961). 
2H. Eyring, T. Ree, and N. Hirai, Proc. Natl. Acad. Sci. U. S. 


44, 683 (1958); E. J. Fuller, T. Ree, and H. Eyring, ibid. 45, 1594 
(1959); C. M. Carlson, H. Eyring, and T. Ree, ibid. 46, 333 
(1960); T. R. Thomson, H. Eyring, and T. Ree, ibid. 46, 336 
(1960); C. M. Carlson, H. Eyring, and T. Ree, ibid. 46, 649 
(1960). 

3J. D. Bernal, Nature 185, 68 (1960). 


nucleation). If one bypasses the region where the 
liquid clusters, ja-mers, are more stable than the crystal 
clusters, jf-mers, by introducing a seed, then the 
transformation from liquid to crystal is quite rapid and 
easy (heterogeneous nucleation). Such a treatment of 
liquids, however satisfactory qualitatively in giving 
us an insight into the reasons for nucleation, leaves the 
picture of the structure of the liquid quite vague; 
inasmuch as, while it shows that such clusters must 
exist, it does not show how they are connected. Further, 
since the explanation involves a model, it is necessarily 
restricted in its application. 

However, association theory enables us to proceed in 
still another direction and gain other insights, especially 
into more complex liquids, which together with the 
geometric approach will ultimately enable us to under- 
stand the structure of liquids. The approach in this 
direction is through the Tait equation, which is a well 
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known empirical relationship. This equation‘ 
—(dV/dP) =J/(L+P) (1) 


was originally formulated as an empirical law to re- 
produce the compressibility behavior of water. It was 
latter applied to many other liquids, e.g., methyl, 
ethyl, propyl, isobutyl, and amyl alcohols*®; acetone’; 
ethyl ether®; ethyl chloride, bromide, and _ iodide’; 
carbon disulfide’; phosphorus trichloride’; benzene'®; 
chloro-, bromo-, and nitro-benzene’; aniline’; ethylene 
glycol and its aqueous solutions’; 


concentrated aqueous 
salt solutions,’ etc. 


Hirschfelder, Curtiss, and Bird® 
call it the best empirical representation of the equation 
of state of liquids. Much work has been done on evaluat- 
ing® the coefficients of this equation by Gibson and 
Loeffler who have also shown that from the equation 
and a knowledge of the temperature dependence of L 
(empirically derived) it is possible to obtain” 


(8V/a8T) p, (OV/8P)r (8P/dT)y, (QE/aV)1 


(C,/dV) r. 


The parameter J has been found to be a constant in- 
dependent of temperature’ at least to about 1000 atm. 
It is proposed here to give a theoretical derivation 
of this equation and from the coefficients derive further 
insights into the structure of liquids. 
We shall start with the equation of state as derived 
from association theory" 


and 


m 
P/RT=)°C; 
i=l 
where P, R, T,. and V have their usual meanings; 
> Ci is the sum of the concentrations of all the j- 
mers present, and b is the sum of the excluded volumes 
of all the various j-mers. We will make here the assump- 
tion that the same equation of state will describe both 
gases and liquids. This assumption is not new and was 
first made by van der Waals.” 
Differentiating Eq. (2) with respect to volume at 
constant temperature, rearranging and substituting 
Eq. (2) into the derivation, we get 


1—(6/V) 


2) 


“ 


(1—b/V), ( 


dV/dP= 


4P. G. Tait, Scientific Papers (C 
New York, 1898), Vol. 2. 

5 A. Carl, Z. physik. Chem. 101, 238 (1922). 

6R. E. Gibson and J. F. Kincaid, J. Am. Chem. Soc. 60, 511 
(1938). 

7R. E. Gibson and O. H. Loeffler, J. Phys. Chem. 43, 207 
(1939) ; J. Am. Chem. Soc. 63, 2287 (1941). 

8 R. E. Gibson and O. H. Loeffler, Ann. N. Y. Acad. Sci. 51, 727 
(1949) ; see also complete bibliography given here. 

9 J. O. Hirschfelder, C. F. Curtiss, and R. B. Bird, Molecular 
Theory of Gases and Liquids (John Wiley & Sons, Inc., New 
York, 1954). 

10 R. E. Gibson and O. H. Loeffler, J. Am. Chem. Soc. 61, 2515 
(1939). 

11 R, Ginell, J. Chem. Phys. 23, 2395 (1955). 

12 J. D. van der Waals, Doctoral dissertation, Leiden (1873). 
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To evaluate the derivatives we use the relationship from 
association theory,!-4 


C;=K Cv. (4) 


Therefore 


(d/dV) Xe. .=(d/dV) SK Cy 


i=l 


=()°:C./C1) (dC,/dV) (5) 


from association theory" 
Ci= Dids( ics)?, (6) 
z=l i 

where the d,’s are functions of the equilibrium con- 
stants as follows: 

dy, = 1 

ds =— 2Ke 

d;=8K2—3K3 

ds =< 40K.3+ 30K2K3— 4K. 


Therefore 


dC,/dV = Soxd( DiC) *(d DiC /aV) 
r=l i i 


=[—S'xd(Dicy)*/V] (7) 


DiC =w/MV, (8) 
i=1 
where w is the weight of the sample in grams and M® 
is the gram molecular weight of the 1-mer. Hence 
Eq. (5) becomes 


d>-C; 
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dV C 1 


(9) 


using Eqs. (8) and (6), Eq. (9) becomes 
d>.C./dV =—(w/MV)-V2 
LQoads( DiC) *VCQide( Lic)*] 


= —(w/MYV)+(1/V) d3s,(1/V) 


=—(w/MV) >°s,(1/V)#, (10) 
zl 

where 5; is a function of the coefficients and of w/M. 

The coefficients s, can be readily evaluated thus. From 


13 R. Ginell and J. Shurgan, J. Chem. Phys. 23, 964 (1955). 

4 R,. Ginell, Ann. N. Y. Acad. Sci. 60, 521 (1955). 

1K. Knopp, Theory and A pplication of Infinite Series (Hafner 
Publishing Company, New York, 1947). 





DERIVATION 
association theory" and Eq. (8) 
d°Ci/dV = (d/dV) D'g.( DiC,)* 
i=] rl i 
= Dixge( iC i)? (d Vic ,/dV) 
z=l i 
ae aes V-)>°xg.(w/M)*(1/V)?. 
zl 


On equating Eqs. (10) and (11) we have 


(11) 


— VQ ixge(w/M)*(1/V)*=— (w/MV) ¥55(1/V)* 
4 z=] 


or 
S2=xg2(w/M)=-1, 
The g coefficients are! 
a= 
aaa — Ky 
gs=4K—2K; 
gs= — 20K3+18K2K3—3K,, 
etc. 


(12) 


GF THE TAIT 





1—(6/V) 


—dV/dP= : ne 
eo l sae 


V—b 


EQUATION 


Now 


(d/dV) (6/V) =(d/dV) >-6.C; 


i=l 


= rib «K C*"(dC,/dV) 


i=1 


= (>°ibC./Cy) (dC,/dV) 


i=1 


so that using Eqs. (7) and (10) 


(d/dV) (b/V) =— >2ib,C; > s2(1/V)*. 


i=1 z= 


(14) 


Substituting Eqs. (11) and (14) into Eq. 
rearranging we get 


(3) and 


/(*RaS3 Leese 1/V)* P| 


> ib sC:d282(1/V)? 


RTw 


Fh rd beeen B Pn we if re Dib P| 


Equation (16) is the derived Tait equation with 
J=(V—b)/>-i6.N ds.(1/V)* 


L=RTw/M® >-ib,N;. 


(17) 
and 


(18) 


Since at constant temperature L is constant up till 
1000 atm, this must mean that >> ,ib,V; is at least as 
constant. ) ib;V;, which is one of the structural 
parameters of liquids, is the sum of the excluded 
volumes for each species multiplied by the number of 
particles in each species; as such it should not vary too 
much, It does however vary with temperature. 

From Eqs. (13) and (14) we have 


(Dib.C./Cy) (dCx/aV) =— Di6,C;Ns.(1/V) 4; (19) 


i=1 z= 


using Eq. (4) and expanding the sum on the right-hand 
side we have 


1/V—(1/N,) (dNi/dV) =1/V+ ¥s.(1/V)2 (20) 


z=2 


—d InN,/dV = 33s,(1/V)*. (21) 
z=2 





This shows us that the change in the number of moles 
of N, in the total sample is given by part of the sz 
sum. C; or N, itself can be calculated from Eq. (6), 
although the series does not converge too rapidly. 
The fact that 


m 

Dib Ns 

i=l 
is not truly constant and consequently L is not really 
constant, is corroborated by the fact that at a higher 
pressure the equation must be modified.’® However, till 
1000 atm L is constant within experimental error. 

From Eqs. (17) and (18) we have 


Dib N= RTw/M© L=[(V—6)/J >0s.(1/V)*], (22) 


from which 


(V—b) =[RTwJ >->s,(1/V)?/M©L}. (23) 


16 For high-pressure modifications of the Tait equation see 
J. G. Kirkwood and H. Bethe, Part I OSRD Rept. 588 (Dept. of 
Comm. No. PB 32182); J. G. Kirkwood and J. M. Richardson, 
Part III OSRD Rept. 813 (Dept. of Comm. No. PB 32184); 
J. M. Richardson, A. B. Arons, and R. R. Halverson, J. Chem. 
Phys. 15, 785 (1947). 
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The function (V—)) is the difference between the total 
volume and the excluded volume and is equal to the 
volume of holes in the liquid. That is, in addition to the 
fractional holes in the structure of the ja-mers,! which 

are included in b, there are additional holes in the liquid 
structure. As can be seen from the equation, the 
number of holes will increase with temperature, since L 
decreases in general with temperature. Very rough 

calculations seem to show that > tall ‘V)* decreases 

with temperature, although the decrease is very small. 

The calculation of the > 2Se(1 V)* demands a knowl- 

edge of the equilibrium constants and of the geometry 

of the ja-mers. The latter has only been carried out for 

spherical molecules,! and hence any exact calculation at 

this point would be presumptious. 

If we substitute Eq. (2) into Eq. (23), we get 


(w/M)/SON =[L/JPYs.(1/V)*). 


In the theory of gases the right-hand side is formally 
equal to the number average degree of association, Z,; 
so that we can say that formally at least 


Zr=L/[IP>-s.(1/V)*]. 


(24) 


(25) 


This is an interesting, although a curious equation, since 
the average degree of association (or equivalently the 
average molecular weight) is a quantity which is 
strictly defined only for the gas phase, or for very dilute 
solutions, where the solute molecules are considered to 
be a gas and the solvent is considered as viscous space. 
In the gas phase, the molecule may be defined as that 
kinetic unit which under a slight impulse moves as a 
whole. This definition cannot be directly transferred to 
solutions, since presumably the movement of the solute 
molecule would involve the movement of a certain 
amount of solvent. This would really be the definition 
of the kinetic molecule in solution, i.e., the molecule 
and its solvated layer. The weight of such a kinetic 
unit would then be the molecular weight. However, 
while in the gas phase the average molecular weight 
as determined by experiment is the average weight of 
the kinetic unit, in solutions, when using the colligative 
properties, the solvated layer does not enter. Another 
definition, more closely related to what is being meas- 
ured in solution is this: a molecule is that group of 
atoms around which a continuous surface may be 
drawn; the surface cutting weaker bonds than those 
between the atoms included within the group. The 
molecular weight is then the weight of such a group of 
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atoms. Although this definition is highly inoperational 
since we do not know too much, with certainty, about 
the solvated layer, none the less we draw comfort from 
the fact that molecular weights thus determined agrée 
often with formula weights. Such a definition is not 
suitable for pure liquids. If we adopt the gas phase 
definition, then Z, would define the kinetic unit in the 
liquid. Presumably this would be the sort of ja-mers 
previously discussed.' Surrounding these ja-mers would 
be holes of sizes different from the fractional holes in 
the ja-mer. They might be of molecular size as postu- 
lated by Eyring? or they might be of various sizes. 
Looking at Eq. (25) we can see that Z, will depend 
strongly on the pressure; an increase in pressure making 
Z, smaller. At first sight this is puzzling. The effect of 
pressure would be first to distort the ja-mers. This would 
in effect force the breaking of bonds, and the informa- 
tion of smaller aggregates. Holes would be squeezed 
out by the pressure but at the same time more holes 
would be created by the coalescing of the fractional 
holes in the collapsing ja-mers. 

The general picture of a liquid presented then by these 
functions is one very similar to that of a polycrystalline 
or mosaic solid except that, while the crystallites in the 
solid are jt-mers, those in the liquid are ja-mers. The 


ja-mers are surrounded by defects consisting in the 


main of 1-mers bound by single bonds or weak bonds 
to the ja-mers and holes. A temperature increase, 
increases the number of holes, while a pressure increase 
decreases the average size of the ja-mers, creating new 
holes from the fractional holes in the ja-mers while 
squeezing out some of the defect holes. The mobility 
of the liquid is due to this high proportion of holes in 
the liquid. A very rough calculation of the number of 
holes (V—b) by Eq. (23) shows that the percentage of 
holes in water in the temperature range 20°-100°C 
and pressure range 1-1000 bars lies between 13.5 and 
18.3%. Interestingly enough this compares with the 
figure of 1/7 the volume (=14.3%) derived by Eyring 
from viscosity work. 

Further work is in progress on the exact calculation 
of some of these quantities, all of which are experi- 
mentally derivable. This will give us a much clearer 
insight into the structure of liquids and especially of 
particular liquids. 
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The lattice model of a polymer molecule with excluded volume and nearest-neighbor forces arising from 
polymer-solvent interaction is investigated by exact numerical calculation for short chains of up to about 
ten links. Extrapolation to large values of m, the number of links, is shown to be justified and enables the 
mean configuration, free energy, entropy, and internal energy to be evaluated as functions of the number of 
links and of temperature for both poor and “super-perfect” solvents. The mean square end-to-end distance 
is found to vary according to (r,?2)~ An’, in agreement with Wall ef al., but y=7(n) is a decreasing function 
of the nearest-neighbor interaction parameter »=expl—Vo/kT]. For the three-dimensional simple cubic 
lattice y(0)1.37, y(1)™1.20 and Flory’s theta point, defined by y=1, occurs at 71.48. For the two- 
dimensional square lattice y(0)™1.57, y(1)™1.47, and 7@™~2.0. The fractional variance of the distribution 
of r,? is found to be appreciably smaller than the corresponding Gaussian value. Numerical data and graphs 


are presented for the free energy, entropy, and internal energy as functions of 7. 





I. INTRODUCTION AND SUMMARY 


N extremely dilute solutions of polymers the indi- 
vidual chain molecules are virtually isolated from 
one another and the thermodynamic and gross physical 
properties (viscosity, light scattering, etc.) of the 
solution depend directly on the mean configuration and 
free energy of a single molecule. The simplest model of a 
polymer molecule is a freely linked, completely random 
Gaussian chain'? and this accounts reasonably well 
for the main features of the experimental observations. 
The chief difficulty in the way of improving the theory 
(and testing a more realistic model), however, is the 
problem of the excluded volume. A real polymer molecule 
cannot intersect itself and this introduces long-range 
correlations between different parts of the chain which 
invalidate the simple theory. A central problem is the 
dependence of the “size” of the molecule (usually 
characterized by the mean square end-to-end distance) 
on the degree of polymerization or the number of links 
n in the model chain. In the absence of excluded 
volume the chain may be treated as a Markovian ran- 
dom walk?’ and it then follows quite generally that 
(r,2)= An, (n>), (1) 
The excluded volume destroys the Markovian nature 
of the walk and the corresponding behavior is not 
rigorously known although the mean-square size is 
certainly increased. The dependence of the free energy 
and other thermodynamic functions upon the excluded 
volume is also uncertain. Rigorous solution of these 
problems would be of considerable theoretical interest 
since relatively little is known about non-Markovian 


1P. J. Flory, Principles of Polymer Chemistry (Cornell Uni- 
versity Press, Ithaca, 1953), Chap. 14. 

2R. J. Rubin, J. Chem. Phys. 20, 1940 (1952); B. H. Zimm, 
W. H. Stockmayer, and M. Fixman, ibid. 21, 1716 (1953). These 
papers and that cited in footnote 9 contain many other references 
to the literature. . 

3E. W. Montroll, J. Chem. Phys. 18, 734 (1950). 
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2 
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random walks. Despite a considerable literature’? 
comparatively little progress has been made. 

Most direct theoretical attacks have led to perturba- 
tion expansions incapable of revealing the behavior for 
large n (the effective expansion parameter increasing 
with 2). More success has been achieved by numerical 
studies based on the quasi-crystalline or lattice model 
of a polymer molecule. The chain is represented by a 
random walk which at each step moves from one point 
of a regular lattice to the next via one of the gq=o+1 
“bonds” radiating from each point. The effect of the 
excluded volume is represented by preventing the walk 
from visiting any lattice point more than once. 

The numerical methods used to study this model 
fall naturally into two classes. On the one hand there is 
the statistical or Monte Carlo approach which has been 
used extensively by various authors‘® and especially 
by Wall and his collaborators.*? On the other hand the 
problem may be studied by exact numerical calculation 
and extrapolation. The first attempt along these lines 
seems to have been made by W.J.C. Orr’ as early as 
1946. More recently Fisher and Sykes® have extended 
and developed this approach using methods which had 
already proved successful in other branches of sta- 
tistical mechanics."”"" (Mention should also be made of 
the work of Teramoto and collaborators.) 

4G. W. King, National Bureau of Standards Applied Mathe- 
matics Series (U. S. Government Printing Office, Washington, 
D. C.), No. 12, June 1951; M. N. Rosenbluth and A. W. Rosen- 
bluth, J. Chem. Phys. 20, 1360 (1952); R. S. Lehman and G. H. 
Weiss, J. Soc. Ind. Appl. Math. 6, 257 (1958). 

5 J. M. Hammersley and K. W. Morton, J. Roy. Statist. Soc. 
B16, 23 (1954). 

6F. T. Wall, L. A. Hiller, and D. J. Wheeler, J. Chem. Phys. 
22, 1036 (1954); F. T. Wall, L. A. Hiller, and W. F. Atchison, 
ibid. 23, 913 (1955); 23, 2314 (1955); 26, 1742 (1957); F. T. 
Wall, R. J. Rubin, and L. M. Isaacson, ibid. 27, 186 (1957). 

7F. T. Walland J. J. Erpenbeck, J. Chem. Phys. 30, 634 (1959). 

8W. J. C. Orr, Trans. Faraday Soc. 42, 12 (1946). 

9M. E. Fisher and M. F. Svkes, Phys. Rev. 114, 45 (1959). 

© C, Domb, Advances in Phys. 9, 149 (1960). 

4 C, Domb and M. F. Sykes, J. Math. Phys. (to be published). 

2E. Teramoto, M. Kurata, R. Chujo, C. Suzuki, K. Tani, and 
T. Kajikawa, J. Phys. Soc. Japan 10, 953 (1955). 
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In practice the Monte Carlo method is restricted in 
accuracy by the inevitable statistical fluctuations, but 
quite long walks (n=50 to 1000) can be sampled. In 
this way Wall and his co-workers found considerable 
support for the relation 


\ 


(rn? )= An’? (n>), (2) 


where y is significantly greater than unity as against 
y=1 in Eq. (1). Indeed even if (2) is not the rigorously 
correct asymptotic result (and, of course, no numerical 
method can prove such a conjecture) it now seems fairly 
clear that a formula of this type is a valid approxima- 
tion for real finite, polymer molecules. [The propor- 
tionality of mean-square size to mY’ with y>1 was 
originally suggested, on somewhat inadequate theo- 
retical grounds, by Flory (see work cited in footnote 1) 
as a basis for interpreting the observed dependence of 
the viscosity and light scattering of polymer solutions 
on the molecular weight. ] 

Wall also found that if c, is the total number of n 
step non-self-intersecting random walks (i.e., with 
excluded volume operative) then 

Cro™b", (3) 
where » is a constant, “the effective coordination 
number,” depending on the lattice. (Wall actually 
observed that the number of his sample walks was sub- 
ject to an exponential law of “attrition,” but this is 
equivalent to our statement.) Mathematical support 
for this result has been provided by Hammersley*: who 
proved the existence of the limit 


lim (1/2) Inc,=Inu. 


n->co 


(4) 


(This theorem and the strict bounds for » developed by 
Frisch, Collins, and Friedman and Fisher“ and Fisher 
and Sykes’ are almost the only rigorous mathematical 
results available on the problem. The interesting 
bounds on (7,2) obtained by Rubin,’ though almost 
certainly valid, do not seem to have been established 
with complete rigour). The results (3) and (4) imply 
that the free-energy, or entropy per link (or per 
monomer ) of a polymer molecule approaches a limiting 
value independent of the total length. 

On the basis of the Monte Carlo calculations it is 
impossible to find a more accurate asymptotic expres- 
sion than (3) for c, (and, correspondingly, for the free 
energy). By exact enumeration of the c, for values of 
n from 10 to 15, however, Fisher and Sykes? discovered 


13 J. 

1957). 

44H. L. Frisch, F. C. Collins, and B. Friedman, J. Chem. Phys. 
19, 1402 (1951). Note that the upper bounds quoted in this 
paper are incorrect. The lower bounds, however, are quite valid 
and the method used to derive them forms the starting point for 
the later developments of Fisher [M. E. Fisher, Discussions 
Faraday Soc. 25, 200 (1958) ]. 


M. Hammersley, Proc. Cambridge Phil. Soc. 53, 642 
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strong evidence for a relation of the form 


Cn Bn%y" (5) 
with a approximately 4 for all two-dimensional lattices 
(and about half this for three-dimensional lattices). 
The estimated values of » obtained in this way were 
also considerably more accurate than those based on 
Monte Carlo calculations with the shorter chains of 50 
to 100 steps.® 

In the present paper we discuss the relation (5) in 
greater detail using improved extrapolation techniques 
and further data obtained recently.” This yields more 
accurate estimates for a (which suggest that @ is exactly 
; in two dimensions) and establishes that the asymp- 
totic behavior is reliably indicated by the exact results 
for small m. We then go on to apply the method to the 
mean-square size. The behavior of the exact values 
of (r,”) for the plane square up to n= 10 and for the 
simple cubic lattice up to m=8 is found to be smooth 
and supports Eq. (2). The extrapolated estimates for 
agree well with those of Wall. 

The distribution of 7,” about its mean value is 
investigated by calculating the fourth moments 
(r,*). Extrapolation indicates that the limiting dis- 
tribution of r, differs appreciably from the Gaussian 
form [which has been assumed by most authors even 
when accepting (2) ]. The fractional variance of r,? for 
the plane-square lattice is found to achieve only 43% 
of its Gaussian value while for the simple cubic lattice 
the figure is approximately 68%. 

The model considered above becomes appreciably 
more realistic if account is taken of the mutual inter- 
actions of polymer and solvent. Following Orr® these 
can be included by introducing a Boltzmann factor 
n=exp(—Vo/kT) for every nearest-neighbor contact of 
the chain with itself. The energy Vo measures the energy 
of a polymer-polymer contact relative to the energies 
of polymer-solvent and solvent-solvent contacts. (As 
explained by Orr* it is not essential to this model of a 
polymer molecule in solution to assume that the solvent 
can be described by the same quasi-crystalline lattice as 
is appropriate to the polymer molecule.) 

In an extremely good or “super-perfect” solvent Vo is 
positive and large and » tends to zero. In the limit »=0 
polymer-polymer contacts cannot occur and the model 
reduces to a random walk with no first-neighbor con- 
tacts (and no self-intersections). For this case, which is 
equivalent to an increased excluded volume, the corre- 
sponding walks have been enumerated exactly for the 
plane-square and triangular lattices (up to n=14 and 
n=12, respectively) and for the simple cubic lattice 
(up to m= 10). The form of expression (5) is found to be 
still valid but the effective coordination numbers pu 
(and corresponding limiting free energies per link) are 
reduced. Furthermore the value of a changes from 4 


6B. J. Hiley and M. F. Sykes, J. Chem. Phys. (to be pub- 
lished). 
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Fic. 1. Plot of the ratios pn=C,/ 
Cn-1 VS 1/n for walks on the plane- 
square lattice (a) with only reversals 
and squares disallowed, (b) with no 
self-intersections of any order (c) 
with no self-intersections and no 
nearest-neighbor contacts. 
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to about $ for both the plane-square and plane-tri- 
angular lattices. 

In order to study the mean-square size and thermo- 
dynamic properties more generally over a range of 7 
we have used the analysis of the number of nearest- 
neighbor contacts in short chains presented by Orr.*- 
Although this data extends only to eight steps on the 
plane-square lattice and six steps on the simple cubic 
it is sufficient, in conjunction with the more extensive 
data at n=0 and 1, to justify a preliminary investiga- 
tion. (Further calculations are planned for larger 
values of m and for other lattices.) The detailed con- 
clusions drawn are presented in the following sections 
but for convenience we summarize the main results here. 

The mean square end-to-end distance appears to be 
proportional to m’ in both good solvents (O<n<1) and 
poor solvents (y>1), but the index y depends on n, de- 
creasing smoothly with increasing from y(0)-~1.57 in 
two dimensions, and y(0)—~1.37 in three dimensions. 
The existence of Flory’s theta-point (at which the 
excluded volume effect is exactly compensated by 
favourable polymer-polymer contacts so that y takes 
the Markovian value of unity) is clearly indicated in 
three dimensions (see Fig. 5). It occurs at a tempera- 
ture determined by no~1.48. The index a=a(n) in 
Eq. (5) also vanishes near this point as would be ex- 
pected if the walk becomes truly Markovian. The two- 
dimensional data are less accurate in this region but a 
theta-point seems to occur at 7~2.0. 

The effective coordination number y(n) which deter- 


16 As explained in Sec. V a slight error has been discovered in 
this data for chains of eight links. 


O72 O-1 


mines the limiting free energy per link as a function of 
temperature, rises smoothly with 7 increasing by about 
50% in the range n=0 to n= 2. The extrapolated values 
for u(m) are probably accurate to 1% or better but the 
internal energy being a derivative of the free energy, 
cannot be determined with such precision. The entropy 
reaches a maximum at »=1 and falls nearly sym- 
metrically by 0.125% and 0.14% (in two and three 
dimensions, respectively) as » approaches 0 and 2. 
The internal energies increase from zero at n=0 and 
reach values corresponding to about 0.18 nearest- 
neighbor contacts per link at y= 1. These values are less 
than half those predicted by Orr’s approximate for- 
mulas which are shown to be ill founded. 


II. ASYMPTOTIC BEHAVIOR OF NONINTERSECTING 
WALKS 


In this section we discuss the asymptotic behavior 
of c,, the number of nonintersecting random walks of n 
steps, as revealed by the exact values for small n. 
Techniques for enumerating all walks for the basic 
excluded volume problem have been discussed by Fisher 
and Sykes’ and by Sykes” and have been reviewed by 
Domb.” The actual figures for the plane-square, plane- 
triangular, simple cubic and various other lattices have 
been tabulated by Fisher and Sykes® and additional 
terms have been given recently by Sykes.” 

To investigate the behavior of the c, it is natural to 
consider the successive ratios 

Hn=Cn/Cn-1, (n=1, 2,3, +**;co=1). (6) 


7 M. F. Sykes, J. Math. Phys (to be published). 
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If these ratios approach a limit as x then this limit 
is equal to the ‘effective coordination number” yu 
defined by (4).'° In practice, it is found that when the 
are plotted against m~! they lie remarkably 
close to a straight line of definite slope a which inter- 
sects the n= « axis at uw. This behavior is illustrated 
for the plane-square lattice in Fig. 1. The sequence 


ratios p, 


of points 


a) corresponds to walks in which only re- 
versals and squares are disallowed® while the sequence 
(b) refers to the complete excluded volume problem. 
[The points (c) are for walks with first-neighbor con- 


tacts also forbidden; see below. | 
The linear behavior of u, with n~', namely, 
Mn. 1+ (a/n) ], (n> ) (7) 
may readily be understood’ by regarding the c, as 
coefficients in the power series expansion of the 
erating function 


gen- 


x 


C(2) = oenz”. 


n=U 


(8) 


In virtue of (4) C(z) has its singularity nearest to the 
origin on the real axis at 2 =1/u which will be the 
radius of convergence of the series (8). The relation (7) 
implies that the dominant behavior near z=, is 


l+a 
; 


C(z) = K/(1—pz) (9) 


which in turn yields 


Cn Bn%p" (n> ), (10) 
Conversely this asymptotic form leads directly to (7) 
as a first approximation. Series of coefficients very 
similar to the c, arise in many other statistical prob- 
lems, in particular in the Ising model,® and the corre- 
sponding generating functions often have direct phy- 
sical significance. The exact solutions available for some 
of these problems enable one to test the various meth- 
ods, which we will now discuss, for estimating the 
asymptotic behavior from the initial sequences.*"! 

A convenient method for estimating the limiting in- 
tercept u.,=p is to calculate successive linear intercepts 
determined by alternate pairs of ratios uw, according to 


Mext= 3[ pn — (n—2) ne |. (11) 


(Alternate pairs are used in view of the even-odd 
oscillation of the ratios which is evident in Fig. 1). 
The chief uncertainty in this procedure is due to the 
(unknown) slope of the line (7) and the method tends 
to be less accurate the larger the value of a, since 
small irregularities in the u, are magnified. As shown by 
Sykes" this difficulty can be alleviated by making an 
initial estimate of the slope a with the aid of the for- 
mula 


Qext = 1 (Ln — Mext) (ext, (12) 


18 J. M. Hammersley, Phys. Rev. 118, 656 (1960). 
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and then forming the modified sequence 


(13) 


It follows from (7) that these ratios will approach the 
limit « with a negligible mean slope (ideally zero). The 
residual even-odd oscillation may be effectively damped 
out by forming the means 3 (n*—pn1*). These conse- 
quently form a more regular sequence of estimates to u 
which can be extrapolated accurately. 

Detailed figures and graphs for the plane-square 
lattice have been given by Hiley and Sykes." The initial 
estimates for the slope’ suggest aj and on the scale 
of Fig. 1 the corresponding sequence of means of (13) is 
quite level. It may be compared with the sequence 
(a) for walks in which only reversals and squares are 
forbidden. In this latter case the problem is completely 
soluble and the limiting ratio and asymptotic behavior 
are known exactly and agree closely with the estimates 
based on the first dozen terms. The estimate for u 
obtained in this way from the first 18 terms for the 
plane-square lattice is 


jin* = Unn/ (i +cext) . 


ua2.6390+5 (plane square). 


(Here and elsewhere the uncertainty quoted is in the 
last decimal place.) This result is 2% lower than Wall’s 
initial Monte Carlo estimates based on walks of up to 
50 steps® but agrees closely with the more recent 
statistical estimates ‘using walks of up to 800 steps, 
namely w-~2.6395+15. (In view of the positive slope a 
Wall’s estimates which are based on log-plots, are 
expected to be slightly too high).? The agreement of 
these estimates to within 0.02% is strong evidence for 
the validity of the extrapolation techniques and shows 
that behavior for large » can be deduced with sur- 
prising accuracy from the exact values of the first few 
reasonably large terms. 

Sykes and Hiley” also report additional terms for the 
plane triangular and simple cubic lattices. On the basis 
of the improved extrapolation techniques the values 
now estimated are 


u@~4.15243 (plane triangular), 
which confirms the estimate of Fisher and Sykes’ 
within closer limits, and 
u~~4.6834-7 (simple cubic), 
which is slightly lower than the estimate of Fisher and 
Sykes although within their quoted limits. As yet no 
new data have been obtained for the body-centered or 
face-centered cubic lattices but a reexamination of the 
existing figures along the present lines indicates that the 
previously published estimates should also be reduced 
by about 0.15%. 

It should perhaps be pointed out that uncertainties 
specified on these and similar estimates do not in any 
sense furnish rigorous bounds for the exact result. 
They represent, rather, reasonable confidence limits 
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Fic. 2. Estimation of the index a 
from a plot of a» vs 1/n for walks on 
(a) the plane-square lattice, (b) the 
plane-triangular lattice. 











1/n 


based, in the light of experience and known results, 
on the observed uniformity and consistency of the 
extrapolations. 

General mathematical considerations and examina- 
tion of comparable exactly soluble problems indicates 
that the linear behavior of the ratios u, with 1/n repre- 


sents the dominant terms in an asymptotic expression 
for uw» and leads one to expect the presence of higher 
terms of order 1/n?, 1/n’, etc. Thus generalizing (7), we 
may postulate, 

Hn= Heol 1+ (a/n)+(8/n®)++++], (n>), (14) 
where in view of the observed oscillations in the ratios, 
one must expect odd-even oscillations in the coefficient 
8 (as would arise from a lower order singularity in 
C(z) on the negative real axis). Clearly there are no 
really strong theoretical reasons for supposing that 
terms such as 1/n!, (Inn)/n? or 1/nInn should not 
occur in (14) but as we will show, the numerical data 
seem to support the validity of (14). This in turn 
provides justification for an improved method of esti- 
mating the gradient a. 

To examine this point suppose that u., is known 
precisely. Successive estimates of @ based on (12) 
would, assuming (14), behave as 


On=a+(B/n) +++. (15) 


This implies the linearity of a, with n! (neglecting the 
higher order terms) so that linear extrapolation would 
lead to an accurate value of a. In practice u,, is not 
known exactly but one may use an estimated value 
obtained as described above. If the error in the esti- 
mate is Au the calculated values of a will differ in 


first order from (15) by an amount 
Aan= — (Au/p,.) (1/2)-!— (Ap/u) a— (Au/p) (B/n). 
(16) 


For large n the first term in this expression becomes 
important and the calculated values of a, will curve 
away hyperbolically from the straight line (15). Con- 
versely the observation of a curvature increasing sys- 
tematically in one direction indicates an error in the 
value of ext Which may thus be adjusted to restore 
linearity. In this way consistent estimates of a and u 
can be obtained simultaneously. 

The first 16 values of ¢, for the plane-square lattice 
were analyzed in this way and the results are presented 
graphically in Fig. 2(a) which is a plot of calculated 
values of a, against n~!. The pair of full lines in Fig. 2 
have been drawn in accordance with the formula 


n= 2.6389 {1+4(1/n) —75[1+(—)"5](1/n)?}. (17) 


It will be observed that the fit with the data is re- 
markably good. For m>8 the deviations in a, never 
exceed 0.3% while agreement with the yu, is correspond- 
ingly more accurate. As a test the values of c7 and as 
were predicted before their exact calculation had been 
undertaken. The predicted values based on Fig. 2(a) 
were (after rounding) 


cix~46 464 800, 


. 
€1s-124 656 700, 


while the exact values" are 


c17= 46 466 676, 


Cis= 124 658 732. 


The errors of the predictions amount to only 4 parts 
in 10° and 1.6 parts in 10°, respectively. 

The coefficients a and @ in (17) are simple fractions 
but if another estimate for u were used their optimum 
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TABLE I. Mean square end-to-end distances (r,?) for walks with 
no self-intersections on the plane-square and simple cubic lattices. 





Square Cubic 


1.000000 


1.000000 
2.666667 2.400000 
. 880000 

7.040000 5.553719 
234295 
.574358 .070542 
5.556169 .897235 


012846 845084 





values would be different. The observed fitting limits 
are 
Meo = 2.6389+5 7 
which is consistent with the estimate quoted above, 
and, with a corresponding sense as indicated by the 
arrows, , 
a=0.333+5 | 


Boaa=0.40+3 T ’ 


(plane square) 
Beven= 0.603 J P 


In view of these figures it is hard to avoid the conclusion 
that the exact value of a for the plane-square lattice is 
3 as originally conjectured.® 

Fewer terms are available for the triangular lattice 
and so these have been analyzed only by assuming the 
value for » quoted above. The last five values of a, 
calculated in this way are shown in Fig. 2(b). They lie 
close to a straight line whose extrapolated intercept is 
almost exactly 4 (actually very slightly less). It is 
also remarkable that this line deviates by less than 
1% from the mean of the two lines (17) which approxi- 
mate the square lattice results. It seems highly plausible 
that a@ is also precisely 3} for the plane triangular lattice 
and, indeed, has the same value for all related two- 
dimensional lattices.® 

The data on the three-dimensional cubic lattices are 
at present insufficient to justify very detailed analysis. 
The values of a, however, appear to be the same in each 
q@se and certain, differ from those of the two-dimen- 
sional lattices. On the basis of the refined estimates 
for u we find a~0.167+10 which suggests that a might 
be exactly 3 in three dimensions. (Owing to slightly 
high estimates for the limits u the values of a estimated 
originally by Fisher and Sykes for these lattices were 
rather lower, lying between 0.14 and 0.15.”) 

19 The limits on the estimates of a quoted by Fisher and Sykes 


for these lattices did not take full account of the uncertainties 
in p. 
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Ill. MEAN DIMENSIONS 


The rather detailed analyses of cn, the numbers of 
nonintersecting walks, made in the previous section 
establishes the validity of the extrapolation procedures 
and shows that the smooth trends exhibited by the 
first half-dozen terms can be expected to continue as the 
sequence develops. To obtain accurate estimates it is 
always desirable to have a large number of terms prefer- 
ably more than 12 but in most cases quite reliable 
estimates can be obtained (within appropriately wider 
confidence limits) from the first seven or eight terms. 
On these grounds it seems worthwhile examining the 
sequence of exact values of (r,”) in a similar way. One 
might in any case expect (7,?) to show smooth be- 
havior as it is an average over the complete distribu- 
tion of ry. 

The exact calculation of the mean square end-to-end 
distance of nonintersecting walks is discussed in 
Appendix A where it is shown how the problem may 
be reduced to something more tractable and reliable 
than the direct summation of the individual contribu- 
tions of all allowable walks. By using the methods ex- 
pounded there we have calculated the first ten values 
of (r,”) for the plane-square lattice and the first eight 
for the simple cubic lattice. These are presented in 
Table I. The method applies equally well to other lat- 
tices and the calculations could be extended by a few 
more terms without excessive labor. To calculate a 
substantially greater number would, however, be rather 
difficult, especially for three-dimensional lattices, al- 
though progress may be possible with the aid of a 
digital computer. 

To analyze the behavior we consider the ratios 

Yn= (tn°41)/ (1n*), 


(n=1, 2,3, +++). (18) 


In the case of unrestricted walks, walks with no im- 
mediate reversals” and other soluble cases a limiting 
ratio v,, exists and we may expect this to be true also 
with excluded volume. Since for all these problems 


WS (1?) SM’, (19) 
the limit must be unity and this is confirmed by a plot 
of the ratios v, against 1/m. The sequence of points are 
observed to approach a straight line of slope y which 
extrapolates to vy,=1. The linearity of the ratios with 
1/n implies as before that 


(r,2) = An, (20) 


which is in agreement with Wall’s Monte Carlo calcu- 
lations.®? Since v,,=1 a sequence of estimates for the 
index y may be calculated from 


Yn=N(n—1). (21) 


In accordance with the results of the previous section 


2 C. Domb and M. E. Fisher, Proc. Cambridge Phil. Soc. 54, 
48 (1958); see also Appendix A herein. 
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Fic. 3. Successive estimates of y in 
the expression (7,2) An? for walks 
of the plane-square lattice (a) with 
no restrictions, (b) with no immedi- 
ate reversals (c) with no self-inter- 
sections. The sequence (d) is that of 
the means }(Yn+yn41) for case (c). 











(a) 





| 





the series y, would also be expected to show a linear 
variation with 1/n and this turns out to be the case. 

The sequence of points (a) in Fig. 3 are the values of 
‘yn for an unrestricted walk on the plane-square lattices; 
the slope is zero and the limit is y,,=y=1 as expected. 
The sequence (b) corresponds to a similar walk but 
with immediate reversals forbidden.” These points 
lie on a slightly irregular sloping curve which, however, 
clearly extrapolates to y,.=1 as on general grounds it 
must.’ 

Finally the data of Table I for the complete excluded 
volume problem on the plane-square lattice yield the 
sequence (c). The points exhibit the characteristic odd- 
even oscillation about a straight line as observed in the 
walk ratios un. The amplitude of oscillations can be 
markedly reduced by forming the means 


r,= 3 (Y¥n+Yn+1) ’ 


which lie very close to a straight line of small slope and 
quite well defined intercept [(d) in Fig. 3]. To estimate 
the limit ,, for the nonintersecting walks we may calcu- 
late as in the previous section the extrapolated inter- 
cepts defined by successive pairs of points. With an 
obvious notation we obtain from the y, the estimates 


(22) 


1.401(4,6)  1.509(5, 7) 


1.452(6, 8) 1.480(7, 9), 
while the means I’, yield, 

1.444(3, 5) 1.459 (4, 6) 
1.476(5, 7) 1.470(6, 8). 


The average of the last two estimates is 1.473 and we 


04 0-3 


i/n 


thus adopt as final estimate 
y=14742 (plane square). 


This result may be compared with the results of 
statistical calculations. Earlier work**® using chains of 
up to 50 steps led to a value of 1.45 but more recently 
using an “enriched” sampling technique which gen- 
erated 1094 walks of 600 steps, Wall and Erpenbeck’ 
have obtained the value 1.50. Unfortunately none of 
these estimates are accompanied by any numerical 
indication of the statistical deviations or fitting limits. 
Examination of the published graphs reveals, however, 
fluctuations of a magnitude which suggests a probable 
precision of 1 or 2% in the value of y.”* Since Wall’s 
latest estimate differs by only 2% from our value (and 
lies only just outside our confidence limits) the agree- 
ment between the two results must be considered very 
satisfactory. 

The data for the simple cubic lattice may be analyzed 
in the same way and the behavior of the yn with 1/n 
is very similar to that of Fig. 3 except that the oscil- 
lations are only about two-fifths as large. Extrapolation 
leads to the estimate 


y=1.21+2 (simple cubic). 

This is based upon fewer terms than were used for the 
plane-square lattice and is thus somewhat less certain. 
It agrees closely with the original estimate of 1.22 
obtained by Wall® and Rosenbluth and Rosenbluth.‘ 


*t Rosenbluth and Rosenbluth (work cited in footnote 4) quote 
some direct estimates for (r,?). Their value for n=8 differs from 
the exact result by more than 1% which supports our conclusion 
regarding probable accuracy. W. H. Stockmayer [Makrmol. 
Chemie 35, 54 (1960)] considers that wall and Erpenbeck’s 
data could be fitted equally well with the y= 1.20 rather than 1.18. 
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Fic. 4. Plots of 6,/6,° the relative 
fractional variance of r,”, for non- 
intersecting walks (a) on the plane- 
square lattice and (b) on the simple 
cubic lattice. (For a Gaussian dis- 
tribution 6,/6,°= 1.) 





| 





Os 04% 0-3 


For walks of 50 steps or so the same value applied to the 
tetrahedral lattice,® but the recent work of Wall and 
Erpenbeck’ in which walks of 800 steps on the tetra- 
hedral lattice were sampled lead to the lower value 1.18. 
It is possible that a Monte Carlo result based on longer 
chains on the simple cubic lattice would also lead to a 
lower value. The comments made above regarding the 
statistical errors apply here with equal force but, in any 
case, the differences between the various estimates 
amount only to a few percent.” 

If the value of y is known, the limiting constant A in 
(20) may be estimated by extrapolating (r,”)/n7. In 
practice the extrapolation may be performed quite ac- 
curately but the result is very sensitive to changes in the 
estimated value of y. We confine ourselves to reporting 
the estimate A=0.87+5 for the plane-square lattice. 
The uncertainty quoted is almost totally due to the 
limits of uncertainty in y. A value of y=1.45 leads to 
A=0.92 which agrees closely with the figure given by 
Rosenbluth and Rosenbluth.* 

In the limit n—~= the distribution of end-to-end 
for an unrestricted 
random walk and this remains true for restricted walks 
provided the correlations extend back only a finite 


distances r, becomes Gaussian 


number of steps. It is a matter of both theoretical and 
practical interest to know if this result is still valid for 
nonintersecting walks. The point may be investigated 
by studying the behavior of higher moments of the 
distribution of r,. To this end we have calculated the 
exact fourth moments (r,‘) for the plane-square and 
simple cubic lattices up to n=8 and n=6, respectively. 
The values were derived from the detailed data given 


O2 
1/n 


O-1 


by Orr® which is discussed further in the following 
sections. 

To analyze the behavior we have evaluated the 
fractional variance of r,”, namely, 


é,= (12? — (rn? )) 2 \/ (rn? 2 
= (rq*)/ (rn? )?—1. (23) 
For the unrestricted walks it is not difficult to show that 


5,°=(n—1)/n (plane square) (24) 
and 
5,°=2(n—1)/3n (simple cubic), 


(25) 
which in the limit »— yield the Gaussian values 
appropriate to two and three dimensions, respectively. 
In Fig. 4 the reduced variances 6,/6,° have been plotted 
versus 1/n for both lattices. The two sequences of 
points lie close to definite straight lines (see note added 
in proof at end of article) which are readily extra- 
polated to determine the limiting intercepts 6,,/6,.°. If 
the limiting distribution were Gaussian 6,,/6,,° would 
be unity but on the basis of Fig. 4 it seems improbable 
that a Gaussian distribution is approached. We esti- 
mate (see note added in proof) 


5,,/8..°=0.43-+2 
=0.68-2 


(plane square) 
(simple cubic) , 


which indicates that the effect of the excluded volume is 
less marked in three dimensions than in two as might be 
expected. 

Significant deviations from Gaussian behavior have 
also been revealed by Wall and Erpenbeck’s studies of 
the mean internal dimensions and the mean-square 
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radius of gyration of nonintersecting walks.” (These 
parameters are required in the interpretation of light 
scattering experiments. ) 


IV. NEAREST-NEIGHBOR EXCLUSION 


As explained in the introduction, a realistic model of 
a polymer molecule in solution should take into account 
the forces of interaction between polymer and solvent. 
The theory should then reveal what effect the interac- 
tions have on the number of configurations and the 
mean size and should predict any changes in the 
parameters uw, a, and y. The simplest case, which we 
examine first, is that of a very good or ‘‘super-perfect” 
solvent in which nearest-neighbor polymer-solvent con- 
tacts are energetically so favorable compared to poly- 
mer-polymer contacts that the latter never occur. This 
leads effectively to an increase in the excluded volume 
since nearest-neighbor contacts as well as self-inter- 
sections are now forbidden.” This situation also serves 
as a model for the additional steric hindrances that can 
arise from bulky side groups attached to the main 
polymer chain.” 

We have calculated c,(0), the exact number of walks 


subject to these restrictions, for the plane-square and , 


plane-triangular lattices up to 14 and 12 steps, respec- 
tively, and for the simple cubic lattice up to 10 steps. 
These data are presented in Table II. The enumeration 


TABLE LI. Values of c,(0) the number of » steps walks with no 
nearest-neighbor contacts (or self-intersections) on the plane- 
square, plane-triangular, and simple cubic lattices. 


Triangular Cubic 


Square 





6 

30 

126 

162 534 
474 2214 
1398 9246 
4074 38142 
11898 157974 
34554 649086 
100302 
290334 


12668 2674926 
29940 
71012 839466 
167468 
396204 





2F. T. Wall and J. J. Erpenbeck, J. Chem. Phys. 30, 637 
(1959). 

3 Statistical calculations for a walk of this type on the three- 
dimensional tetrahedral lattice have been performed by F. T. 
Wall, L. A. Hiller, and W. F. Atchison [J. Chem. Phys. 26, 1742 
(1957) ]. 
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was performed, along lines similar to those explained in 
Appendix A, by subtracting the contributions of higher- 
order nearest-neighbor contacts and self-intersections 
from the known number of walks subject only to lower- 
order restrictions. For this purpose the recurrence 
relations 


dn4i=2dnt+dn1 (plane square), (26a) 


dr4ii=3d,, (plane triangular), 


dn41 = 4dn+dn1 


(26b) 


(simple cubic), (26c) 


were used to generate the number of walks with no 
nearest-neighbor loops of four steps or less. The first 
possible nearest-neighbor contacts for these walks 
occur on the seventh, fifth, and fifth steps, respectively, 
and are not difficult to enumerate directly with the aid 
of known data.* 

The behavior of the numbers c,(0) can be analyzed 
just as in Sec. II to yield estimates of u and a. The varia- 
tion of the ratios u,(0) with 1/7 is again linear as can be 
seen from the results for the plane-square lattice dis- 
played in Fig. 1(c). The irregularities for small m are 
slightly more marked but this is not surprising in view 
of the reduced number of configurations contributing to 
the total numbers of walks at a given stage. Extrapola- 
tion yields the estimates: 


u(O) =2.329-+6 


a(0)=0.20+2, (plane square) 


u(0) = 2.84446 
a(Q)=0.20+2, (plane triangular) 
and 
u(O) =4.050+6 
a(0)=0.15+1 (simple cubic). 

Comparison with the estimates given earlier for walks 
with allowed nearest-neighbor contacts shows that the 
effective coordination numbers wu are appreciably re- 
duced by the increased excluded volume. [That this 
must be so can be shown rigorously by deriving upper 
bounds for u(0) from the recurrence relations (26) and 
their generalizations.’4] As is to be expected the 
reduction is greatest for the triangular lattice where it 
amounts to 31.5%. For the loose-packed square and 
simple cubic lattice the reductions are only 11.7% 
and 13.5%, respectively. 

A rather less obvious effect is the change in the 
indices a. Both plane lattices exhibit the same marked 
reduction from a=} to a}. For the simple cubic 
lattice only a slight reduction in a is indicated although 
the numerical values are relatively less certain (see also 
the results of the next section and Fig. 7). The agree- 
ment between the values for the triangular- and plane- 
square lattices confirms the general impression (ob- 
tained from a variety of statistical problems on lat- 
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TABLE III. Values of f,,4(r?) (the number of m step walks of 
square end-to-end distance r? with exactly ¢ nearest-neighbor 
contacts but no self-intersections) on the plane-square net for 
n=8. (The asterisks denote corrections to Orr’s figures.) 








l 











tices’) that the nature of the dominant singularity of 
the generating functions depends primarily on di- 
mensionality and only to a limited extent if at all on the 
detailed structure of the lattice. 


V. MEAN SIZE WITH SOLVENT INTERACTIONS 


To investigate the effect of solvent interactions on 
the mean-square size we consider directly the more 
general model in which a Boltzmann weighting factor 

n=exp(—V0/kT), (27) 
is introduced for every nearest-neighbor contact of the 
chain with itself. For a perfect solvent 7»=1 and only 
the excluded volume effect is operative. In a “‘super- 
perfect” solvent O0<n<1 and the chain will tend to 
expand due to the effective nearest-neighbor repulsion, 
while in a poor solvent 7>1 and the chain contracts. 

If fn.e(r?) is the number of nonintersecting walks of 
n steps which have exactly ¢ nearest-neighbor contacts 
and a square end-to-end separation r’? the over-all 
mean-square size as a function of 7 is given by 


(rn2(7) = DPD fal?) a! re D> fait(7?) nt. (28) 


r?> t=0 r* t=0 


To evaluate (7,?(7)) numerically one must know the 
double distribution f,,:(7?). The enumeration and 
classification of the walks needed to determine this 
distribution is a relatively formidable task once n 
exceeds 4 or 5. We have not, as yet, endeavored to go 
further than Orr who in 1946, presented complete 
results for the plane-square lattice up to eight steps and 
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for the simple cubic lattice up to six steps.*:4 We have 
cross checked this data and have discovered one error 
in the distribution for »=8 on the plane-square lattice. 
(Note that Orr tabulates }/,,:(r?) and that his m denotes 
the number of “atoms” in the chain. This is one more 
than the number of links which we denote by m). An 
impression of the variety of terms arising can be ob- 
tained from Table III which shows the corrected dis- 
tribution for n=8. 

Using this data we have calculated the sequences of 
(r,?(n) ) for values of n in the range O0<<2.5. Although 
the number of terms available for extrapolation is rather 
limited (especially for the simple cubic lattice) it is 
sufficient to give a fair indication of the variation of the 
asymptotic behavior with y. Reasonably accurate esti- 
mates of the index y(n) may be found by following the 
procedures of Sec. III and being guided by the more 
accurately known behavior at n= 1. 

The results are presented graphically in Fig. 5. (The 
broken curves indicate the range of uncertainty in the 
extrapolations.) For the extreme case n=0 considered 
in the previous section we find 

7v(0)=1.5746 (plane square) 
and 

7(0)=1.374+5 (simple cubic). 
As might be expected these values are significantly 
higher than at n»=1 where only the normal excluded 
volume acts. [In any case y(n) cannot decrease as 7 
decreases. ] The result for the simple cubic lattice re- 
ceives some support from Wall’s corresponding calcu- 
lations for the tetrahedral lattice** which yielded the 
very similar value (0) = 1.38. Since, as we noted above, 
the indices seem to depend primarily on dimension it 


2 
T 





rT. See TF 
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T 
| 
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= 
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Fic. 5. Dependence of the mean-size index y on the interaction 
parameter 7 for (a) the plane-square lattice and (b) the simple 
cubic lattice. (The broken curves indicate the range of un- 
certainty.) 

*4 Orr did not discuss the implications of this data for the mean 
size. His intention to do this appears to have been thwarted by 
his untimely death. 
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seems likely that a Monte Carlo calculation for the 
simple cubic lattice with n=0 would lead to the same 
value in agreement with our estimate.” We may expect, 
similarly, that our estimates for other values of 7 will 
differ by no more than a few percent from any sta- 
tistical estimates based on walks of 50 to 1000 steps. 

In poor solvents (n>1) the index y falls off rapidly 
indicating appreciable contraction of the chain. In 
agreement with Flory’s arguments! our results indicate 
definitely the existence of a theta point at which y=1 
(so that (7,2) is proportional » as in a Markovian 
model). For the three-dimensional simple cubic lattice 
we find 

ne=148+6 (simple cubic), 


corresponding to a theta temperature 


To= [0.2643 ](Vo/k) (simple cubic). 
For the plane-square lattice the extrapolations become 
less reliable when 7> 1.7, but we estimate 


no= 2.04415, 


To= (0.142 ](Vo/k) (plane square). 
The present evidence for the square lattice is not strong 
enough, however, to disprove the conjecture no= ©. 
Physically, values of » exceeding 1.5 or 2.0 are not very 
significant since polymer molecules in solution then 
tend to attract one another so that coagulation and 
eventually phase separation set in. In this case a single 
chain is no longer a satisfactory model. Theoretically, 
however, the limit 7— © is interesting since the chain 
collapses into a closely packed configuration of a 
maximum diameter d'n'/4 where d is the dimensionality 
of the lattice. For the simple cubic lattice this implies 
that y(«) <2? so that, assuming y(n) is a continuous 
function of 7 a theta point must occur for some finite 
value of 7. In the case of plane lattices we only obtain 
y(*)<1 so that a theta point need not exist. 

In the straightforward “single contact” or lowest- 
order cluster expansion theory the excluded volume per 
atom is given by 


(29) 


o(7)= [ (1-expl-V(r) ‘kT \\dr, 


where dr is a volume element. The theta point can then 
be defined by v( 7») =0. In adapting this theory to the 
lattice model it seems reasonable to take some account 
of the two sites in the nearest-neighbor shell of an 
“ee ” . 4 ~ 7 

atom” of the chain which are completely excluded by 
the two adjacent atoms in the chain. This leads to the 
rough theoretical estimate 


no (qg+1)/(q-a), (30) 


% Tt should be noted, however, that Wall found evidence of a 
lower value of y for walks of 50 steps or more although it seems 
possible that this was just a reflection of the statistical uncer- 
tainties. 
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with a lying between 1 and 2. If we take a=1.5 we 
obtain for the simple cubic (¢=6) and plane-square 
(q=4) lattices no~1.56 and ne=2.0, respectively. These 
values correspond quite reasonably with our direct 
estimates and suggest that the plane-square lattice 
really does have a theta point at finite 7. 


VI. THERMODYNAMIC FUNCTIONS 
In this section we consider the thermodynamic and 
statistical properties of the general model or arbitrary 7. 


If 
Cnt= Dy fat?) (31) 


is the number of n-step nonintersecting walks with 
precisely ¢ nearest-neighbor contacts, the configura- 
tional partition function for a chain of m steps is 


4(q—2)n 


Qn(T)=en(n)= >> Cn ant. (32) 
t=0 

(The notation c,(y) is consistent with our previous 
usage.) The upper limit for ¢ derives from the observa- 
tion that ignoring the unimportant end effects, each 
point of a chain can be in nearest-neighbor contact 
with no more than g—2 other points of the chain. 
The effective coordination number u(y) can be defined, 
as before, by 


Inu(n) = lim (1/7) Inen(n), 


—-cO 


(33) 


and by (32) this is directly related to the limiting free 
energy per link of a long chain, 


AF (n) = lim (F,,/n) = —kT Inu (n), 


= Vo Inu (n) /Inn. (34) 
The asymptotic relation 


Cn (n) ~B(n) n*[u(n) J, (35) 


which was shown to hold when 7=0 or 1 leads to the 
general expression 


F,.(n) ~ —kT[n Inu(n) +a(n) Inn], 


for the free energy of a finite chain. Other thermo- 
dynamic functions may be derived in the standard way 
by differentiating the free energy and hence may be 
calculated if u(m) and a(n) are known. 

The mean number of nearest-neighbor contacts per 
link of a chain of » links is 


pn (n) = (tn)/n= nD pen en'/ Deen. 
t=0 t=0 


=n(0/dn)n InQ,(n). (37) 


In a long chain (t,) becomes proportional to » and 
pn(n) approaches a limit given by 


p(n) = lim pn(n) =n(0/dn) Iny(n). 


nc 


(36) 


(38) 
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The mean internal energy per link of a long chain is 
then simply 
AU (n) = Vop(n) 


and the limiting entropy per link is given by 


(39) 


AS/k=\ny(n) — p(n) Inn. (40) 


Some general properties of u(m) and the thermo- 
dynamic functions may be derived theoretically. Thus 
for small 
(7- 0), 


p(n) ~ngo (41) 


where, by (37), 


go= lim n(Cn1/Cno). 


ae 
From (38) it then follows that 
u(n) ~u(0) (1+ gon), (n—-0) 

and from (40), 
AS/k=I|nyu(0) 


(n—0). (44) 


gon | Inn |, 


By differentiating (40) and using (38) one derives 


(0/dn) (AS/k) = —\nn(0p/dn), (45) 
which implies that the entropy exhibits a maximum at 
n=1, where it has the value & Inu (1). 

As y—* the mean number of contacts per link 
tends to an upper bound 


p(~)=3(q—2), (46) 


- which follows from the argument given for tmax. This 
limit has the values 1 and 2 for the plane-square and 
simple cubic lattices, respectively. As mentioned in the 
previous section the behavior for large » is not very 
relevant to the physics of polymer solutions but as a 
matter of mathematical interest we record the limiting 
expression 
—AF/kT=\ny(n) = p() Inn+ Inxk+O(1/n), 
(7 )s (47) 


AS/k=\nxk+O(1/n), (n>), (48) 


where the constant 


xk=exp[lim n™ Incr tmax | 


n>x 


(49) 


is the effective coordination number of an infinite, 
fully, closely packed chain. Orr has estimated that 
x~1.4 for the plane-square lattice and c~1.9 for the 
simple cubic lattice.’ 

To make further progress in the evaluation of the 
thermodynamic quantities one must turn to the nu- 
merical data. In Sec. II and IV quite accurate estimates 
were obtained for u(n) and a(n) at the points n=1 
and 7=0. For intermediate and larger values of 7 
the same extrapolation techniques can be used to 
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estimate u(n) and a(n) from the ratios p(n) = 
Cn(n) /¢n-1(n). We have calculated values of c,(n) 
from Orr’s data.* Since the number of terms is relatively 
limited the accuracy of the estimates is not as high as 
at n=1 and 7=0. Nonetheless in the range 0<<1.8 
the uncertainties in u(m) are less than 1%. The results 
are presented graphically in Figs. 6 and 7. (The broken 
lines again indicate the confidence limits.) 

The effective coordination numbers p(n) increase 
smoothly and increasingly rapidly as n increases. The 
points at which u(n)=q—1=o (the value for walks 
with no reversals) is 


no=1.59+2 (plane square), 


=1.29+3 (simple cubic), 


while the freely linked value, u() =q is reached at 


Ng=2.7+1 (plane square), 


=2.00+6 (simple cubic). 

The corresponding theta points (see previous section) 
fall between yn, and n, and the ratios _/ne is close to 
1.33 for both lattices. 

For reasons which seem to have no obvious physical 
basis the index a(n) exhibits a maximum near n= 1 
on the plane-square lattice and near n=0.5 on the simple 
cubic lattice. In the latter case a(n) vanishes and 
changes sign at m= 1.44+3 which is rather close to the 




















Fic. 6. Variation of the effective coordination number pu with 
the interaction parameter 7 for (a) the plane-square lattice and 
(b) the simple cubic lattice. 
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theta point 1.48-++6. If the walk becomes truly Marko- 
vian at the theta-point the relation 79= 1 should hold 
exactly. For the plane-square lattice a seems to vanish 
before the theta point is reached but the limits of un- 
certainty are sufficiently great to allow the possibility of 
coincidence. 

The mean number of contacts per link p(n) can be 
estimated through (38) by numerical or graphical 
differentiation of Inu(n) or directly by extrapolating 
the values of p,(n) vs 1/n. The results of these two 
methods agree to within the accuracy attainable, 
namely about 10%. The estimated behavior of p(n) 
for the plane-square lattice is shown in Fig. 8 [curve 
(a) ]. The values for the simple cubic in the range 
O<n<2 are very similar but lie some 5 to 10% higher. 
At n=0 we find 


go= (0p/dn) 0=0.12+2 


for both lattices in agreement with Orr.’ In the phy- 
sically important region near »=1 we may write 


b(n)~p(1) +5(n—1), 


where, for the plane-square lattice, 


(50) 


p(1)=0.180+6,  b=0.37+44. 


These values for p(n) are considerably lower than 
those predicted by approximate formulas developed by 
Orr® (who only fitted his data at n»=0 and n>). 
At n=1 Orr’s formulas yield 0.37 for the plane-square 
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Fic. 7. Dependence of the index @ on the interaction parameter 
n for (a) the plane-square lattice and (b) the simple cubic lattice. 
Note the vertical displacement between the axes for the two 
curves. The approximate theta points are indicated by 0. 


INTERACTION 














alacll 























0-5 
n 


Fic. 8. Variation with n of (a) the limiting number of contacts 
per link p(m) and (b), and (c) the limiting entropy per link for 
the plane-square and simple cubic lattices, respectively. 


lattice and 0.84 for the simple cubic lattice. These 
results, however, are quite inconsistent with (38) and 
the accurately known values of u(0) and u(1). (Orr’s 
formulas for u(n) are also seriously in error since 
at n= 1 they predict values of u exceeding g—1 which is 
clearly impossible.) 

Orr seems to have realized that his results might be 
unreliable in this region since he endeavored to make 
an independent statistical estimate of (1) for the 
plane-square lattice. He obtained a value of 0.42 from 
a random chain of 3300 links and this seemed in reason- 
able agreement with the predictions of his formulas. 
Orr does not give very precise details of the statistical 
procedure used to generate this random walk but his 
remarks that “the relative directions of successive links 
were chosen at random, blocking configurations being 
excluded” suggests that whenever the random walk 
would have intersected itself the direction of the next 
step was chosen at random from one of the remaining 
allowable possibilities. Unfortunately this method 
leads to serious bias in favor of a walk with many 
contacts. This can be seen intuitively by noting that as 
the walk is prevented from dying whenever it ap- 
proaches itself it must continue life in the close vicinity 
of previously visited sites. It does not seem possible to 
evaluate exactly what the error will be for large » but 
detailed calculation for n= 3, 4, 5, and 6 shows that the 
expected number of contacts obtained this way are too 
large by factors of 1.000, 1.250, 1.342 and 1.531, re- 
spectively. These figures seem to be approaching a 
limit greater than 2.0 which suggests that Orr’s esti- 
mate should be reduced to 0.2 or less. The statistical 
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data thus gives support to our estimate rather than to 
Orr’s but it would be useful to have more extensive 
and unbiased statistical calculations for p(n). 

From the estimated values of u(n) and p(n) quite 
accurate estimates of the entropy can be made (better 
than 2% except at large ). The results are represented 
by curves (b) and (c) in Fig. 8. For both lattices the 
entropy falls almost symmetrically about the maximum, 
the values at »=0 and n=2 being about 0.125% (plane 
square) and 0.14% (simple cubic) per link lower than 
the maximum, 

Note added in proof. Recent machine calculations by 
C. Domb and J. L. Martin (private communication ) 
have yielded values of (r,”) and (7,*) for n up to 12 on 
the plane-square lattice. When the points representing 
this additional data are plotted on Fig. 3(c) and (d) 
(two more points) and on Fig. 4(a) (four more points) 
they are found to lie very close to our previous extra- 
polation lines. Our estimates for y and 6,,/6,,° are thus 
confirmed within closer limits. 
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APPENDIX A 


Exact Calculation of the Mean-Square Dimensions 
of Nonintersecting Walks 


If f,(r) is the number of random walks of a specified 
type which reach the lattice point at r on the mth step, 
then the mean square end-to-end distance is defined by 


(r,?)=Uy, Fa, (A1) 


Un= > orfa(r)= >. rr’, 
r 


walks 


where 


(A2) 


F,.= >, f.(f). 


r 


(A3) 


For the exact calculation of the mean-square size of 
nonintersecting walks we know (or can find) F,p=cp 
the total number of nonintersecting walks, by previous 
work® and so the problem reduces to the determination 
of U,, the appropriate square-size sum. To evaluate 
U, one could, of course, construct explicitly all possible 
nonintersecting walks (by drawing or numerical 
specification) and determine the end-to-end distance 
for each one in turn. With a high-speed computer this 
method is probably feasible but with desk machines as 
n increases above 5 or 6 it rapidly becomes impractical 
and unreliable. 
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An alternative method is to compare the noninter- 
secting walks with a class of walks for which the square- 
size sum is known in closed form and to correct this by 
subtracting the unwanted contributions from the 
(relatively few) walks which do intersect. The more 
classes of self-intersection that can be excluded by the 
exact formula the fewer terms need to be removed. 
On the other hand, the derivation of the formula and its 
expression, become more involved (see for example, 
Montroll*). The simplest compromise is to use walks 
in which only immediate reversals are forbidden, all 
higher orders of self-intersection such as triangles and 
squares being allowed. 

For walks with no immediate reversals on a regular 
lattice of coordination number g=o-+1 in any number of 
dimensions it is not difficult to show (see, for example, 
Domb and Fisher” and Flory”) that the square-size 
sum is 


S= > 


no reversals 


r= (o+1) (o—1)? 


X {[(o?—1) n—26 Jo" +2}. (A4) 


For the plane-square lattice, for example, this is simply 
(8n—6)3”"'!+2. Now the set of walks with no reversals 
may be divided into disjoint classes in which the first 
self-intersection occurs at Tr) on the /th step (/=3, 4, 
-++n). Each such self-intersection defines a “‘tadpole” 
t(l) of 1 steps, formed of a polygonal head and non- 
intersecting tail which might be of zero length. As the 
“no-reversal random walks” proceed beyond the first 
intersection each tadpole makes a contribution to the 
square-size sum S, which must be subtracted. Thus the 
square-size sum for nonintersecting walks is given by 


(AS) 


U,= Sn sae Da (1), 


l=3 


where D,,(/) is the total contribution to S, arising from 
all tadopoles of / steps. 

To evaluate D,(l) for n>l we must consider the 
addition of a “no-reversal walk” of n—I steps and end 
separation f,_, to a tadpole with its intersection at 
r..) formed by an /th step with vector 8). It is essential 
to specify the direction of the tadpole’s /th step since 
if the added random walk commences in the opposite 
direction along this step it violates the “no-reversal” 
rule. The over-all square size of the resulting no-re- 
versal walk of n steps is 
R,2(2) — (fi) +8n-1)?= Pay tr—P+2rq: Int. (A6) 
To find D,(l) we must first sum over all allowable 
(n—l) step no-reversal walks. Since the first step can be 
added only in gq—1=o ways there are o”~ possibilities 
in all and since, by symmetry, the mean-square size is 
independent of the direction of the first step, each 


% P. J. Flory, see work cited in footnote 1, p. 414. 
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direction contributes S,_:/(o+1) to the square-size 
sum. Thus 


> R(t) =0"'£ 2? +[0/ (6 +1) ] Spr +20? > Trt 
(A7) 


But for the bias due to the specified direction of the 
ith step of the tadpole the last term in this expression 
would vanish since the mean end-to-end displacement 
(fn-1) of a symmetric random walk is zero. It follows 
that the net contribution of this term is minus the 
mean displacement of a no-reversal walk which starts 
in the (forbidden) direction S)= —S ). If the successive 
step vectors of this biased walk are $;, S2, Ss, etc. so that 


(A8) 


n—l 
r,-1= ds, 
t=1 


it is quite easy to see*™ that (S:)=So/c, (S2)= 80/0’, 
+++ (S;)=So/o? which yields 


n—l 
Do la-1= 0"! (Py_1) =o"! D (8;) 


j=l 


=[(0"-!'—1)/(o—1) |S. (A9) 


On combining these results in (A7) and summing over 
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INTERACTION 


all tadpoles of order / we obtain (n>/) 
D,(L) =0""'Vi+[o/(o+1) J Spit 


+2[(o"-'—1)/(e—1) ]C,, (A10) 
where ¢; is the total number of tadpoles of / steps 
(including polygonal walks), 


Vi= Dor? 


t(l) 


(A11) 


is the square-size sum for tadpoles of order /, and where 


C= Dorw 8 (A12) 
t(l) 
is the algebraic sum of the projections of the last steps 
of the tadpoles on the vectors spanning their tails. 

By means of (A4), (A5) and these last formulas the 
calculation of the mean-square size of a nonintersecting 
walk reduces to the determination of the numbers 1), 
Vi, and C;. This represents a comparatively easy con- 
figurational problem, which can be solved with the aid 
of established techniques and known data.*:°”7 Many 
partial contributions to the parameters C; vanish by 
symmetry. The main difficulty is counting the tadpoles 
with long tails (i.e., small heads). When necessary this 
may be simplified by applying in turn to the tails, 
arguments similar to those used above for the walks. 
As in the case of evaluating c, the problem then de- 
pends on the number and properties of “dumbbells” 
and “‘figure eights’’ (see Fisher and Sykes* and Sykes"). 
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In order to obtain information concerning bonding and to test a hypothesis concerning the non-existence 
of BrOg, the absolute intensities and depolarization ratios have been determined for Raman lines of ClO;-, 


BrO;~, IO3~, 104 


, and H;IO¢. From the data, values of &@,0’ are obtained. These show that ClO;~ resembles 


previously studied ions in containing sufficient + bonding to achieve essential electrical neutrality. Values 
for the other oxyhalides are consistent with this interpretation; however, an independent criterion based on 
depolarization ratios (which are apparently greater for BrO;~ and IO;~ than for ClO;~) indicates that there 


is less x bonding in BrO: 


and IO;~ than in ClO,~. Since neither criterion can be applied rigorously to the 


present examples, it is difficult to decide which explanation is correct or wehther the truth lies intermediate 


between the two extremes. 


N an earlier paper’ the Raman intensities of the A; 

lines of the oxyanions POs, SO;-*, and ClO were 
reported and interpreted as supporting the view that 
the very high-dissociation constant of HClO, arises 
from extensive d,—, double bonding rather than from 
polarization of the o bonds. In the course of that paper, 
it was pointed out that various features which com-~ 
plicate the interpretation of Raman intensity data are 
absent when an isoelectronic series is studied. Similarly, 
it might be hoped that the effect of these features 
would be minimized when attention is restricted to a 
series of species which, although not isoelectronic, have 
an identical number of valence electrons. Such a series 
is the set of oxyanions ClO;-, BrO;, and IO;-. 

The great interest which attaches to such a series 
comes from the possibility of bringing the Raman 
intensity method to bear on a puzzling problem of 
theoretical chemistry—the fact that, although ClO 
and IOs are remarkably stable, BrOs is presumably 
too unstable to exist. If the presence of extensive 
multiple bonding confers stability, presumably this 
feature must be present in IO; yet not in BrOy-. An 
attractive theory of why this might be so is as follows. 
The contraction of the 3d atomic orbitals in a strong 
field is well known,? accounting as it does for the 
existence of such oddly shaped molecules as CIF3. This 
contraction arises from the necessary orthogonality 
of 3d orbitals to s and p orbitals. It follows, therefore, 
that there is no “spatial” restriction on the value of the 
constant in the exponential term of the wave function, 
and that the extent of the contraction depends solely 
on the magnitude of the field. For the case of ClO, a 
structure involving only o bonds would have a formal 
charge of +3 on the chlorine atom and it is to be 
expected that the 3d orbitals will be strongly contracted 
and hence able to relieve the charge by taking part in 


* This work was supported by the United States Air Force 
through the Air Force Office of Scientific Research of the Air 
Research and Development Command 

1G. W. Chantry and R. A. Plane, J. 
1960 

2D. P. Craig, A. Maccoll, R. S. Nyholm, L. E. Orgel, and L. E. 
Sutton, J. Chem. Soc. 1954, 332. 


Chem. Phys. 32, 319 


d,—p, double bonding. The case of BrO,~ is different, 
however, for here there is the filled 3d shell of the 
bromine atom whose presence imposes ‘‘orthogonality” 
conditions on the contraction of the 4d orbitals and it is 
possible that these orbitals may not be contracted 
enough to reduce the formal charge on the bromine 
atom to +1. For IO; a new element may enter, for 
though there will be resistance to the contraction of the 
5d orbitals, the 4f orbitals are available for bonding 
provided that the field is sufficient to contract them. 
It is to be hoped that the Raman intensity method 
would be able to reveal whether or not this state of 
affairs exists. With this in mind, a study has been made 
of the Raman intensities of the A, lines of ClO;-, 
BrO;-, IO3-, and IOs. 


EXPERIMENTAL 


Measurements were made on aqueous solutions of the 
sodium salts (NaIOy, NaBrO3, and NaClO;) and the 
potassium salt KIO; at concentrations approximately 
0.5 M. The spectra were recorded using the Cary Model 
81 Raman spectrophotometer. All intensity measure- 
ments were made relative to both ClOg- and NO;- with 
the exception of those on KIO; where the insolubility of 
KCIO, restricted measurements to be relative to 
NO;- only; the appropriate sodium salt (either NaClO, 
or NaNOs) being present in the same solution. This 
comparison technique was adopted in order to mini- 
mize errors due to differences of refractive indices of 
the various solutions. The observed intensities were 
corrected for the wavelength dependence of the sensi- 
tivity of the instrument in the manner previously 
described and the absolute intensity scale used was 
that previously deduced.! 

The periodate measurements call for special com- 
ment, since in general there are several kinds of period- 
ate anion in equilibrium with one another in aqueous 
solution. This equilibrium has been studied by Croutha- 
mel, Hayes and, Martin*® as a function of pH. They 


3C. E. Crouthamel, A. M. Hayes, and D. S. Martin, J. Am. 
Chem. Soc. 73, 82 (1951). 
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conclude that, at pH 7 the only significant species 
present is [Oy~; at pH 1.2 there is an equimolar mixture 
of IO, and H;IO¢; at pH values less than this the 
equilibrium becomes dominated by H;IOs. We find, in 
complete agreement with their observations, that the 
aqueous solution of NalO[pH=approximately 7 ] 
shows a spectrum characteristic of a tetrahedral ion 
with the A; line [at 797 cm~'] completely polarized 
and that as the pH decreases, all four lines of this 
spectrum decrease in intensity, while a new broad band 
[at 640 cm™'] appears. In concentrated acid, this band 
dominates the spectrum and the line at 797 cm™ has 
all but vanished. It is reasonable, therefore, to at- 
tribute the line at 797 cm™! to IO;- and that at 640 cm“! 
to HsLO«. 


RESULTS AND DISCUSSION 


The relative intensities and degrees of depolarization 
of the A; lines of the various species are listed in 
Table I. The calculation of &,’= 0@/dv for the trigonal 
ions is somewhat more complicated than it is for the 
tetrahedral ones because there are now two A, lines 
which correspond to modes neither of which is pure 
stretching. In fact, each mode is a mixture of pure 
stretching and pure bending and the degree of mixing is 
determined by the normal coordinate transformation 
matrix £. The calculation of this matrix is straight- 
forward‘ when the vibrational potential energy function 
for the molecule in question is known, but unfortu- 
nately, for trigonal XY;, the A, part of this function 
involves three unknown constants and since there are 
only two frequencies we are left with two relationships 
between three unknowns and the determination of 
these three is not possible. 

If we define six internal coordinates Ri, Ro, R3 (the 
lengths of the three bonds X—O) and Roi, Roe, RoAs 


TABLE I. Raman data. 


Species A, Frequency _ Relative intensity 


clo," 1 =935 cm7! 0.675 


ClO;— ¥1=935 cm7 
y2=610 cm 


0.412 [p=0.087]| 

0.051 [p=0. 280] 

BrO;- y1 = 806 cm=! 1.104 [p=0.251] 

y2=421 cm™ ets 

IO;- y1=779 cm 1.600 [o=0.269] 
y2= 390 cm7 oi. 


10," y¥1=797 cm! 2.077 


“1? = 640 cm 1.872 {p=0.21] 


® Relative intensity too small for accurate measurement. 
b See discussion in the text. 


‘Cf. E. B. Wilson, J. C. Decius, and P. C. Cross Molecular 


Vibrations, (McGraw-Hill Book Company, Inc., New York, 
1955). 
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GROUP VII 


(the arcs of the three interbond angles) then: 


2 Vay = Fy SP+F25)S2+F 2S’, 
where 


Si = V3" [ARi: + AR2+AR; | 
So = V3 RoAAi+ Ro Abo+ RoAds |, 


and Fy, Fy, and Fx» are the three unknown constants. 
If uz denotes the reciprocal of the mass of atom X and 
if tetrahedral angles are assumed, then the two vibra- 
tion frequencies are proportional to the square roots of 
the eigenvalues of the matrix product 


wk Suz, _ Wikia os 
ey (2v2/ 3) Me, Hot+8, ‘Suz, Fy, Fx, 
and the normal coordinate transformation matrix is 
composed of its eigenvectors. If this latter matrix is 


labeled 
2-|™ a 
Loy, loo, 


04/001 —_ Ly (O&/ 0S) +o; ( 0a/0 So) 


then we have 


0a 0Q2= li( 0&, 0S) +9 (d&, ‘0 S2) . 


The derivative with respect to bond length is then 


given by 


0a/dv=V3-"+ (0&/0S)). 


A common way of reducing the number of unknowns 
and rendering the problem soluble is to assume that Fy» 
is zero, this approach being generally known as the sim- 
ple valence force field. Since Fiz is related to the inter- 
action valence constant connecting stretching and 
bending, it will be much smaller than the principal 
constants Fy, and F22 and the approximation is quite 
good. This method was adopted in the present work for 
the case of ClO3~. The force fields for BrO;~ and IO;— 
were not investigated owing to the lack of reliable 
intensity data for the v2; vibrations of these molecules. 
The two potential constants for ClO;~ are Fy =6.62X 
10° d/em and Fye2=1.8410® d/cm. It is interesting 
to observe that Fy which is the sum of the bond 
stretching constant f/, and twice the stretch-stretch 
interaction constant f,, is somewhat less than the 
corresponding quantity for ClO; (where it is the sum 
of f, and three times f,,), the actual value being 8.24. 
It is unlikely that the difference is due to the extra f,, 
although this quantity is known to be positive and of the 
order of magnitude unity. Perhaps this difference 
reflects the presumably weaker bonding in ClO;~ 
than in ClOy-. The £ matrix corresponding to the po- 
tential constants derived above is 


0.260934 
—0.178622 


0.061670 
0.325134} 
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The unit of mass used in deriving this matrix is that 
of the chemical atomic weight system. The derivatives 
of the molecular polarizability with respect to the two 
normal coordinates Q; and Q»2 are found from the 
equation 


KM (vo— Vp) : 


di Vp t —exp( —hyv,/kT) | 


-45(&/3Qp)2+[6/(6—7p) ], 


where J, is the observed intensity and the other quan- 
tities have been defined in I. The actual values found 
for ClO;- are 0&/0Q0,=0.6278, 0&/0Q.=0.1478 in 
units complementing to those used for £ and with the 
unit of derived polarizability being the square ang- 
strom. Finally we have 0&/0.S;= 2.405 A? and 04@/0.S.= 
0.002 A? so that 0&/dv, has the value 1.39 A?. The values 
of this quantity for BrO;- and IO;- were calculated 
assuming that v, was a pure bending mode. Because 
of the very low intensity of » this is an excellent ap- 
proximation and the error introduced is much less than 
the experimental error. The very small value of 0&/0S2 
is worthy of comment, for the Wolkenstein intensity 
theory® predicts that this value should be zero. This 
excellent agreement may be somewhat fortuitous, for a 
very approximate potential function has been used but 
nevertheless it does provide evidence that the Wolken- 
stein theory is at least a good first-order approximation. 

With the magnitude of 0&/dr for ClO; established it 
becomes possible to investigate whether it is permissible 
to compare bonds in molecules of different shapes. In 
the earlier paper,! it was concluded that the series 
PO,, SO,, and ClO; exhibited an increase of multi- 
ple bonding, sufficient to reduce the formal charge on 
the central atom to unity. The relationship between 
&. and bond order is of the form 


G0’ =0.91+ (n—1) 1.64, 


where is the bond order. For ClO;~ a formal charge of 
unity leads to a bond order of 4/3 and an expected value 
an’ =1.46 A. The agreement between theory and 
experiment (@’=1.39 A’) is seen to be good and we 
can, with more confidence, go on to argue about 
X Os species from the corresponding XO;-. 

The increase in @.’ in going from ClO;~ to BrO;- 
would be expected even if the bonds in BrO;~ are 
essentially single, for as noted by Woodward and 
Long,® there is a sharp increase in &,,’ when x changes 
from the first long period to the second. However, the 
data listed in Table I do establish that the bonding in 
BrO;- and that in IO;~ is substantially the same. 
However, this would be predicted by the electroneu- 
trality principle as well as by that outlined earlier. 
Furthermore, both theories predict the increase in 
bond order in going from IO;~ to IOy-. The only way of 


>M. Wolkenstein, Compt. rend. acad. sci. 
(1941 

61... A. Woodward and D. A. Long, Trans. Faraday Soc. 45, 
1131 (1949), 


U.R.S.S. 32, 185 
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deciding between the two possibilities, using the in- 
tensity data alone, lies in an examination of the se- 
quence H;IO , IO;-, and IOy-. The values of &@’ for 
these three species comprise a series similar to that pre- 
viously discussed for the oxyanions of the elements 
P, S, Cl. A similar treatment for the oxyiodides shows 
that experimental values obey (within the experi- 
mental error) the relation: 


Go’ = 1.60+ (n—1) 2.10, 


where v is the bond order obtained by assuming that I 
carries a +1 charge in each case. Considering that 
iodine occurs two periods below the elements pre- 
viously discussed, the increased contributions of both 
the o (1.60) and zw bonds (2.10) are reasonable. It 
should, however, be remarked that the value of 10’ for 
H;1O¢ has been calculated using two assumptions: 

(a) that the effect of the five hydrogen atoms 
surrounding the IO octahedron is negligible, 

(b) that all six I—O bonds are equivalent. 

Although these assumptions are reasonable, the fact 
that they have been made must introduce an element of 
doubt. But, on balance, the evidence from the &,’ 
supports the electroneutrality theory rather than 
exclusive o bonds in IO;~ and hence BrO;-. 

Further evidence bearing on the nature of the bond- 
ing can be obtained from the degrees of depolarization. 
The total intensity is made up from an isotropic part 
[45(a")?] and an anisotropic part 7 (y1’)? thus: 


I= K[45(a&')?+7(m’)?], 


and the degree of depolarization p is determined by the 
relative magnitudes of these two quantities 


p=6(v1")2/[45 (Gu")®+7 (1')*). 


In terms of the components of the bond polarizability 
tensor, a, and a, (where a is the component along the 
bond and a, that perpendicular to the bond) &’ is 
determined by the quantity (da:/dr+2da,/dr) and 
v;’ by the quantity (da)/dr—da,/dr). Chantry and 
Plane have suggested that for single bonds da,/dr is 
very much larger than da,/dr whereas for multiple 
bonds which have cylindrical symmetry da,/dr_ is 
comparable to da,/dr.’ For the present case (XO;- 
trigonal) this suggestion would predict a small value of 
yi’ relative to &’ when multiple bonding is present and 
consequently a small value of p. In passing it should be 
pointed out that the ordinary double bond as in 
ethylene does not possess cylindrical symmetry but 
that this is ensured in the present case by the de- 
generacy of the two d, orbitals. 

Inspection of Table I shows that ClO;- where 
multiple bonding has been established has a very small 
p whereas BrO;~ and IO;- have much larger values. 


7G. W. Chantry and R. A. Plane, J. Chem. Phys. 32, 634 
(1960). 
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This is good evidence in support of the single-bonded 
picture for these latter two but unfortunately is not 
conclusive since the band » (completely depolarized, 
p=6<7) is unresolved from 7; in all cases and it is just 
possible that the relative intensity of 4 to v3 is very 
much higher in the cases of BrO;~ and IO; leading to 
an apparent p for » very much higher than the true 
value. 

In conclusion, both theories agree with part of the 
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observed data but neither with all of it. It is likely, 
therefore, that due to the assumptions required, the 
Raman method is unable to determine which is cor- 
rect. On the other hand, it is also possible that the true 
state of affairs is a composite; that there is consider- 
able double bonding in BrO;-, but that to form BrO.- 
the 4d orbitals are unable to contract sufficiently further 
to reduce the increased charge, whereas in IO; the 
charge is relieved by participation of the 4f orbitals. 
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Decomposition Rate of Nitric Oxide between 3000 and 4300°K* 


FE, FREEDMANT AND J. W. DAIBER 
Cornell Aeronautical Laboratory, Buffalo, New York 


(Received August 18, 1960) 


Time-resolved absorption spectra of shock-heated nitric oxide in the far ultraviolet have been taken 
using photoelectric detection. The decomposition rate of nitric oxide between 3000 and 4300°K was thereby 
measured. The initial rate was found to be the sum of the direct dissociation reaction, NO+Ar—-N+O-+Ar, 
with k=7 X10" exp(—150000/RT) liters/mole sec, and the bimolecular reaction, 2 NO—N:+O2, with 
k=4.8X10°T-5’2 exp(—85 500/RT) liters/mole sec. 





INTRODUCTION 


N account of its important role in the chemistry of 

air at elevated temperatures, and in combustion 

processes involving air, there is a continuing high level 

of interest in the kinetics of formation and decomposi- 
tion of nitric oxide. 

A number of investigations! of the mechanisms and 
rate constants of the decomposition of nitric oxide have 
been made with reaction ovens or flow tubes where the 
process is predominantly heterogeneous. Another 
limitation of these methods is that the maximum 
temperatures are approximately 2000°K. To avoid 
these handicaps, Glick et al.’ used the single-pulse shock 
tube to measure the formation of NO between 2000 
and 3000°K. In the present experimental work on the 
decomposition of NO we utilized a shock tube to heat 
the NO to a known uniform state with temperatures 
up to 4300°K, and followed its decomposition by time- 
resolved spectrophotometric techniques. 

By studying the reaction over a wide temperature 
range, it can be ascertained whether the reaction paths 
which contribute to the over-all transformation at low 
temperatures determine the rate of decomposition; or 


* Supported in part by the AFOSR under contracts. 

+ Present address: Ballistic Research Laboratories, Aberdeen 
Proving Grounds, Maryland. 

1F, Kaufman and L. J. Decker, Seventh Symposium (Inter- 
national) on Combustion (Butterworths Publications, Ltd., 
London, 1959), p. 57. 

2E. L. Yaun, J. I. Slaughter, W. E. Koerner, and F. Daniels, 
J. Phys. Chem. 63, 952 (1959). 

3H. S. Glick, J. J. Klein, and W. Squire, Cornell Aeronautical 
Laboratory Rept. No. AD-959-A-1 (September 1957); J. Chem. 
Phys. 27, 850 (1957). 


whether new reaction paths which were neglected (or 
unknown) at low temperatures become dominant at 
higher temperatures. Also, the wider the temperature 
range over which the reaction is studied, the better its 
activation energy can be determined. 


THEORY 


There are five important reactions involving NO, 
No, and Oz: 


Zel'dovich mechanism 


1 
N.+tO=—N+NO 
—1 


) 


NO+0O=N+0, 


—2 
Dissociation 


3 
NO+M=N+0+M 


=J 


Bimolecular 


Oxygen equilibrium 


5 
M+0.=20+M. 


5 


Reactions 1, —2, and 2, —2 were first proposed by 





1272 Ss. FREEDMAN 
Bodenstein* and later by Zel’dovich® to explain the 
observed kinetics of NO decomposition at tempera- 
tures 2000°K. This mechanism can lead to 
various rate equations, depending on which assump- 
tions are introduced. If the usual steady-state assump- 
tions for N and O are made [i.e., d(N) /dt=d(O)/ 
dt=0 ] and, in addition, it is assumed that O atoms are 
in equilibrium with O. molecules, then the initial rate 
of NO decomposition is® 


al ove 


d(NO) /dt= —2koK,(O2)}(NO). (1) 


Here the back reaction —2 has been ignored; and the 
equilibrium expression, 


(O)=K,(O.)}, 
where 


K,= 1.3 10? exp(—58 000/RT) (mole/liter)! 
has been used. In addition, it has been assumed that 


k_s(NO)>>k_2(Or). 


The rate-controlling reaction for NO decomposition 
is thus reaction (2). An extensive study*® in a shock 
tube over the range 2000-3000°K of the formation of 
NO established the controlling reaction to be reaction 
(1). The rate constant k; was found to be 


ki=5X 10" exp(—75 000/RT) liter/mole sec. 


Detailed calculations of the formation of NO have 
been made with the aid of an IBM 704.’ The assump- 
tions introduced in obtaining the rate equation in- 
volving k; were investigated. They are the same as the 
assumptions introduced in the foregoing for the de- 
composition, except that during formation 


k_2(O»)>>k_y(NO). 


The results indicated that at 3000°K an error of 35% 
in k; results when the measured (NO) vs time curve is 
fitted by the approximate equation analogous to Eq. 
(1), namely, 
d(NO) /dt=2kiK.(O2)!(No). (2) 
The differential equation for the NO concentration 
can be obtained from Eq. (1) and the mass conserva- 
tion equation for oxygen. Using [NO] to denote the 
ratio of instantaneous to initial concentrations, the 
expression is 


dL NO ]/dt= —V2K,k2(NO),'LNO]{1—[.NO]}}. 


This equation can be integrated to give 


[NO |= sech?{ (1/2NO) kK 4}, (3) 
‘M. Bodenstein, Roczniki Chem. 18, 374-80 (1938): Chemical 
Abstracts 33, 6534 (1939). 
‘g J Zel'dovich, Acta Physicochim. U.R.S.S. 21, 577 (1946 
6 Norman Davidson, AVCO Research Rept. 32 (June, 1958). 
7R. E. Duff and N. Davidson, J. Chem. Phys. 31, 1018 (1959). 
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when ¢ is small (i.e., <i1msec at 4000°K), then 
[NO J&1—1/2(NO) ok? KP. (4) 


This equation is valid only when the assumptions 
underlying the simplified rate expression, Eq. (1), are 
satisfied. In reactions involving the formation of NO 
from O, and Ne, Oz is plentiful, and the assumptions 
are justified. By using Byron’s* value for the rate of 
dissociation of oxygen, for example, it is easily shown 
that in a typical experiment on the rate of formation of 
NO, the oxygen atoms and molecules equilibrate in less 
than 10 ysec. In the case of the decomposition of NO, 
however, there is no Oy, at the start of the reaction ex- 
cept perhaps as an impurity. Consequently, the steady- 
state assumption for O is violated, and there can be no 
equilibrium established between O and Oz at first. 
Therefore, for early times, any reactions that can de- 
compose NO faster than the sequence of reactions (1) 
and (2) will be the dominant ones. Two of these are 
reactions (3) and (4). 

The decomposition of NO by reaction (3) is given 
by the rate expression 


d(NO) /dt=—k;(NO)(M), (5) 


if reactions 2 and —1 are neglected. The rate constant 
k_; has been measured recently by Wray and Teare,*:”” 
(see also Teare and Dreiss"). They find 


k_3=1X10"7~-"> liter?/mole’ sec. 
Also, they point out that the reaction 
N+NO-N.+0 


has no activation energy, and therefore proceeds ex- 
tremely rapidly. As a result, measured values of k; are 
actually too large by a factor of two. 

The bimolecular reaction path, 4, has been ex- 
tensively studied at lower temperatures,’ where it has 
been found that 


ky= 1.3X 10° exp(—63 000/R7T) liter/mole sec. 


The experimental temperature range was less than 
1600°, and consequently the activation energy cannot 
be safely employed for extrapolations to high tem- 
peratures. 

The primary purpose of the present work was to 
measure the rate constant k; and ky at higher tempera- 
tures. 

By considering. NO as decomposing by the dissocia- 
tion reaction and the bimolecular reaction, the rate of 
change of NO concentration is given by 


d(NO) /dt= —k3(NO) (M) —ky( NO)? 


8S. R. Byron, J. Chem. Phys. 30, 1380 (1959). 

9J. D. Teare and K. L. Wray, AVCO Research Note 134 
June, 1959). 

0K. L. Wray and J. D. Teare, Abstracts of Papers, 137th 
Meeting of the American Chemical Society (April, 1960), p. 37R. 

J. D. Teare and G. J. Dreiss, AVCO Research Note 176 
(December, 1959). 





DECOMPOSITION 


if reactions 2 and —1 are again neglected. This equation 
can be written 


{(1/(NO)o} (d[NO]/dt) = —k,[NO][Ar]—k,[NOP, 


where the inert diluent M is taken to be argon and 
[Ar |= (Ar)/(NO)o. This can be integrated to give 


[NO ]= (ks[Ar ]) /{ — a+ (RaLAr ]+ ha) 
X exp(ksLAr ](NO)ot)}. (6) 

At small times (4108 psec at 4000°K) 
1/LNO ]= 1+23[Ar ](NO) of-++hs( NO) of. (7) 


If only the dissociation reaction were present, the 
rate equation (5) could be integrated, and k; would be 
given by 


kst= —[1/(Ar) ] nf[NO]&(1/[NO]—1) /(Ar). 


This is the same result as obtained from Eq. (7) with 
k,=0. Likewise, if only the bimolecular reaction were 
present, the integrated rate equation for k, is 


k= (1/[NO]—1)/(NO)o. 


This also follows from Eq. (7) when k3=0. 

Thus, at early times the decrease in NO is that due 
to the sum of the dissociation reaction and the bi- 
molecular reaction acting independently. This is not 
true at later times when these reactions are coupled, as 
shown by Eq. (6). The foregoing mechanisms then 
provide a path by which the concentration of oxygen 
can be built up so that the faster Zel’dovich mechanism 
can become dominant. 


EXPERIMENTAL 


The shock tube was used to heat mixtures of nitric 
oxide and argon to high temperatures at known thermo- 
dynamic conditions. A beam from a long-duration, low- 
noise light source was passed through this gas into a 
spectrograph. A photoelectric readout at selected 
spectral windows recorded the time history of the radi- 
ation, from which the instantaneous concentration of 
nitric oxide could be found. 

The shock tube used in this study is the same tube 
that was used in previous studies of radiative proper- 
ties of hot gases.""8 The driver gas was helium at 
pressures from 200 to 800 psia, and the test gas in the 
driven section was nitric oxide diluted in argon at total 
pressures varying from 100 to 400 mm mercury. The 
vacuum pump to each section of the tube had a liquid 
nitrogen cold trap at its intake to prevent oil vapors 
from reaching the tube; in addition, the impurity level 
of the tube was kept to a minimum by thoroughly 

2 W. H. Wurster, H. S. Glick, and C. E. Treanor, Cornell 
Aeronautical Laboratory Rept. No. QM-997-A-2 (September, 
1958); J. Chem. Phys. 32, 758 (1960). 

'8C, E. Treanor, W. H. Wurster, J. W. Daiber, and M. J. 
Williams, Cornell Aeronautical Laboratory Rept. No. QM-1209- 


A-2 (April, 1960); J. Chem. Phys. 32, 758 (1960); J. Qual. 
Spectroscopy Rad. Transfer 1, 1961. 
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cleaning the tube after every second run. The pressure 
level in the tube after pumping was always less than 
2 uw of mercury, and the leak rate was about 2 u/min; 
consequently, the initial concentration of O. was ap- 
proximately 3X 10~> mole/liter. 

The nitric oxide employed was a commercial product 
of high purity. This gas was passed through a soda-lime 
trap to remove any nitrogen dioxide it might have 
contained, and was then mixed with argon in separate 
tanks to prepare mixtures containing 1.5, 5, and 10% 
(by volume) of nitric oxide in argon. These tanks, 
which are filled to an initial total pressure of 100 psi, 
were stored from one to three days after first being 
filled, so that the gases would thoroughly mix. The 
argon bath acted as a large heat sink which helped to 
maintain a nearly constant temperature during the 
slightly exothermic NO decomposition. 

The passage of the shock could readily be detected at 
various stations along the shock tube by conventional 
heat-transfer gauges. Four gauges were used and one 
SLM pressure transducer; these served not only to 
time the speed of the shock wave, but also to generate 
synchronizing signals to the various other components 
of the system. The first heat transfer gauge triggered 
oscilloscope 1, where the arrival of the shock wave at 
stations 2, 3, 4, and 5 was displayed on a rasterized 
sweep. The beam intensity was modulated to produce 
10-ysec calibration pips, which aided in the determina- 
tion of the wave speed from distances along the sweep 
record. The accuracy in determining the passage time 
between any two stations was slightly better than two 
usec. 

The measured wave speed exhibited a slight attenu- 
ation and was consequently linearly extrapolated to 
the end wall. The conditions of the gas behind the re- 
flected shock wave were computed from an IBM pro- 
gram™ which included vibrational, but not chemical, 
equilibrium. On account of the attenuation in the wave 
speed, the error in the time between stations resulted 
in an uncertainty of +50°K in the gas temperature 
behind the reflected shock wave. 

The output of the end-wall pressure gauge was dis- 
played on an oscilloscope. This record was only used to 
determine the length of the testing time and not as a 
measure of the shock Mach number. The second of the 
five heat-transfer gauges on the shock tube triggered 
the lamp. This light source was a xenon lamp, operated 
by a bank of capacitors totaling 187.5 uf charged to 
1400 v. Although the total duration of the flash was 
approximately 1.1 msec, the light intensity during the 
first 500 usec was generally neither constant nor re- 
producible, while the intensity over the next 600 usec 
varied smoothly with time, and was reproducible or 
correctable to within 3% from one flash to the next. 
Thus, the signal from the heat-transfer gauge was de- 


‘We want to thank Dr. R. E. Duff, Los Alamos Scientific 
Laboratory, Los Alamos, New Mexico, for supplying this pro- 
gram. 
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Fic. 1. Spectrophotometric record at 2465 A for run 41. Time 
increases from left to right with 1 cm being 50 usec. 


layed appropriately so that the flash would start when 
the shock was still about 500 usec away from the end- 
plate, thus permitting the optimum part of the flash 
to be used for recording data. 

The light from the flash lamp was collimated and 
formed a beam 0.30 mm wide by 5 mm high when pass- 
ing through the shock tube at a point about 3 mm from 
the end plate. The beam was then focused on the 
entrance slit of a Bausch and Lomb medium quartz 
spectrograph. This spectrograph was fitted with two 
931-A photomultiplier tubes mounted in its focal plane. 
These photomultipliers defined two spectral windows, 
each of about 20-A width, in the spectrum formed by 
the instrument. The first was located at 2283 A, where 
heated oxygen absorbs strongly. The second was at 
2465 A, which is in the bandhead of the (0, 2) band of 
the gamma sequence of nitric oxide. Unfortunately 
oxygen also absorbs in this region, and in addition 
there is some absorption from nitric oxide in the first 
window as well. This complication was allowed for in 
the data-reduction procedure. 

The outputs from the two detectors were led directly 
to a dual-channel oscilloscope and the display photo- 
graphed. This oscilloscope was triggered 500 usec after 
the flash lamp; hence it displayed only the reproducible 
part of the flash discussed in the foregoing. Just before 
each run, a calibration flash was fired, which placed a 
total transmission line on the photograph. 

A number of records of the emission from the lamp 
were made. It was found that the output was not re- 
produced from flash to flash, and further, that repro- 
ducibility at one wavelength did not ensure reproduci- 
bility at other wavelengths. However, these outputs 
could be made to agree over the entire time of the flash 
by measuring the intensity ratio, and assuming this 
scale factor to be constant. A portion of the lamp flash 
was timed to occur prior to arrival of the incident shock 
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wave (see Fig. 1). Using this measured ratio of initial 
intensities and assuming it to be constant throughout 
the run, the incident intensity for the run was con- 
structed from the calibration flash. 


DATA REDUCTION 


From the photographs of the oscilloscope traces of 
the photoelectric channel outputs, the ratio of the light 
intensity after absorption to the initial transmitted 
light intensity 7; was directly determined (Fig. 2). 
This ratio depends on the pathlength L, the concentra- 
tion C’, and the absorption strength K/ of each chemical 
species j present, 


T= exp| —L(K'C!+K°C?+-+--+KiC/)}. (8) 


In Eq. (8) it is assumed that there is sufficient pres- 
sure broadening of the rotational lines so that each 
vibrational band may be regarded as a continuum. To 
check whether this was fulfilled, so that meaningful 
concentration data could be deduced, a plot of meas- 
ured initial transmission behind the reflected shock 
wave divided by the density of NO vs temperature was 
made. If Eq. (8) is valid, a unique curve for all densi- 
ties would be obtained; within the experimental error, 
all points did fall on the same curve. 

The gamma system of NO consists of ‘headed’ 
bands and consequently a channel viewing one of the 
bandheads in absorption gives a measure of the in- 
stantaneous population in that vibrational level of 
the lower electronic state. It has been shown that NO 
achieves vibrational equilibrium faster than the 3-ysec 
resolving time, and thus the change in population of 
a vibrational level is directly proportional to a change 
in the total concentration of NO. However, as the NO 
decomposes, oxygen is produced. Oxygen is a con- 
tinuum absorber over the wavelength interval in the 
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Fic. 2. Ratio of light intensity after absorption to the initial 
intensity at 2465 A for run 41. The small step at 25 ysec is caused 
by the incident shock wave. 


4 F, A. Robben, Lockheed Tech. Rept. LMSD-288010 (August, 
1959). 
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present study and will consequently contribute to the 
absorption in the channel viewing the NO (0, 2) 
bandhead. There will also be absorption in this channel 
due to the tail of the y(0, 3) and possibly parts of other 
NO bands. Thus, for channel 2 inside the (0, 2) band 
and channel 1 outside this band the transmissions will 
be, respectively, 


In(1/72) =L{ (NO) 2K 8°+(NO),K,%°-+ (Oz) K°} 


In(1/T2) = L{f(NO).K,8°+¢(O2) K°2}. 


The subscripts 2 and x refer to the y(0, 2) and stray 
NO contributions, respectively. The functions f and 
g depend only on temperature and are the ratio of the 
total stray NO absorption and the total oxygen ab- 
sorption, respectively, in channels 1 to channel 2. The 
values of g can be found from the absorption measure- 
ments in pure oxygen reported in the work cited in 
footnote 16. 
Combining these equations 


In(1/T2) — (1/g) In(1/7;) 
= L{ (NO) 2K28°+ (1—f/g) (NO) 2K2*°}. 
With vibrational equilibrium, the population in any 
vibrational level is directly proportional to the total 
NO concentrations, 
(NO) 2=h(T) (NO) 
(NO),=M(T)(NO). 


1.0 


(NO)/INO)o 


r¢) i L 
o 8 6 24 32 40 48 
TIME (MICROSECONDS) 








F Fic. 3. Time variation of instantaneous to initial NO con- 
centration. 


1 W. H. Wurster and C. E. Treanor, Cornell Aeronautical 
Laboratory Repr. No. AD-1118-A-10 (December, 1959), 
AFOSR TN 59-1089. 
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Defining the functions X and F by 
X(T) =hKX°+ (1—f/g)MKY°, 


F=(1/g) InT,—InT;, (9) 
then 
F/LX=(NO). 


The function F was determined from the measured 
transmissions by means of Eq. (9) and the ratio of the 
instantaneous concentration of NO to the initial 
concentration 


F/F)=[NO] 


behind the shock wave was found as a function of time, 
see Fig. 3. 


RESULTS 


Nine runs were made from which data could be ob- 
tained. The measured variation of NO concentration is 
shown in Table I and the conditions behind the re- 
flected shock wave are summarized in Table II. 

If the rate expression Eq. (1) were correct, then 
[NO] should vary linearly with time squared. As can 
be seen from Table I, this relationship is not fulfilled 
at times less than ~20 usec. This then implies that 
this simplified rate expression, if not the entire mech- 
anism, does not describe the rate of decomposition for 
early times. The plots of —(In[NO])/[A](NO)> are 
shown in Fig. 4. Each plot is linear for ~20 usec, then 
changes into a rapidly increasing function. At 3000°K, 
the Zel’dovich mechanism would produce 8X10-* 
moles/liter of oxygen in 20 usec, which is comparable 
with the initial contamination in the tube. On the other 
hand, the combined reactions (3) and (4) would pro- 
duce 8X10-° mole/liter of oxygen in the same time. 
Consequently, it can be concluded that the decomposi- 
tion of nitric oxide initially proceeds by the parallel 
dissociation and bimolecular reactions, after which the 
Zel’dovich reaction becomes dominant. At 5830°K, 
Wray’s calculations" on the contribution of reactions 
indicated that the dissociation reaction would be 
dominant for the first 2 usec after which the Zel’dovich 
mechanism prevails. In contrast with these results, how- 
ever, Allport! has reported briefly experiments that 
show the Zel’dovich mechanism is always dominant 
above 1800°K. 

The time at which the slope changes in the In[NO] 
plots was estimated by eye, then least squares used to 
find the initial slopes. These slopes are [by Eq. (7) ]m= 
{k3+ks/[A ]}, and are tabulated in Table II. 

The runs for which the percentage of NO was 1.5 
(LA]=66) define a single line which is best repre- 
sented by 


mos= 3X 10° exp(—73 000/RT). 


The bimolecular reaction rate can then be found” for 
the other relative concentrations. The rate constants 


17 J. J. Allport, Bull. Am. Phys. Soc. Ser. II 5, 250 (1960). 
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TABLE I, 
52 


9486 9371 


9581 7396 


9610 5688 


9280 
1086 
8993 72 43 609.5 
592.3 
611 


549. 


determined this way are shown in Fig. 5. They are best 
represented by 


kg=8.2X 10° exp(—57 000/RT) liter/mole sec. 


When the low temperature rates of Kaufman and 
Decker' are extrapolated to higher temperatures, it is 
found that they have to be multiplied by ten to agree 
with this result. 

If instead we combine our results with Kaufman and 
Decker’s, then the two sets of data extend over a range 
of 3000°, and a more refined representation is possible. 

When the collision theory is extended to allow the 
energies of molecular rotations and vibrations to con- 
tribute to the energy of activation, the following ex- 
pression for the bimolecular rate constant results: 


k= (Z/s!) (E/RT)* exp(—E/RT), 


TABLE II. Testing conditions. The ratio of (Ar) to (NO) 
initial is denoted by [Ar]. The rate m is approximately the sum 
of the bimolecular and dissociation reactions. 


m 


Run K) p/po) No CAr ] (liters/mole-sec) 


3010 0.1189 19 7X 104 


3090 0.4663 9 5.818 104 
3700 0.05427 
1062 0.05622 
3490 0.02341 


4265 0.1478 


3125 0.09752 
3195 0.04997 


3090 0.1742 
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Measured concentrations of NO. The entries are 104 times the instantaneous concentrations of NO divided by the 
initial concentration of NO. The time is in microseconds. 


58 


9736 


9737 


9805 
9424 9465 
9567 8709 
9344 
9274 
9014 


8729 


1815 9021 8339 


1180 7836 
1024 
781.8 

7128 


682.6 8396 


6625 8109 
7721 


7427 


6479 
5831 


6894 


while Z=aD(2rRT/M)', a@ being the 
reaction, and D the collision diameter. 
ample, Fowler and Guggenheim.'’) 

The proper value of s is not known in advance. A 
suitable value can be selected by using the method of 
least squares to determine the best values of A and E 
in the equation 


k=AT~™ exp(—E/RT) 


probability of 
(See, for ex- 


and letting s take on the values 0, 3, 1, 3, «++, in suc- 
cession. The best fit is thus found at s=$, which gives 


ky=4.79XK 107-3 exp(—85 800/RT) liter/mole sec, 
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Fic. 4. Correlation curves for the decomposition of NO at 
small times. 


8 R. H. Fowler and E, A. 
dynamics (Cambridge 
p. 505. 


Guggenheim, Statistical Thermo- 
University Press, New York, 1939), 
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ky=2.17X 10°73 (E/RT)*{ (3) 1} exp(— E/RT) 
with E= 85 500 cal/mole. 

If the collision radius for NO is taken as 3X 10-8 cm, 
then Z7!=3.2X10° liters/mole sec, which gives a= 
0.007, a low value but still reasonable.'® 

The choice of s=$ is open to question because it 
means that all of the internal degrees of freedom are 
involved (except for two rotational degrees, which are 
fixed by the requirement of conservation of angular 
momentum). A value of s= 3 may, therefore, be more 
plausible. This choice leads to 


ky=6.48X 10"(E/RT)?{ (3) !}-1'T! 
Xexp(—£, ‘RT) liter/mole sec 


with E=81 500 cal, and a=0.02. 

The root mean-square deviations for these fittings 
are 0.13 for s= 3, and 0.20 for s= 3. Therefore, in the 
absence of unequivocal physical grounds for a selec- 
tion, we have favored the former. 

It is interesting to note that the Hirschfelder rule” 
applied to this reaction gives an activation energy of 
87 kcal. Also Zel’dovich® and Frank-Kamenetsky” 
found 82+10 kcal. 

The rate for the dissociation mechanism can now be 
extracted from m (see Fig. 6). Following Teare and 
Wray’ the rate constant k; has been divided by two in 
order to correct for the occurrence of the much faster 


2NO-PN,+0, 


LOG). kg LITERS/MOLE-SEC. 








10% wuet 
i. kj 


Fic. 5. Bimolecular reaction rate. The filled symbols are the 
work cited in footnote 1. 

19 Cf. S. W. Benson, The Foundations of Chemical Kinetics 
(McGraw-Hill Book Company, Inc., New York, 1960), p. 291, 
for a list of values of a for other reactions. Note, however, that 
for NO+03, a=0.008. 

2 J. Hirschfelder, J. Chem. Phys. 9, 645 (1941). 

211), Frank-Kamenetsky, Acta Physicochim. U.R.S.S. 23, 27 
(1947). 
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Fic. 6. Dissociation reaction rate. The straight line is given by 
2k3= 1.410" exp{ —150 000/RT}. 


reaction N-+NO—-N,+0. This gives 
k3s=7X10" exp(— 150 000/RT) 


) liters/mole sec. 


The activation energy here has been taken to be the 
heat of formation of NO from its atoms, since the re- 
combination reaction has no activation energy. 

From thermodynamic data*” the equilibrium con- 
stant, k3/k_3 can be calculated as 


hs/k_3= 76.67! exp(—150 000/RT) liters/mole, 
which leads to 
k_,=1X10"7- liter?/mole? sec. 


This value cannot be compared directly with Teare 
and Wray’s result because of the different temperature 
dependencies that have been used. At 4000°K, where 
the two determinations should overlap, the results are 


k_3=1X10? liter?/mole? sec 
for the present work; and 
k_3=4 X10 liter?/mole* sec 


for Teare and Wray. In view of the uncertainties in- 
volved in the present determination, the agreement is 
as good as can be expected. 

It would be expected that the rate for the Zel’dovich 
mechanism could now be determined from the meas- 
ured concentrations. However, the initial mechanisms 
are producing both oxygen molecules and atoms; for 
the temperature range of these experiments the re- 
laxation time for the recombination of oxygen atoms is 
large compared to the time scale of the experiment. 
2 NACA Rept. 1037 (1951), p. 54 [but corrected for the 
erroneous value of D(N2) used there ]. 
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Consequently, the assumption of oxygen equilibrium is 
not fulfilled, and therefore the approximate rate ex- 
pression Eq. (1) is no longer valid. A computational 
program to reduce the data was not justifiable in view 
of the limited amount of data available. The data 
themselves are presented in Table I. 


CONCLUSIONS 


The decomposition of nitric oxide between 3000 and 
4300°K has been shown to proceed by at least three 
mechanisms. The initial rate is independent of the 
Zel’dovich reaction because it depends on the con- 
centration of oxygen, which is a product and conse- 
quently is of low initial concentration. The bimolecular 
and the dissociation reactions were separated and the 
rates determined because they are second and first 
order, respectively, in NO. 


The activation energy for the bimolecular reaction 


was determined by combining our rates with those of 


Kaufman and Decker. In this way a wider temperature 
range is used and the result is more accurate than if the 
activation energy is determined only over our range or 
the range of the work cited in footnote 1. The fit deter- 
mined by least squares gives an activation energy of 
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85 000 cal so that 
ky=2.17X10'T3(E/RT)5{ (3) 1} 

Xexp|—E/RT} liters/mole sec 
over the range 1500°K <7 <4300°K. 

The rate for the direct dissociation of nitric oxide 
could not be as accurately determined, because it was 
the difference between two nearly equal numbers. 
Consequently, small errors in the measured slopes re- 
sulted in large errors in k3. Approximately, 

k3=7X10" exp(—150 000/R7) liters/mole sec. 


The Zel’dovich reaction dominated the decomposition 
kinetics after an induction period which decreased with 
increasing temperature (since all the initial NO con- 
centrations were comparable). However, the rate for 
this reaction could not be determined, because the 
oxygen recombination time was long compared to the 
experimental time and consequently the simplified rate 
expression could not be used. 
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The longitudinal and transverse paramagnetic relaxation times 7; and 7: for K-NH; and K-ND; solu- 
tions, have been measured over a range of concentrations and temperatures. 7; is found to be equal to 7» at 
the higher concentrations. At the lower concentrations, the values of 7; are found to be greater than those 
of T2, although at the very lowest concentrations studied they are again approaching each other in value 
with decreasing molarity. The product of the linewidth at zero rf field by the ratio of temperature to vis- 
cosity is found to be constant in both NH; and ND; over the temperature range studied. 


INTRODUCTION 


INEWIDTHS and signal saturation curves for 

paramagnetic resonance absorptions in solutions 
of K in liquid NH; have been measured previously in 
this laboratory by Hutchison and Pastor.! In the pres- 
ent paper we report a considerable extension of these 
measurements to include solutions in ND; as well as 
in NH; and to include measurements of saturation 
factor over a range of temperatures and over a wider 
range of concentrations than those given in the previous 
work. 


EXPERIMENTAL METHODS 


The magnetic resonance apparatus including calibra- 
tor circuit? was essentially the same as that used by 
Hutchison and Pastor.! Measurements of linewidths 
and signal saturations were made on 10 K-NH; samples 
and 18 K-ND; samples at the temperatures, —33.4°, 
0.9°, and 25.0°C for the K-NDs, and —33.2°, 0.8°, and 
26.2°C for the K-NH; samples. Three samples were not 
run at all temperatures and a total of 80 sets of data 
were taken. Each set of data consisted of measurements 
at a given temperature of (a) linewidth between points 
of maximum magnitude of slope and (b) signal intens- 
ity, at 8 to 15 different rf coil voltages. The measure- 
ments were made at a frequency of 7.0X10® cps. The 
coil voltages were measured with a vacuum tube 
voltmeter which had been calibrated with an absolute 
electrodynamometer at 100 cps. A voltage supplied 
at 7.0108 cps with the same amplitude as that of the 
100 cps voltage permitted a comparison of the meter 
response at these two frequencies. The rf voltage meas- 
urement was made at the end of the coaxial line outside 
the cryostat.' The corresponding voltage directly 
across the coil was proportional to the measured 


voltage V and the ratio of the two was determined 


* This research was supported by the U. S. 
Research. 

+ Present address: Argonne National Laboratory, Argonne, 
Illinois. 

t U. S. Rubber Company Fellow, 1952-1953. 

1¢. A. Hutchison, Jr., and R. C. Pastor, J. Chem. Phys. 21, 
1959 (1953). 

2G. D. Watkins and R. V. Pound, Phys. Rev. 82, 343 (1951). 
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experimentally. Accurate measurements of coil and 
sample geometry permitted the calculation from V of 
the average rf magnetic field H; in the sample. 

For each sample at each coil voltage the current in 
the solenoid supplying the field was adjusted until the 
maximum deflection of the output meter of the phase- 
sensitive detection system was obtained on the low- 
field side of the absorption. The voltage across a cali- 
brated resistor in series with the solenoid was measured 
as described previously! and the static magnetic field 
was calculated from the solenoid’s accurately known 
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Fic. 1. Calibrator voltage vs coil voltage. 
dimensions.' The static field was then increased so that 
the phase of the derivative signal shifted by w and the 
voltage for maximum deflection was again measured. 
Then the field was reduced to zero and the low-field 
maximum signal was simulated with the calibrator 
circuit as described previously.! These three measure- 
ments were made at a series of coil voltages V beginning 
at 0.05 v and going up to voltages high enough so that 
accurate calibration and width measurements were not 
possible because of the low intensities of the signals. 
The magnetic field was modulated at a frequency of 
49.3 cps with an amplitude sufficiently small so that 
undistorted first-derivative signals were produced. This 
modulation system was calibrated by oscilloscopic 
display of the K-NH; resonance with a sweep amplitude 
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that was large compared with its width, and measure- 
ment of the static-field change required to shift the 
absorption in field by the amount of the sweep. 

Figures 1 and 2 show typical examples of the varia- 
tions of (a) calibrator voltages required to simulate 
the maximum first derivative signal meter deflections 
and (b) resonance widths, respectively, with rf coil 
voltage. In Fig. 2 the width is given as voltage across 
the resistor in series with the solenoid. The ratio of 
field strength at the center of the solenoid to voltage 


1 


across the resistor was 40.81 gauss v 
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Fic. 2. Width of resonance at maximum slope vs coil voltage. 
The linewidth is given as voltage across the resistor in series with 
the solenoid. The ratio of field strength at the center of the 
solenoid to voltage across the resistor was 40.81 gauss v7. 





Figure 3 shows a typical example of the display of a 
resonance signal on a recorder chart. Such charts were 
run for each sample at three or four different values of 


coil voltage. At intervals the recorder input was 
switched from the resonance detector output to the 


voltage across a calibrated resistor in series with the 
static-field current supply. In this way an accurate 
plot of signal vs field was obtained. 


TREATMENT OF DATA 


For a system obeying the Bloch equations* the imagi- 
nary component x” of the susceptibility! satisfies the 
relation, 

4 x0 D0 
x (ih, H ——- ee eee: J Eee 
+ (yT2)?(H— Ho)?*+7H2TiT. 


in which H is the magnitude of that rotating com- 
ponent of the magnetic field which is effective in caus- 
ing magnetic transitions, H is the magnitude of the 
static polarizing field, X0 is the static field susceptibility, 
wo is the angular frequency of the rf field in a fixed 
frequency experiment, y is the magnetogyric ratio of 
the electron (wp=yHo), 7; is the longitudinal or spin- 
lattice relaxation time, and 7» is the transverse relaxa- 
tion time. 

In the present case the modulation frequency is much 


3 F. Bloch, Phys. Rev. 70, 460 (1946). 
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Fic. 4. Width of resonance at maximum slope vs concentration 


less than 1/7, so that the spin magnetization follows 
the modulation field, and the modulation amplitude is 
small compared with 1/72 so that the signal is propor- 
tional to dx’’/dH. Hence the ratio of maximum signal 
at finite H; to maximum signal at zero rf field is given 
by 

(dx” OF) max,Hy 


= {14+27,ToH2\-4. 
(Ox”” OF) mae ee ? ih 


In addition, we may also write for the ratio of reso- 
nance linewidth between points of maximum magni- 


tude of slope at finite H; to the width at H,=0 the 
following expression, 


AH (H,)/AH(H,=0) =(1+771T.H?}?. 
The calibrator grid voltages V, were found to obey the 
relation 


(4 


in which C; and C,’ are constants showing that the 
saturation follows the Bloch relation. The solid line in 
Fig. i is the theoretical relation. 


Pt The linewidths were found to obey the equation 
AH(V)/AH(V =0 


=(1+C,V")}, 


agreement with the Bloch equations. The C;: 
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Fic. 6. Relaxation times (7; and 
K-NH3, K-NDs solutions, 0.8°C. 


T2) vs concentration for 
used in this relation was the average of the values of 
C, in the expression 


C.=[(V,/C,) $-1)/V? (6) 


for each of the 8 to 15 measurements made on a given 
sample at a given temperature. The value of C; used 
in (6) was the value required to fit the data with (4). 
Values of AH(V=0) which gave the best fit of (5) 
to the data are plotted vs concentration in Fig. 4. 
Since the line shape was observed to be Lorentzian 
and field fluctuations and inhomogeneities were negligi- 
ble, the transverse relaxation time 7» 


» is related to the 
linewidth by the equation 


T:=2/V3yAH (V =0). 


In order to obtain 7; it was, of course, necessary to 
calculate H;. Values of A in the relation 
H,=KV (8) 


were obtained as described above. The product of the 
two relaxation times is then given by 


T, T2=Cy K*y?; (9) 
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Fic. 7. Relaxation times (7; and 7s) vs concentration for 
K-NH;, K-ND; solutions, 25°C (room temperature). 





RELAXATION TIMES IN POTASSIUM-AMMONIA SOLUTIONS 


TABLE I. Relaxation times. 


—33.4°C 


mole /- 


0.020 
0.050 
0.100 
0.200 
0.300 
0.400 
0.600 


K-NH; 


T; 
sec X 107% 


1.96 
2.16 
2.36 
2.24 
1.88 
1.57 
0.88 


K-ND; 





sec X 10-* 


1.07 
1.14 
1.33 
1.41 
1.46 
1 
0.79 


M T, 
mole /-! 


0.020 
0.050 
0.100 
0.200 
0.300 
0.400 


.80 
.99 
10 
.98 
.82 
61 


peed pee beh ND bd et 


sec X 1076 


Ts 


sec X 10-* 


0.95 
0.98 
1.06 
1.18 

.24 
3.23 


M T; 
mole /- 


0.020 
0.050 
0.100 
0.200 
0.300 
0.400 
0.600 


sec X 107% 


me Www 
D> eu 
AwUan © 


re 
Pw 


M T, 
mole 7! 


sec X 10-6 


0.020 3.31 
0.050 3.81 
0.100 3.42 
0.200 2.06 
0.300 1.24 
0.400 ).74 
0.500 ).47 


T, was then obtained from the relation 
T= (C./K*y") /T2, (10) 


in which 7» is given by (7) above. 

Values of JT, and 7, so obtained are plotted in Figs. 
5, 6, and 7. All values of 7; and 7» were corrected from 
the experimental temperatures to the temperatures 
given in the graphs by graphical interpolations using 
plots of times vs temperature. Values of 7; and T, 
read from smooth curves drawn through the experi- 
mental points are given in Table I. 

The average fractional deviation of the 8 to 15 values 
of C. from their average, was calculated from the 
measurements on a given sample ata given tempera- 
ture. The average of these averages for all but three of 
the 80 runs was 5.1 X10-*. The uncertainty in the 
determination of 7: was much less than this arising 
mainly from the error in setting the current to maximum 
meter deflection. This error in 7, amounted to approxi- 


0.600 
0.800 


.99 0.84 
36 0.36 


ees 


M Ti Ts 


mole /“! sec X 107° sec X 107% 
0.020 2.89 1.77 
0.050 3.31 1.86 
0.100 3.45 1.98 
0.200 .70 1.97 
0.300 .78 1.69 
0.400 24 ey’. 


M T; T> 


sec X 107-6 


sec X 107° 


.020 3.60 
050 4.02 
100 3.74 
. 200 1.98 
300 1.36 
400 0.95 


mole /7! 


mately 2%. Therefore the uncertainty in 7; is essen- 
tially the same as the uncertainty in C, described 
above, the errors in determining K being very small. 


DISCUSSION OF RESULTS 


The theoretical discussion of these data will be given 
in a subsequent paper. The K-NH; and K-NDs solu- 
tions are seen to obey the Bloch® equations at the 
temperatures and concentrations employed in this 
research. 

The linewidths show a minimum with concentration 
at —33°C which occurs at ~0.30 M for NH;. The 
minimum is still clearly present for ND; at 1°C and 
occurs at ~0.15 M; for NH; there is a shallow mini- 
mum at ~0.10 M. At room temperature, ~25°C, the 
minimum is very shallow indeed for ND; at ~0.08 M 
and for NH; occurs at zero concentration. The sharpest 


4D. E. O’Reilly (to be published). 





1284 HUTCHISON, 
line observed was for a 0.02 M solution at room temper- 
ature where the width was 2310-3 gauss. 

Blume’ has investigated the linewidths and relaxa- 
tion times of Na-NHs; solutions by pulse techniques at 
room temperature only. The AH(V=0) calculated 
from his 7, data using (7) has its minimum at zero 
concentration and the value is ~21X10~ gauss. 
The data of Hutchison and Pastor! on Na-NHz; were 
quite fragmentary but had given a width of ~25X107-% 
gauss. Blume has suggested that fluctuations in the 
earth’s magnetic field might be responsible for the 
20% difference in these results. We do not believe that 
this explanation can be correct. The linewidths were 
not determined by slow sweeping through the absorp- 
tion, but rather as described above. The effect of such 
fluctuations on the line widths would have been negligi- 
ble in the procedure employed for their determination 
which involved repetition of the width measurements 
at a given coil voltage. In addition, there was no evid- 
dence of any fluctuating field of the size required when 
the resonance was observed on the oscilloscope with a 
very small time constant. 

The viscosities of K-NH; solutions have been meas- 
ured at — 33°C, 0°C, and 20°C.$ It is interesting to note 
that the six values of TAH(V=0)/n, where 7 is the 
viscosity, at infinite dilution for K-NH; and K-ND3; 
at three temperatures each average to 53 gauss deg 
cp! with an average deviation from the mean equal 
to 4 gauss deg cp. This is in agreement, for a given 
isotope, with the prediction of the motional nar- 
rowing theory of Kaplan and Kittel’ that the line- 
width should vary directly as »/T. But the fact that 
the same value is obtained in ND; as in NH; would seem 
to be in disagreement with their model which attri- 
butes the breadth to hyperfine interaction with the H 
or D nuclei as narrowed by the motion, and would 
therefore predict much narrower lines in ND; than in 
NH; at equal extents of molecular motion, because of 
the much smaller magnetic moment of the deuteron. 
This result is, of course, in agreement with the observa- 
tions of McConnell and Holm® from nuclear resonance 


5 R. J. Blume, Phys. Rev. 109, 1867 (1958). 

®C. A. Hutchison, Jr., and D. E. O’Reilly (to be published). 

7J. Kaplan and C. Kittel, J. Chem. Phys. 21, 1429 (1953). 

8H. M. McConnell and C. H. Holm, J. Chem. Phys. 26, 1517 
(1957). 
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that the hyperfine interactions are chiefly with the N 
nuclei. 

The absolute values of TJ, found for K-NHs, in the 
present work are much lower than those found by 
Blume® for Na-NH;. We find 2.8X10-* sec at 0.0 M 
compared with his 3.2X10-* sec, ~2.0X10~* sec at 
0.2 M compared with ~3.0 and ~1.0 at 0.4 M com- 
pared with his ~2.1. 

When the values of 7, and J, are compared at 
various concentrations it will be observed that 7, 
is greater than 7, at low concentrations for all three 
temperatures. The two times become essentially equal 
above a certain concentration reaching equality at 
~0.5 M at —33°C, ~0.3 M at 1°C and 0.17 M at room 
temperature, ~25°C. However, although 7, approaches 
zero molarity with small slope and its value at infinite 
dilution is certain, 7, is seen to be decreasing very 
rapidly with decreasing molarity at the very lowest 
concentrations after passing through a maximum in 
the vicinity of 0.10-0.15 M at —33°C, 0.10 M at 1°C, 
and 0.06 M at ~25°C. Because of this very sharp drop 
in T, at the lowest concentrations it would appear that 
the two times might approach equality at infiinte 
dilution as required by the theory of Bloembergen, 
Purcell, and Pound? for a case such as this in which 
wr-<<1, where w is the angular frequency of the rf 
field and 7, is the correlation time. 

The measurements of 7; by Blume® on Na-NHs cover 
the concentration range from ~0.12 M to ~0.43 M 
and over this range at 24°C he finds 7,;= 7», within 
+10%. This is in good agreement with our results at 
room temperature on K-NH; and K-ND,; in so far as 
the equality is concerned. We have seen before, how- 
ever, that our absolute values are not in agreement. 

A measurement of 7; for ~0.2 M Na-NH; solution 
presumably at room temperature has been made by 
Pollak and Norberg.’ They find the value 2.010 
sec for 7}, in excellent agreement with our value for 


K-NHs; solution. 
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The electron spin resonance of a gamma-irradiated single crystal of thiodiglycolic acid was measured at 
room temperature at 9 kMc. From the analysis of the anisotropy in the spectroscopic splitting factor and in 
the nuclear hyperfine interaction constants, a model of the free radical 


HOOC—CH,;—S—CH—COOH 


is proposed. In this free radical, the electron spin density is mainly in a x orbital, about 60°% of which is 
the p orbital of the CH carbon, 2% is the 1s orbitals of the CH2 hydrogens, and 22% is in the p orbital of 


the S. 





INTRODUCTION 


REVIOUS studies of the electron spin resonance 

(ESR) of irradiated powders of many organic 
compounds containing divalent sulfur atoms have 
shown that compounds R—S—H and R—S—S—R’ 
give rise to similar patterns spreading toward a higher 
field than the resonant field strength for DPPH.!? 
Compounds R—S—R’ give rise to quite different 
patterns, similar to those observed for the correspond- 
ing oxygen analogs. From single crystal studies, the 
free radical produced in cystine was confirmed to 
be of the form HOOC—CHNH.CH.S. These facts are 
explained on the basis of assumptions that irradiation 
produces R—S- radicals from R—S—S—R’ and 
R—S—H compounds and that R—S—R’ compounds 
give a different kind of free radical with a small spin 
density on the sulfur atom. In an effort to learn the 
particular structure of the free radical we have ex- 
amined the ESR of gamma-irradiated single crystals of 
thiodiglycolic acid (HOOC—CH,—S—CH,—COOH). 


EXPERIMENTAL PROCEDURE 


The single crystals of thiodiglycolic acid were grown 
from aqueous solution at room temperature by slow 
evaporation. The crystal is a thin plate with a marked 
cleavage perpendicular to the largest plane (Fig. 1). 
A rectangular coordinate system a’b’c’ was defined for 
convenience. The b’ axis was selected parallel to the 
largest plane and the cleavage plane, and the a’ axis 
was selected perpendicular to the cleavage plane. The 
crystal structure is unknown. 

The single crystals were irradiated by a kilocurie 
cobalt 60 gamma-ray source at room temperature. The 
ESR of irradiated single crystals was measured at 9.04 
kMc for various orientations of the crystal in the mag- 

* This research was supported by the United States Air Force 
through the Air Force Office of Scientific Research of the Air Re- 
search and Development Command and by the Office of Ordnance 
Research, Department of the Army. 

+ Fellow of the Visiting Research Scientist Program, National 
Academy of Sciences. 

1H. Shields and W. Gordy, J. Phys. Chem. 62, 789 (1958). 

2G. McCormick and W. Gordy, J. Phys. Chem. 62, 783 (1958). 

3 Y. Kurita and W. Gordy, J... Chem. Phys. 34, 282 (1961). 


netic field at room temperature. The ESR spectrometer 
and the method of measurement were the same as those 
employed in the previous work. 


EXPERIMENTAL RESULTS 


The ESR spectra that are observed at most crystal 
orientations are complex and contain a number of 
unresolved lines. The unit vector Z is taken along the 
the static magnetic field. The direction cosines (I, 
m,n) of Z with respect to the a’, b’, c’ axes will be used 
to specify the field orientation. Spectra with Z= 
(1, m, 0) and (1, —m, 0) were found to be identical. 


c! 











Z 





L 


a’ 


Fic. 1. The crystal form of thiodiglycolic acid and the co- 
ordinate axes employed. 


Similar symmetry of the spectra between Z= (0, m, 1) 
and Z=(0, m, —n), and between Z=(l, 0, m) and 
Z= (1, 0, —n) was observed. Therefore, the patterns 
are consistent with orthorhombic symmetry with the 
principal axes a’, 6’, c’. In an orthorhombic crystal there 
are at least four free radicals which are chemically 
equivalent, but have different orientations. They are 
related to each other by orthorhombic symmetry. 
Hence, if the orientation of a free radical with regard 
to the a’, b’, c’ axes is denoted by (/, m, 7), the orienta- 
tions of others are (—l, m, n), (l, —m, n), and (1, m, 
—n)5 

Figure 2 shows the ESR curve at 9 kMc for the 


4T. Miyagawa and W. Gordy, J. Chem. Phys. 30, 1590 (1959). 
5 Orientation, (1, —m, —n) is magnetically equivalent with 
(—l, m,n). 
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Fic 2. ESR curve at 9 kMc for the powdered sample of 
gamma-irradiated thiodiglycolic acid. The curve 
second derivative of the actual absorption curve. 


represents 
powdered sample of gamma-irradiated thiodiglycolic 
acid. Figure 3 shows the resonance patterns for the 
gamma-irradiated single crystal at 9 kMc with the 
magnetic field along the a’, 6’, and c’ axes. All radicals 
in unit cell must be magnetically equivalent for these 
three orientations. The patterns for the a’ and c’ 
axes are two triplets with relative intensities of 1, 2, 
He Ae 


equivalent or nearly equivalent coupling hydrogen 


1. The observed patterns can arise from two 
nuclei having a nearly isotropic interaction constant 
of 5.5 gauss and a third hydrogen nucleus. The patterns 


for the a’, 6’, and c’ axes can be explained in terms of 


a’ = [100] 


Mn 








| 
| | | 
ee ae ae 


AN DW... 
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the interaction of the third hydrogen of 15.3, 8.1, and 
23.2 gauss, respectively. These patterns suggest that 
the free radical observed in irradiated thiodiglycolic 
acid is of the form 


Ow 
Vi 


%\ 
Ow) -H 


Ow) 
\ 


He) 
Cay—C y—_S—C ay —C a) 


HOw) Hw) Ha) 


in which H,) gives rise to a strongly anisotropic nuclear 
hyperfine interaction (8-23 gauss) while Hg) and 
H,) give rise to a small, nearly isotropic nuclear hyper- 
fine interaction (5-6 gauss). 
ANALYSIS OF RESULTS 

Most of the observed spectra can be accounted for in 
terms of the following assumptions: (a) The radical 
giving ESR has the formula above. (b) The unpaired 
electron is a m electron and mainly on Ca) and S. (c) 
The radicals are related to one another by a symmetry 
operation of an orthorhombic crystal. If the direction 
cosines of a principal element of a free radical are 
(1, m, n) the direction cosines of a corresponding 
principal element of other radicals are (J, m, n), 
(—l, m, n), (l, —m, n), or (l, m, —n). (d) The spin 
Hamiltonian for the radical is 


K=BH (gzzSz+gzx Sxt+gzy Sy) 
+ 7 A iSi(Tqay) jtA @s* Ta+A ays? Is) (1) 


t,j=X YZ 


or 
5C=3y+-3C’, 


where 

Ho= {BHgzz+(Aw)zz(\[a))z+A@mUe)z 
+A3(I)z}Sz (3) 

i’ = BH (gzx Sx+gzy Sy) 

+ (Aq))xxSx(Iay)x+(A a) vy Sy (Za) y 
+(Aq)xy{Sx(a)y+Sy Ua) x} 
+(Aq)zx{Sz(Ia))x+Sx (a) 2} 
+(Aq)zv{Sz([a)y+Sy(Tq@)z} 

+A @{ Sx(Te)x+Sy (le) ¥} 
+A {Sx(I)x+Sy(@) VY}. (4) 
The effects of the nuclear paramagnetic term g7871-H, 


neglected in Eqs. (1)—(4), are discussed later. The 
eigenvalues for 5p are 


Fic. 3. ESR curves for a gamma-irradiated single crystal of 
thiodiglycolic acid at 9 kMc for the static magnetic field in the 
, we “Sg Gece 7 vine 
a’, 6’, and c’ axes. The bars show the theoretical patterns. The 
separation between the two Mn markers is 67.6 gauss and the 

middle point of the two markers corresponds to g=2.0060. 


Eo=[gzz8H+(Aq)2zMitA @M2+A @Ms3} Ms, (S) 


where Ms, Mi, Me, and M; are +}. The contribution E’ 





ELECTRON 


from 5’ was calculated with second-order perturbation 
theory. It contains only one significant term 
= (Aqw)ax’+ (Aw )ar? 
: 2(Aqw)zz 
The energies of the transitions AMg=1, AM,=AM2= 
AM;=0 are 
hvy= gzzBH + (A (1) )zzM\+A (2)Mo+ A (3)M3 
(Aa@)ax*t Aw day" 
2(Aw)zz 
The resonant field strength (2/7) for the line centers of 
the first-order transition was calculated from the 


equation 


Ho= (gzz, go )H+ (go8) -1 





M,-+smaller terms. (6) 


M;. (7) 


| Awzeblt AMA Ms 


(. { (1 Jax? ( Aw Jay" 


2(Aq)zz 


| (8) 
or 


H—-—H)= (Ho, £0) (gzz—g0)+ (go8 ) : 


(4 a) )zzM@i+AwMetAg M x) 


Aw zx" Aq) Z x 
Soe or ul (9) 
2 (A (1) )ZzZ 


where Ho(=hy/go8) and go are the resonant field 
strength and the g factor for DPPH, respectively. The 
matrix elements of the g factor and A q) are expressed in 
terms of the principal values of g(g.., go, gw) and 


Aqw{(Aq@)z (Aa) y (Aq)e}, as 
gzz= x gi cos*(1, Z) 


iu ,v,w 


(Aqw)zz= x (Aq) « cos*(4, Z) 


i=2,y,z 


(Aq) zx*+ (Aq) zy?= . p is (Aq) ? cos*(1, Z) 


tr YZ 


(10) 


(11) 


—{ > (Aq) cos*(i, Z)}% (12) 
i—2,y,2 
The observed values of principal elements of g, 
Aq), and their direction cosines with regard to the 
a’b’c’ system are shown in Table I. The nuclear hyper- 
fine interaction constants for the hydrogen Hq) are in 
good agreement with those observed for irradiated 
carboxylic acids*" and with theoretical values for 
61. Miyagawa, Y. Kurita, and W. Gordy, J. Chem. Phys. 33, 
1599 (1960). 
7T. Miyagawa and W. Gordy, J. Chem. Phys. 32, 255 (1960). 
8H. M. McConnell, C. Heller, T. Cole, and R. W. Fessenden, 
J. Am. Chem. Soc. 82, 766 (1960). 
9N. M. Atherton and D. H. Whiffen, Mol. Phys. 3, 1, 103 
(1960). 
10 C. Heller and H. M. McConnell, J. Chem. Phys. 32, 1535 
(1960). 
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Tabte I. The principal values of g, Aq), and their direction cosines 
with regard to the a’b’c’ system. 








Direction cosines with regard to 
the a’b’c’ system 








Su .002 
Bo 005 
So O11 


0.93 —0.34 0.14 
0.36 0.78 50 
0.06 O32 85 


Aas 7 0.34 0.94 .09 
yn 16 0.94 0.33 07 
Aapy 23 0.04 —0.11 .99 


A 2) = Ais) =5.5 gauss, almost isotropic. 


The direction cosines of other radicals are 
(l, —m, mn), and (l, m, —n). 


o proton-z electron interaction by McConnell and 
Strathdee."' The principal values for N-acetylglycine 
were found to be 10 gauss along the C—H bond, 17 
gauss along the normal to the molecular plane, and 27 
gauss in the molecular plane and normal to the C—H 
bond.® These values are in good agreement with the 
values for Hq) (7, 16, 23 gauss). By comparison of these 
two sets of values, the z axis is identified to be along the 
Cqa—Ha) bond, the x axis is perpendicular to the 
SCC) plane and the y axis is in the SCq)Cw) plane 
and perpendicular to the Cq)Hq) bond. The wu axis, the 
direction of the g (minimum), is found to be almost 
parallel (12°) to the x axis. This supports the assump- 
tion that the unpaired electron is in a z orbital per- 
pendicular to the SCq)Cw) plane.” The magnitude of 
the isotropic Fermi term Ay is obtained from the 
observed elements by (A qz+A @ytAqz)/3 to be 15 
gauss, which indicates that the electron spin density 
on Cq) is 15/25=0.60." 

The magnitude of the isotropic Fermi term for Hq) is 
5.5 gauss, which leads to the spin density of 5.5/507= 
0.01 on Hw). That is the same for Hg). The evaluation 
of the coupling tensors Aj and As) from the experi- 
mental data is not accurate because of the incomplete 
resolution of the Hw) and H,) splitting. The dipole- 
dipole interaction term between a proton H and a 
point electron spin on an atom X was calculated with 
the equation’ 


A = 28px (3 cos*@+1)!/ R® gauss, (13) 


where R is the magnitude of the vector XH measured 
in angstroms, @ is the angle between XH and the mag- 
netic field, and px is the electron spin density considered 
as concentrated at the center of the atom X. This ap- 
proximate equation was applied to possible molecular 
configurations and possible spin density distributions in 
the free radical. The dipole-dipole interaction term be- 
tween the proton H(H,)) and the spin density on 


1H. M. McConnell and J. Strathdee, Mol. Phys. 2, 129 (1959). 
22 For the details of the discussion, see footnote 6. 

13H. Zeldes, G. T. Trammell, R. Livingston, and R. W. Holm- 
berg, J. Chem. Phys. 32, 618 (1960). 
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Fic. 4. ESR curves similar to Fig. 3 but for the static mag- 
netic field along the [011], [101], and [110] directions. 


SC;)»OOH, Ha, and Hy) (Hw) were found to be 
negligibly small compared with the term between the 
proton Hw) (Hy) and the spin density on Cq). The 
latter term was smaller than 2 gauss. 

The line centers were calculated from Eq. (9) using 
the data shown in Table I and from Eqs. (10)—(11) 
together with A @s= Awys=+5.5 gauss. The calculated 
line centers were compared with the observed spectra. 
The sign of the Fermi term in Aw) and A.) was not 
determined through this experiment, but the sign of the 
m-proton isotropic hyperfine interaction has been pre- 
dicted to be positive.'* The positions of the linecenters 


AND W. 


GORD Y 


shown in Figs. 3 and 4 were calculated for a configura- 
tion meeting the following conditions: (a) The free 
radical is planar and in the yz plane withall trans 
configuration (Fig. 5). (b) All relevant valence angles 
are tetrahedral. (c) The Cqa)—Ha) bond is along the z 
axis and the Cq):*+Cq) distance is along the yaxis. 
(d) Cay—S=C—S= 1.82 A and C—H=1.11 A. 
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Fic. 6. Comparison of the resonance patterns I, calculated 
from Eq. (8), and IT, calculated including the second order effects 
for the magnetic field along the a’, b’, and c’ axes. The thick line 
shows the “outer line’ and the broken line shows the “inner 
line.”” The relative intensity of the “inner line” to the “outer 
line” is 0.04 for the a’ axis and 0.004 for the c’ axis. 


Second-order effects observed to give rise to satellite 
lines in other similar free radicals with 


proton coupling’~’ should be observed here. The effects 
arise from the off-diagonal elements (Aq))zx and 
(Aq)zy, and the nuclear paramagnetic term 
gi8rH (Iq))z in KH. The theory for calculating fre- 
quencies and relative intensities for these satellites is 
developed in detail by Miyagawa and Gordy.’ The 


16 The effect of other terms in JC’, which can be estimated by a 
perturbation method, are smaller than 0.1 gauss. 
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Fic. 7. Diagram indi- 
cating the orbitals and 
reference axes on the S 








Cu 


atom. 





resonance patterns including second-order effects were 
calculated from Eqs. (10)—(19) of footnote 7 and Eqs. 
(10)-(12) in this paper. The results for the orientation 
of the magnetic field along the a’, 6’, and c’ axesare 
shown in Fig. 6, together with the results calculated 
from Eq. (9) of this paper. The general features of the 
patterns are quite similar. The second-order effects are 
not observed because of the small separation between 
adjacent lines compared with the width of the indi- 
vidual lines. 

Most planar molecules with hydrogen bonding have 
been found to be in the cleavage plane in the crystal. 
The uw and x axes which are perpendicular to the 
SCC) plane make a small angle of 20° with the 
a’ axis which is perpendicular to the cleavage plane 
(see Table I). This fact suggests that the free radical is 
planar and is disposed parallel to the cleavage plane. 

It is interesting to compare the ESR data on irra- 
diated thiodiglycolic acid with those on the corre- 
sponding oxygen analog. From single crystal studies, 
the free radical produced in diglycolic acid hydrate was 
confirmed to be of the form 

Ho) 
HOOC «4 


C4 O- Ca Ca) ) JH 


Ha) 


H,3) 


and the principal values of A q are 11, 19, and 26 gauss, 
with A(s=Ays=5 gauss.” The g tensor for the 
oxygen analog has not yet been evaluated accurately, 
but anisotropy in the g factor is significantly larger for 
the S compound than for the O compound. This must 
be due to the difference in the spin-orbit coupling 
constants of sulfur (382 cm!) and oxygen (152 cm™)” 
and to the smaller spin density on the O. 

16 Y. Kurita and W. Gordy (to be published). 

7D. S. McClure, J. Chem. Phys. 17, 905 (1949). 


ELECTRONIC STRUCTURE OF THE FREE RADICAL 


From comparison with diglycolic acid hydrate and 
other compounds in which the spin density is concen- 
trated on O or C atoms, it is evident that the relatively 
larger anisotropy in the g factor, gmax—£min= 0.009, for 
HOOC—CH;—S—CH—COOH is essentially due to the 
spin density on S. For example, the anisotropy in the g 
factor for HOOC—CH—COOH is only one tenth as 
great, £max—£min=0.00098 (g,=2.0026, g,=2.0035, 
g-= 2.0033). In our earlier work on a single crystal of 
cystine dihydrochloride where the spin density! was 
found to be concentrated almost completely on the S, 
a still larger anisotropy in g was observed. From the 
anisotropy in the g tensor we shall attempt to estimate 
the electron spin density on the sulfur atom of the free 
radical, HOOC—CH,—S—CH—COOH. 

To calculate the spin density on the S of the actual 
free radical from the g tensor, we need to know the 
principal g value expected for the idealized contributing 
structure 


H 
HOOC—CH,—S*—C-—COOH 


(1) 


in which the unpaired electron is entirely on the S, ps=1. 
This structure is of significance because of the com- 
parable electronegativities of S and C, 2.5 each.'* In our 
approximate treatment we neglect d-orbital contribu- 
tions. We assume the unpaired electron to be in pure p 
orbital and the other occupied orbitals of the valence 
shell of the S* to be equivalent sp. hybrids. The orbitals 
are indicated graphically in Fig. 7 and are chosen as 
follows: 


¢; is directed along «’ and has an unpaired electron, 
2 is directed along 2’ and has an unshared pair, 


SL. Pauling, The Nature of the Chemical Bond (Cornell Uni- 
versity Press, Ithaca, New York, 1960), 3rd ed., p. 90. 
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$3 1s directed along S—C,q) and forms a o bond, 
¢, is directed along S—C,) and forms a o bond. 


The normalized orbitals are: 
9) 
fi 
23 
+-V21 (3 py) ster} 
1 \/ 60) 3p. s 
(3py stew}. 


The configuration of lowest energy will be ¢1'@2"3"@,". 


—v2 


(17) 


We designate its energy as /). The other configurations, 
1°oo"b3'b2, and °ho"h3"hy!, which 
spond to excited states are designated by Fe, Es, 


o1-b2'b3"b4", corre- 
and 
Ey, respectively. The bonding electrons have lower 
energy than the nonbonding pair. The two bonds are 
equivalent, or approximately so. Thus, £i</2.< Ek 
FE. The expected g tensor for structure I can be calcu- 
lated from the above wave functions with the formula 
of Pry e,” 


7 Se Con ee 
gr) 8ij-A De 
and the auxiliary relations, 


Ly| per) =0, Ly| per) = —ipe’, 


The results are: 


Qn) (Pn L; ¢}) | 
E..~E, 


8r'z’ gs 


r 12)( : 
—(d/12) oe 
Eo— FE to 


r 4)( ciate ) 
eT ei” Bice we eT 


Here g;= 2.0023 is the g value for the free electron spin 
and \= —382 cm7 is the spin orbit coupling constant.” 
We take the difference in energy of the respective 
orbitals to be the same as that found for the free radical 
RS: .? Thus, 

FE.— E,= 15 000 cm 

E3;— E\= E,— E,=43 000 cm“. 
These approximations seem justified since the formal 
charge on the S for the structure I under consideration 
should lower the energy of all the S orbitals but should 
not affect their differences in the first-order approxi- 
mation. These values, with Eqs. (20), (21), and (22) 


yield 
£2'z' = 2.0023 


y'y = 2.039 
Ger = 2.011 
19M. H. L. Pryce, Proc. Phys. Soc. (London) A63, 25 (1950). 
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as the approximate theoretical values for structure I, 
for which ps= 1. 
For the structure II 


H 
HOOC—CH,—S—C—COOH 


(IT) 


in which ps=0, we can expect principal g values close 
to those, 2.0026, 2.0033, and 2.0035, found for HOOC 
CH—COOH.® These are so nearly equal that we can 
for our purposes take g to have the isotropic value of 
their mean, or 2.003. Thus for the idealized contributing 
structure II we can expect, 


Brix! = By'y’ 2.003 
with ps=0. 

The observed values g,, and g, of Table I for the 
actual structure must correspond to values of gy, and 
22" lor which O<ps<1. We assume the spin density 
ps on the S in the actual structure to be proportional 
to the deviation in g from the values expected for the 
idealized structures I and II, or 

a (£y’y’) obs — (By'y’) pg=0 
Ps= 


rae) pa =1— (8y'v') p.s=0 


2.011—2.003 


~ 2.039-2.003 
Similarly, from the 2’ components, 


2.005—2.003 


PS 2.011-2.003 


The values are seen to be reasonably consistent, al- 
though the one obtained from the 2’ component is less 
reliable because of the smaller differences involved. We 
thus take the estimated value for the spin density on 
the S as 0.22. 

From the isotropic components of the hyperfine 
structure the spin density on Ca) was found to be 
0.60, and that on Hw and Hy) to be 0.01 each. As- 
suming that all spin densities observed have the 
same sign, we have accounted for a total spin density 
of 0.22+0.60+0.02=0.84. It is reasonable to assume 
that the remaining quantity 0.16 obtained by nor- 
malizing the total to unity, is largely concentrated on 
Oq. We can describe this by postulating a contributing 
structure of form III 

H H O- 
| | i 
HOOC—C—S—C=C 
| a 
H O—H 
(IIT) 


which would have a weight of about 0.16, or 16%. 
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Thus the electronic structure of the free radical can be 
regarded approximately as a hybrid of structures I, IT, 
and III, with the weights 0.22, 0.60, and 0.16, respec- 
tively. 

An alternative assumption of a negative spin density 
on the sulfur atom leads to an unreasonably large 
remaining spin density of 0.60=1-+0.22—0,60—0.02. 
McConnell and others” pointed out that the most 
likely spot to find a negative spin density is on an atom 
which has zero spin density in the ground state con- 
figuration. For odd alternate radicals, which have car- 
bon atoms of odd number and 7 electrons of the same 
number, negative spin densities are produced on alter- 
nate carbon atoms. On the other hand, the free radical 
proposed above is regarded as a system with five atoms 


(S, Ca, Ce, Oa, Ow) and seven m electrons or with 
four atoms (S, Ca, Cy), Oa) and five m electrons. In 
either case all these atoms have nonzero spin density in 


the ground state configuration. Therefore, the above 
assumption that all spin densities have the same sign 
is justified. 

The mobile w character of the unpaired electron indi- 
cates that the free radical is planar, or approximately 
planar. If the atoms Cq@, S, Ca, and Cy) are planar 
and have the ¢rans configuration indicated in Fig. 5, 
with the valence angles 

ZCw@SCw= ZSC aC = 120° 
the respective coordinates xyz and x’y’s’ are expected 
to be parallel (Fig. 5). The directions of x, y, and z 
relative to the a’b’c’ system of Fig. 1 were derived from 
the anisotropy in the coupling of Hq, whereas*the 


20H. M. McConnell and D. B. Chesnut, J. Chem. Phys. 27, 
984 (1957); 28, 107 (1958); H. M. McConnell and H. H. Dear- 
man, J. Chem. Phys. 28, 51 (1958), H. M. McConnell, J. Chem. 
Phys. 28, 1188 (1958), G. J. Hoijtink, Mol. Phys. 1, 157 (1958). 
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directions of x’, y’, and z’ are determined from the 
g tensor, if we identify these coordinates with uw, w, 
and v as described above. The direction cosines for both 
systems relative to a’b’c’ are given in Table I. From 
them we obtain the relative angles 


Zx to u=12° 
Zy to w= 36" 
22 to v= 36°. 


Hence we see that the coordinate systems derived in 
this manner are not exactly parallel. However, the 
closeness to the parallel configuration is regarded as 
satisfactory, considering the approximate treatment, the 
possibility of nonplanarity in the structure, of deviation 
of the valence angles from 120°, and of experimental 
error in the measurements. 

Nuclear couplings are now commonly used for 
evaluation of electron spin densities on coupling 
atoms. So far as we know, the present work represents 
the first evaluation of the spin density on a given atom 
from the g tensor. Despite the approximations involved, 
the method seems to have merit, especially for organic 
free radicals containing sulfur. 


MEASUREMENTS AT HIGHER FREQUENCY 


The above results and conclusions are based en- 
tirely on measurement at 9.04 kMc. The ESR has also 
been measured at 28.2 kMc for the crystal orienta- 
tions with the magnetic field along the a’, 6’, and c’ 
axes. The patterns are identical with those measured at 
9.04 kMc. This fact confirms that the patterns in Fig. 3 
arise from one free radical and excludes the possibility 
that the patterns arise from two free radicals each of 
which gives rise to a triplet. The measurements con- 
firmed the foregoing interpretation of the spectra. 
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By utilizing the nitrogen afterglow to monitor the exponentially decaying nitrogen atom concentration 
within a closed observation bulb, the low catalytic efficiency of four wall coatings is measured over a large 
pressure range. The catalytic efficiency of all surfaces is essentially independent of pressure. 





INTRODUCTION 


EASUREMENTS of the catalytic efficiency of 
surfaces for the removal of atomic species have 
been largely restricted to oxygen and hydrogen; only 
fragmentary data pertain to atomic nitrogen. The 
method originated by Smith! and used extensively by 
Linnett® has provided the bulk of accurate information 
concerning surface reaction of atomic oxygen and 
hydrogen. In this method, as with most methods de- 
signed to measure the rate of surface reactions, volume 
recombination must be kept small. To meet this require- 
ment with the available atom detectors (catalytic 
probes or Wredge gauges), present methods are limited 
to low pressures and high fractional atom concentration. 
These conditions restrict the pressure range over which 
the catalytic efficiency of surfaces has been measured. 
We wish to report measurements of the catalytic 
efficiency of several surfaces for atomic nitrogen over a 
large pressure range by a technique which utilizes the 
nitrogen afterglow to monitor the atomic concentration 
of the reacting gas. 


METHOD 


Consider a volume V with walls of area S and 
catalytic efficiency y, defined as the fraction of atoms 
colliding with the surface that react. At sufficiently 
low atom concentrations, the surface reaction rate may 
be much larger than the volume recombination rate, 
although, in the case of atomic nitrogen, the afterglow 
produced by volume recombination will still be detect- 
able. We shall assume that the concentration of atoms 
is sufficiently small that volume recombination is 
unimportant relative to surface recombination. When 
y is small, such that L/y>>R, where L is the mean free 
path and & is a typical dimension of the confining 
volume,** diffusion will be rapid enough to produce an 
essentially uniform distribution throughout the volume. 
The number of atoms striking the wall is Snv/4, where 

* Present address: 
California. 

1W. V. Smith, J. Chem. Phys. 11, 110 (1946). 

2 J. W. Linnett and D. G. H. Marsden, Proc. Roy. Soc. (Lon 
don) A234, 489, 504 (1956); J. C. Greaves and J. W. Linnett, 

23 


Trans. Faraday Soc. 54a, 1323 (1958); 55, 1338, 1346, 1355 
(1959). 


3S. Kash, Final Report, N6 ONR-2708 (1951), Institute of 
Geophysics, University of California at Los Angeles. 


Stanford Research Institute, Menlo Park, 


n is the number density of atoms, and v is their mean 
velocity. The equation for the loss of n is then 


—dn/dt= (Svy/4V )n=ken 
and 
n=No exp(—kst). 


Generally two other loss processes occur which must be 
added to Eq. (1), i-e., reactions between nitrogen atoms 
and volume impurities, and diffusion out of the observa- 
tion region. 

Recently, evidence has accumulated indicating that 
the intensity of the first positive band system of molecu- 
lar nitrogen excited in active nitrogen is proportional 
to the square of the nitrogen atom concentration,’ thus 


Ian*« exp(—2k,t), (3) 


even when heterogeneous losses predominate. If this 
relationship remains true at very low atom concentra- 
tions, a simple measurement of the decay rate of the 
afterglow will usually provide enough information to 
determine &,, and thus y. 

This method of measuring the catalytic efficiency of 
surfaces for atomic nitrogen removal has several 
advantages over more common methods: (a) the surface 
is subjected to a considerably less reactive atmosphere 
because of the lower atom concentration needed; (b) a 
large pressure range is easily covered; (c) the order of 
the surface reaction is immediately evident from the 
decay of the afterglow; (d) the atom concentration is 
selectively observed, thus eliminating other reactive 
discharge products which may recombine on, and/or 
transfer energy to, the catalytic surface; (e) absolute 
measurements of the atom concentration are not needed 
and the relative efficiencies of two detectors need not be 
known; (f) the measurement of the atom concentration 
does not affect in any way their rate of decay; and (g) 
the diffusion coefficient of the atoms does not need to be 
known when y is small. 


EXPERIMENTAL 
The observation volume V was usually a }-liter bulb 
connected to a second 1-liter discharge bulb through a 
‘J. Berkowitz, W. Chupka, and G. B. Kistiakowsky, J. Chem. 


Phys. 25, 457 (1956); P. Harteck, R. R. Reeves, and G. Man- 
nella, ibid. 29, 608 (1958). 
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magnetically operated glass valve made from standard 
ball joints. This valve prevented diffusion from the 
observation bulb after it had been filled with the 
glowing gases. . 

At high pressures a triggered arc discharge of a 24-yf 
condenser charged to 4 kv between aluminum elec- 
trodes produced a pulse of dissociated gas which easily 
traveled through 20 cm of 10-mm-diameter tubing and 
through the glass valve to the observation bulb. At 
lower pressures the gas was dissociated by a ring dis- 
charge, which was produced when a 13-kv spark gap (in 
series with four turns of wire about the discharge 
bulb) broke down and discharged a 0.0012-uf capacitor 
60 times/sec. The transfer of active nitrogen from the 
discharge to the observation bulb was due to diffusion. 

The afterglow was detected by a photomultiplier 
whose response was limited to the first positive bands 
of nitrogen with a Corning colored glass filter. Spectro- 
grams of the afterglow verified this. The photomultiplier 
output was suitably amplified and applied to a Varian 
recorder. ; 

The observation bulb was either wrapped with alumi- 
num foil or coated externally with MgO, which increased 
the light collection efficiency by an order of magni- 
tude.> Light radiated by luminescent wall reactions was 
thus collected as effectively as that due to volume 
processes. However, negligible surface radiation was 
observed. This was ascertained by employing two 
photomultipliers, one highly collimated in such a 
manner that it discriminated against light emitted or 
reflected from the walls of the observation bulb. It was 
experimentally verified that less than 10% of the 
afterglow light detected by this photomultiplier could 
have originated on the walls of the bulb. Both detectors 
behaved identically and their relative response was 
constant over a pressure range from 0.05 to 1 mm Hg. 
From this we conclude that luminescent wall reactions 
are not important in our observation system. 

Because of the long decay times involved and the 
large range of intensities measured, a single pressure 
run took several hours. Every effort was made to keep 
the impurity content of the initially mass-spectroscop- 
ically pure nitrogen at a low level. The glass system 
could be pumped below 10-° mm Hg. Under these 
conditions, a calibrated thermistor vacuum gauge 
showed a rate of rise of pressure of about 10° mm 
Hg/hr. A liquid nitrogen trap was in contact with the 
gas at all times. With these conditions, consistent decay 
times have been obtained. 

The surface of the observation bulb and the exposed 
surface of the glass valve were coated as uniformly as 
possible with the material to be studied. One is limited, 
of course, to coatings that are more or less transparent. 
Eicosane (obtained from Eastman Organic Chem- 
icals) was distilled over the surface, while the Teflon 
coating was baked on the surface from a colloidal dis- 


5R. A. Young, J. Opt. Soc. Am. 50, 627 (1960). 
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Fic 1. The exponential decay constant of the nitrogen afterglow 

k as a function of pressure. The loss of nitrogen atoms occurs on 


the walls of the 3-liter Pyrex observation bulb, before ©, and after 
X, coating with Teflon. 


persion (Du Pont clear finish 852-201). The glass 
surface was cleaned with dilute hydrofluoric acid, rinsed 
thoroughly, and dried over phosphorus pentoxide. The 
metaphosphoric acid coating was investigated in 
another system with a 2-liter observation bulb. The 
system could be pumped down to about 3X 10 mm Hg 
when the surface was coated with eicosane or metaphos- 
phoric acid, and somewhat lower with a Teflon surface. 


RESULTS 


The light intensity decayed over several orders of 
magnitude in an accurate exponential manner. There is 
no doubt that nitrogen atoms are destroyed by a first- 
order process® at the low atom concentrations at which 
these measurements were made. This conclusion has 
also been reached by Winkler et al.’ 
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Fic. 2. The exponential decay constant of the nitrogen afterglow 
k as a function of pressure. The 2-liter observation bulb walls 
have been coated with deliquescent phosphorous pentoxide. 


°K. Laidler, J. Phys. Chem. 53, 712 (1949). 
7R. Back, W. Dutton, and C. Winkler, Can. J. Chem. 37, 
2059 (1959) ; R. Kelly and C. Winkler, ibid. 37, 62 (1959). 
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TaBLeE I. The catalytic efficiency (y) of four surfaces for 
oxygen, nitrogen, and hydrogen atoms. 


Hydrogen 


Oxygen Nitrogen 





12<1075> 
10-&-1077 « 


Metaphosphoric 
acid 


.0X10-5 5 
1.4x10-¢4 


2.010754 . 
1 .2Kig*¢ 
3.1X10-5> 


3X10°*! 
.OX 10-6 
1.8107) 


5xX10-5! ie 
3.01075 « 1 
1.7X10°5°6 


Glass 


Teflon 2.910758 


® This 

b J. C. Greaves and J. W. Linnett, Trans. Faraday Soc. 55, 1346 (1959). 

© P. Harteck, R. R. Reeves, and G. Manella, J. Chem. Phys. 29, 1333 (1958). 

4 F, Kaufman, Proc. Roy. Soc. (London) A247, 123 (1958). 

© J. W. Linnett and D. G. H. Marsden, Proc. Roy. Soc. (London) A234, 489 
(1956). 

! J. T. Herron, J. L. Franklin, P. Bradt, and V. H. Dibeler, J. Chem. Phys 
30, 879 (1959). 

© T. Wentink, Jr 
(1958 

bh W. V. Smith, J. Chem. Phys. 11, 110 (1946). 

* B. Wood and H. Wise, J. Chem. Phys. 29, 1416 (1958 

1M. Green, K and D 


Soc. §5, 2152 (1957 


report 


, J. O. Sullivan, and K. L. Wray, J. Chem. Phys. 24, 231 


Jennings, J. Linnett, Schofield, Trans. Faraday 


Figure 1 is a plot of the experimental decay constant 
k.vs the pressure for a clean glass and a Teflon surface. 
It is seen that for a glass surface, k is independent of 
pressure over most of the pressure range; there is some 
indication that a decrease in & occurs as the pressure is 
reduced below about 1 mm Hg. The fewer data points 
for a Teflon surface indicate that it is also constant from 
1 to 8 mm Hg, with perhaps a significant decrease at 
pressures above this. First-order volume reactions and 
diffusion-limited surface reactions are not compatible 
with the observed pressure independence of k. 

In Fig. 2 the exponential decay constant for a 
metaphosphoric acid surface is plotted against pressure 
in the 0.1 to 1 mm Hg range. The catalytic efficiency is 
approximately constant except for one point at 0.25 
mm Hg. 

Attempts to measure the catalytic efficiency of an 
eicosane surface were limited by volume reaction; 
however, the surface catalytic efficiency could not have 
been greater than 10~‘. 

Table I contains a summary of the catalytic efficien- 
cies obtained from Figs. 1 and 2. Also included in this 
table are measurements, from the literature, of the 
catalytic efficiency for the surfaces used in this study 
for reactions with oxygen and hydrogen. 


A. 


YOUNG 
DISCUSSION 


Linnett and his collaborators?* have proposed differ- 
ent mechanisms for the interaction of atomic oxygen 
and hydrogen with quartz surfaces. Volume oxygen 
atoms are considered to react with oxygen atoms 
naturally present in the glass structure, but in strained 
lattice positions while volume hydrogen atoms react 
with hydrogen atoms bound at sites normally occupied 
by surface OH radicals. In either case the molecule 
resulting from surface recombination leaves the surface 
and a gas atom is subsequently sorbed on the vacated 
site. 

On the basis that the catalytic efficiency is determined 
more by the number of reactive surface sites and less 
by their particular characteristics, so long as the surface 
atom is loosely bound, the similar catalytic efficiencies 
of atomic nitrogen and hydrogen may not be surprising. 
Because nitrogen is not a normal surface constituent, 
it probably would interact with the surface by a 
mechanism similar to that proposed for atomic hydro- 
gen. The nature of the loose bonding of atomic nitrogen 
to the surface when replacing OH is speculative. How- 
ever, the similarity between y for atomic oxygen on the 
one hand, and y for atomic nitrogen and hydrogen on 
the other, is perhaps surprising. One would not expect 
the number of sufficiently displaced lattice oxygen 
atoms to correspond simply to the number of hydroxyl 
radicals replaceable by atomic hydrogen or nitrogen. 

The similarity of our results for atomic nitrogen to 
those for atomic oxygen and hydrogen may imply that 
the surface reaction mechanism is similar, and that it 
differs from that previously discussed. Schuler and 
Laidler® have suggested a process for atomic hydrogen 
surface reactions that may be generalized. This process 
can be represented as 


S—X-+*¥+VYS—X+¥2 
S—X+Y—S—X---V, 


where «+ + denotes van der Waals’ sorption and — repre- 
sents an unknown bonding of the impurity X to the 
surface. The nonspecific nature of van der Waals’ 
sorption is attractive in view of the similar behavior of 
atomic nitrogen, oxygen, and hydrogen. 


8M. Green, K. Jennings, J. Linnett, and D. Schofield, Trans. 
Faraday Soc. 55, 2152 (1959). 
*K. Shuler and K. Laidler, J. Chem. Phys. 17, 1212 (1949). 
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By utilizing the first positive bands of nitrogen to monitor the decay of atomic nitrogen caused by dif- 
fusion to a catalytic surface, the diffusion coefficient of atomic nitrogen in molecular nitrogen has been 
investigated, leading to a probable value of 280/p cm? sec. The catalytic efficiency + of silver and copper 
oxide surfaces is found to be of the general form y=a/(bp+c), where p is the molecular nitrogen pressure, 
b and ¢ are constants for each surface, and a is a constant independent of the surface. 


INTRODUCTION 


HE flux of labile particles lost to a catalytic surface 

generally depends upon the product of the diffusion 
coefficient and the catalytic efficiency of the surface for 
removal of the labile species. Any method which uses 
this loss to measure the diffusion coefficient must 
separate these quantities and thus leads to their 
simultaneous measurement. A new method based on 
the diffusion loss to a catalytic surface has been pro- 
posed to measure the diffusion coefficient and the 
catalytic efficiency.' Its simplicity in the case of atomic 
nitrogen has also been pointed out. 

The diffusion coefficient of atomic nitrogen or hydro- 
gen has not been measured directly and only very 
recently has this quantity been obtained for atomic 
oxygen.” Likewise, very little has been reported on the 
catalytic efficiency of metal surfaces for atomic nitrogen 
removal. Measurements of the catalytic efficiency will 
be reported for surfaces of silver, copper, and their 
oxides. The diffusion coefficient measurement of atomic 
nitrogen will be discussed; since complicating phe- 
nomena occur, a probable value is obtained. Because 
of the newness of the method, and the absence of any 
measurement of the diffusion coefficient of atomic 
nitrogen in molecular nitrogen, it is thought advan- 
tageous to present these initial results. 


METHOD 


A rather full discussion of the general method used 
in making the present measurements has been pre- 
sented elsewhere,' making only a brief resumé necessary. 
We shall define the catalytic efficiency y of a surface as 
the fraction of colliding atoms that react on the surface. 
The exponential decay time 7 of the atom concentration 
within a volume V, to which is attached a cylindrical 
diffusion tube of cross-sectional area A containing a 
catalytic surface of efficiency y at a distance L from 


* Present address: Stanford Research Institute, Menlo Park, 
California. 

1R. A. Young, J. Chem. Phys. 33, 1112 (1960). 

2S. Krongelb and M. W. P. Strandberg, J. Chem. Phys. 31, 
1196 (1959). 


the tube entrance, is found by simple arguments to be 
t= (V/A) (L/D)+yu]. (1) 


In Eq. (1) D is the diffusion coefficient, and ».=4/yo 
where v is the mean thermal velocity of the diffusing 
species at the catalytic surface. By varying the cata- 
lyst’s position while observing the decay of the atom 
concentration, one can plot 7 vs Z and obtain from the 
slope the diffusion coefficient (as V/A is known) and 
from the intercept at L=O, the catalytic efficiency of 
the surface. The several conditions necessary for the 
simple relation (1) to be valid are discussed at length 
in a previous publication.’ It is obvious that volume 
recombination must be unimportant during the meas- 
urements of 7 for the above analysis to be applicable. 

It has been shown that the first positive bands of 
molecular nitrogen are proportional to the square of the 
atom concentration in active nitrogen*; thus the decay 
time of the atom concentration can be found by measur- 
ing the decay of this band system. 


EXPERIMENTAL ARRANGEMENT 


The means of producing active nitrogen have been 
discussed elsewhere.* The volume V was a 2-liter bulb 
isolated from the remainder of the vacuum system by 
a glass valve. A Pyrex diffusion tube (130 cm long; 
2 cm i.d.) was attached to the bulb by a ball joint, and 
its far end capped with a similar joint after the insertion 
of the catalytic slug. 

The catalytic slug was constructed from a }X2-in. 
carriage bolt over which slipped a Teflon sheath whose 
diameter was 1 mm less than the inside diameter of the 
diffusion tube. A circular nut of the catalytic material, 
with a diameter slightly less than that of the Teflon 
sheath and with a smooth-faced surface, was screwed 
onto the bolt to complete the catalytic slug assembly. 
Catalytic surfaces were changed by replacing the nut. 
The iron bolt was easily manipulated along the diffusion 
tube with a large magnitron magnet. 

The bulb was coated with metaphosphoric acid to 


3 J. Berkowitz, W. Chupka, and G. B. Kistiakowsky, J. Chem. 
Phys. 25, 457 (1956). 
4R. A. Young and K. C. Clark, J. Chem. Phys. 32, 604 (1960). 
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reduce losses at the walls. However, it has been our 
experience that other uncoated surfaces in the vicinity 
may become affected after some time under vacuum. 
Therefore, the catalytic efficiencies reported here may 
not be applicable under different circumstances. The 
nitrogen was generated from sodium azide and passed 
through a liquid nitrogen trap. Its pressure was meas- 
ured to +1% by a multiplying oil manometer, and 
the position of the catalytic surface was measured to 
+3 mm with a meter stick permanently fixed to the 
diffusion tube. 

>» Lord Rayleigh (Strutt), Proc. Roy. Soc. (London) A151, 567 
1935); R. A. Young, J. Chem. Phys. 34, 1292 (1961). 


(d) 


The observation bulb was coated externally with 
MgO, which increased the light-collection efficiency 
by more than an order of magnitude.® Light radiated 
by luminescent wall reactions might be as effectively 
collected as light due to volume processes. However, 
auxiliary measurements’ have shown that negligible 
surface emission occurred. 

Spectrographic examination of the afterglow‘ showed 
weak NOB bands, the OI(5577A) auroral green line, 
weak first positive bands of Ne in the 5500- to 5600-A 
region, and fairly strong CN bands in the blue, in 


6R. A. Young, J. Opt. Soc. Am. 50, 627 (1960). 





DIFFUSION OF 
addition to the expected strong first positive bands of 
Ne. A 6655-A RG@A photomultiplier and Corning yellow 
filter (No. 3-69) detected the nitrogen first positive 
bands; various colored glass and interference filters 
were used with a 1P21 photomultiplier to detect other 
radiating systems. Studies of the loss mechanism 
operative at these low atom concentrations,*® both in 
this system and in others, indicate that the assumptions 
necessary in the derivation of Eq. (1) are experiment- 
ally true. These measurements show that the catalytic 
efficiency of the metaphosphoric acid surface is ~10~, 
and that of the Pyrex walls of the diffusion tube is 
~10~°. Diffusion to the catalytic surface generally re- 
duces the time constant of the atom decay compared to 
its value when the catalytic surface had been removed. 
The decay times were usually of the order of minutes, 
while the time for an atom to have moved a mean dis- 
tance equal to the diameter of the bulb was less than a 
second. Thus a negligible concentration gradient existed 
in the bulb. Because of the low catalytic efficiency of the 
diffusion-tube walls, there was essentially no radial 
gradient and no loss on its surface. Below about 1 mm 
Hg, the decay of the first positive bands was generally 
exponential over at least a factor of 10*, while the decay 
was followed over a total intensity ratio of 10’. The 
large pressure range (from 0.01 to 1 mm Hg) over 
which observations were made was limited at the high 
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Fic. 2. The log of the slope of curves of r vs L such as those 
in Fig. 1 are plotted vs the log of the pressure. Equation (1) 
relates these slopes inversely to the diffusion coefficient. The 
dashed lines indicate the curve displacement caused by assuming 
different diffusion coefficients; the solid line is the best fit. All 
lines have unit slopes as expected from the pressure dependence 
of the diffusion coefficient. 
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Fic. 3. The log of the ratio of slopes of simultaneous 7 vs L 
curves obtained with detectors responsive to (a) the CN violet 
bands, and (b) the first positive bands of nitrogen. This ratio is 
pressure independent with an average value of 0.96 but with 
considerable scatter. 


end because of the presence of recombination at the low- 
est detected first positive band intensity, and at the low 
end by the rapidity of decay. For present purposes, no 
measurements were made below 0.01 mm Hg because 
the mean free path of the atoms then would approach 
the dimensions of the diffusion tube, and transport 
down the tube would become one of molecular flow 
rather than one of diffusion. 


RESULTS 


Figures 1(a)-(d) show the degree to which the 
measured decay times 7 are proportional to the position 
of the catalytic surface L as specified by Eq. (1). There 
are several experimental effects, which will not be 
enumerated, that may mask this linear dependence of 
7 on L. For these reasons data in which + was not 
proportional to L were discarded. 

Figure 2 is a log-log plot of the slopes of curves like 
those in Figs. 1(a)-(d) as a function of the total 
pressure. These slopes are inversely proportional to the 
diffusion coefficient as Eq. (1) shows. The data in 
Fig. 2 were taken over a period of several months with 
three catalytic surfaces; silver, copper, and copper 
oxide. It is apparent that the results are independent 
of the catalytic surface as, of course, was expected. 
Despite the fairly large scatter, the points shown in 
Fig. 2 lie about a straight line of unit slope. From the 
measured value of V/A (800 cm), one finds that 
D=500p~ cm? sec. 

In Fig. 3 the ratio of the slopes of 7 vs L curves are 
plotted from simultaneous observations of the CN 
violet band system and the Ng first positive bands. 
Despite the several catalytic surfaces used, this ratio 
remains roughly constant. 

Figures 4(a)—(d) are plots of the intercepts 7) at L= 
0 for different catalytic surfaces and different observed 
emission systems vs total nitrogen pressure. The posi- 
tion of the catalytic slug was measured from an arbi- 
trary zero point 17+0.3 cm from the mouth of the 
diffusion tube. From the measured slope of the r vs L 
curves for the first positive band and the known value 
of V/A, one finds from Eq. (1) that 


7o=0.70pLot+4X 10°u, (2) 


where Ly should be the distance from the zero of the 
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position scale to the entrance of the diffusion tube. 
When Ly is computed from the curves shown in Figs. 
4(a)—(d) (assuming that yu is a constant), it is found 
to be 2 or 3 times the measured 17 cm, while y is found 
to be 1—5X10-*. Though the latter is reasonable, the 
former is Such a large 
atiributed to an extension of the diffusion-tube gradient 
into the spherical volume V of diameter 14 cm. One 
then concludes that + is pressure dependent. The data 
4(a)—(d) imply that 


not. discrepancy cannot be 
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The values of the constants are shown in Table I, only 
b and ¢ depend upon the surface. 


TaB_e I. The coefficients a, b, c, in the expression y=a/(bp+< 
describing the pressure-dependence of the catalytic efficiency of 
different surfaces toward atomic nitrogen. 
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DIFFUSION OF 
DISCUSSION 


1. The Catalytic Efficiency for Atomic Nitrogen 


The only previous measurement of the absolute 
catalytic efficiency for atomic nitrogen of a surface 
used in the present study is that of Lord Rayleigh.’ 
He found y= 2X10~* at 3 mm Hg pressure for a copper 
oxide surface, which is to be compared with the present 
measurement of 8X 10~*. Willey* measured the catalytic 
efficiency of several metals relative to that of copper 
(probably copper oxide) at 10 mm Hg and found for a 
silver surface a ratio of 0.26 or 0.79, depending upor 
the state of the <opper surface. Our measured relative 
catalytic efficiency for these two surfaces is 0.65. When 
both the probable variability in surface characteristics 
and the low precision of the early measurements are 
considered, these comparisons are quite satisfactory. 

Schechter’ has investigated the recombination of 
nitrogen atoms on platinum and nickel at high tempera- 
tures. The measurements are not in a form from which 
a catalytic efficiency may be obtained. Willey* considers 
that the surface atoms are chemically bound as nitrides 
of the surface metal and that the catalytic efficiency is 
determined by the stability of these nitrides—implying 
that low stability leads to high catalytic efficiency. 

The pressure dependence observed in the present 
experiments of the (probably) metal oxide surfaces 
suggests the formation of a protective molecular 
nitrogen layer over a saturated atomic layer. An inverse 
pressure dependence of y, which would approximate 
that observed at high pressures, would be expected 
either from a Langmuir treatment of molecular sorption 
combined with the assumption that y < (1—8@), where @ 
is the fractional surface coverage, or from reaction rate 
theory as emphasized by Shuler and Laidler.”” Alter- 
natively, one may assume that the catalytic action of 
the surface arises from the production of a nitrogen- 
containing compound requiring the presence of mo- 
lecular nitrogen at the surface. 


2. The Diffusion Coefficient of Atomic Nitrogen 


Though at first glance it appears that Eq. (1) satis- 
factorily describes the data, the equation is incomplete 
in that no account is taken of the possible production 
of reactants at the catalytic surface. 

As a schematic approach to the problems that may 
arise if the catalytic surface generates a reactive species, 
consider the following situation: (a) Nitrogen atoms 
diffuse to the catalytic surface and are thus lost from 
the volume V at a rate that has previously been calcu- 
lated! (b) A second reactive component X is formed 
at the surface and reacts with N at the rate e€LN JX ]. 
However, because of the value of «, and the very low 

7 Lord Rayleigh, Proc. Roy. Soc. (London) A88, 302 (1913). 

8E. J. B. Willey, J. Chem. Soc. 1927, 2188. 

9 A, Schechter, Acta Physicochim. U.R.S.S. 10, 379 (1939). 


1K. E. Shuler and K. J. Laidler, J. Chem. Phys. 151, 1212 
(1949). 
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concentrations of reactants present, negligible reaction 
occurs as the species X diffuses out of the tube into the 
volume V (c) X is lost only through the reaction 
considered in (b). Then 


d(N Vdt=—kN]—{NILX] 
dX /dt=ak[N]—{N LX], (5) 


where a represents the fraction of nitrogen atoms lost 
at the catalytic surface that produce the component X. 
Subtracting the above equations, utilizing the experi- 
mental fact that [NV] decays exponentially, [N]= 
[No] exp(— Kt), and performing the necessary integra- 
tion gives 


[X ]=ak € (0) 
K=k(1+a). (7) 


Thus the component X has a fixed concentration at 
equilibrium and the observed experimental decay rate 
may differ by the factor (1+) from that corresponding 
to r | of Eq. (1). Note that the surface can act only as 
a source or sink for the reactants and that only under 
these conditions would the observed variation of 7 be 
linear with L. We have been discussing an example of 
the former; Eq. (1) was derived by considering only 
the latter. 

By its nature a cannot be larger than one, or smaller 
than zero. The latter case has, of course, been discussed. 
When a=1, the diffusion coefficient obtained from the 
slope of r vs L curves for the first positive bands will be 
half that previously obtained with a=0, i.e., D=280p7! 
cm* sec. The catalytic efficiencies of the surfaces for 
atomic nitrogen removal will also be half their former 
value. This will not materially alter the remarks of the 
previous section. 

Reactions between counterflowing reactants in the 
diffusion tube have not been considered. Such reactions 
would be expected to distort the linear gradients in the 
diffusion tube resulting in a nonlinear dependence of + 
on L. A volume reaction which would not destroy the 
linear gradient would still contribute a term propor- 
tional to L~ in the expression for 7. The linearity of 
our selected experimental curves indicates that this 
complication is not present. However, reaction within 
the diffusion tube may be one of the causes for the 
curvature of some of the rejected data. 

Computation of the interaction cross sections is one 
means of comparing the diffusion coefficient of atomic 
nitrogen, oxygen, and hydrogen. Because of the limited 
accuracy of the present measurements, the hard-sphere 
interaction potential will be used. The diffusion coeffi- 
cient is given by " 


_ 2(T*(Mi+M2) 


por? 


2M,M_,}} cm? 


’ 
sec 
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(8) 


J. Hirschfelder, C. Curtiss, and B. Bird, Molecular Theory of 
Gases and Liquids (John Wiley & Sons, Inc., New York, 1954). 
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TABLE II. Collision diameters assuming a ridged-sphere potential. 











Collision diameters (in angstroms) 


Molecule-molecule 
Experimental 


Atom-molecule 
Calculated Experimental 


Atom-atom 


Collision partners Calculated Experimental 





0.664 


Acad. Sci. 67, 451 
tt J. Chem. Phys. 30, 129 


Acad. Sci. 67, 451 (1957). 


ilated using t 0 
ilated using the pot 


1960) by the method of 


where 7 is the absolute temperature, M; and M, are 
molecular weights, ow. is the collision diameter in 
angstroms, which is the average diameter of the 
collision partners, i. e., o2=3(o1+02), and p is the 
pressure in mm Hg. Table II shows the results of such 
calculations. 

Despite the failings of the hard-sphere model, 
particularly when strong attractive valence forces are 
present, some useful deductions may be made from 
Table Il. One would expect a smaller difference in ¢ 
between O and N than between O and H. The inference 
is that a=1. It must be remembered that these cross 
sections (or collision diameters) refer to nonreactive 
collisions. 

On the the 
collision diameters made using a method suggested by 


basis of estimates of atom-molecule 
Hirschfelder and Eliason,” the experimental collision 
diameters for both nitrogen and oxygen are too small. 
This estimate may be made either from o=3R,+1.8 A 
where R, is the equilibrium internuclear separation of 
the atoms in the diatomic molecule or from the po- 
tential for the N—Ne interaction. If the potential found 
by Vanderslice et al.!* is used one obtains ¢y_y2=3.32 
A, while the 
separation give 3.26 A. These differ from the experi- 


estimates from internuclear diatomic 


mental value of 2.94 A. Part of this discrepancy is due 


2 J. Hirschfelder and M. Eliason, Ann. N. Y. Acad. Sci. 67, 451 
(1957). 

13 J. Vanderslice, E. Mason, and E. Lippincott, J. Chem. Phys. 
30, 129 (1959). 


Liquids (John Wiley & Sons, In 


2.07 


3.488 


2.49¢ /1¢ 


, New York, 1954), p. 545, Table 8, 3-1. 


ed by J. Hi and M 


ifelder 


(1957) 


Eliason, Ann. N. Y. Acad. Sci. 67, 451 (1957 


(1959) and J. Vanderslice, E. Mason, and W. Maisch, 


to the different interaction potentials used in com- 
puting on—n,, and part is due to the somewhat arbi- 
trary definition of this quantity when the hard-sphere 
potential is not used. 


3. The CN Bands 


One cannot, within the framework of the present 
theory, rationalize the fact that the 7 vs L curves for 
the CN bands have the same slope but different inter- 
cepts from the first positive bands. Thus Eq. (1) can 
be generalized to the case of two interacting labile 
species.' However, to obtain 7 vs L curves of the same 
slope as when only one component is present, one must 
also have the same intercept. Neither can one assume 
that a situation similar to that discussed in the preced- 
ing section is occurring: if the light intensity is propor- 
tional to [N |LX ] where X is created on the catalytic 
surface, the 7 vs L curves for this radiation should reflect 
those of the first positive bands. 

The magnitude of the intercept of the CN band 
curves indicates that the reaction involves a decaying 
species other than atomic nitrogen. If one assumes this 
second species to have a decay time independent of L, 
then the over-all decay time will havea term proportional 
to L’, and even if this should be relatively unimportant, 
both the remaining terms, one proportional to L and 
one independent of L, differ from the corresponding 
terms in Eq. (1) by the same factor. 

One may approach the problem differently by 
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attempting to determine the most probable excitation 
mechanism for the CN bands in the present experi- 
ments. Hydrogen cyanide is probably the original 
carbon compound injected into the volume, because it 
is the major product of atomic nitrogen reactions with 
stopcock greases.'* Further reactions of atomic nitrogen 
with HCN may produce light emission by the process” 


N+HCN—(N-HCN] I 
N+[N-HCN}>N.+CN*+H. II 


The relative importance of reactions I and II compar- 
ed with others involving C2Ne (which are the next alter- 
natives) will depend upon the residual hydrogen con- 


44 C, Haggart and C. A. Winkler, Can. J. Chem. 38, 329 (1960). 
1H. Evans, G. Freeman, and C. Winkler, Can. J. Chem. 34, 
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centration because of the reactions! :!6 
C.No+H—-HCN+CN Il 
CN+H:-HCN+H. IV 


Since one generally obtains at least one hydrogen atom 
for each carbon atom liberated through atomic nitrogen 
reactions with stopcock grease, reactions III and IV 
will ultimately convert C2N2 to HCN, and reactions 
I and II will then be more important in the present 
system than reactions with C:N2. Even the assumption 
that the CN bands are excited by reactions I and II 
does not, however, clarify the experimental results. 

16 From the measurements of Haggart and Winkler” one would 
expect a negligible concentration of CN radicals because of their 
rapid reaction with the metaphosphoric acid coated walls (for 
which they measure a catalytic efficiency of 0.1). However, their 
walls, having been exposed to a very different environment from 


those in the present experiments, may have a different character. 
7 C, Haggart and C. 


A. Winkler, Can. J. Chem. 37, 1791 
1271 (1956). (1959). 
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Infrared Spectra and Potential Constants of Some Monohaloacetylenes* { { 


G. R. Hunt anp M. Kent WILson 
Department of Chemistry, Tufts University, Medford 55, Massachusetts 
(Received October 13, 1960) 
The infrared spectra of gaseous HC==CF, HC=CCl, and HC=CBr and their deutero-compounds have 
been obtained under prism dispersion between 250 and 3500 cm™'. All five fundamental vibrations have 


been identified for each of the hydrogen compounds and all but the lower bending mode for each of the 
deuterated compounds. Potential constants and vibrational amplitudes have been calculated. 


INTRODUCTION 


HE infrared spectra of HC=CCl and DC=CCl 
have been previously examined by Richardson and 
Goldstein.! These authors were able to identify four of 
the five fundamental frequencies of each molecule and 
to calculate the stretching force constants using a 
simple valence force field. A spectrum of one sample of 
monofluoroacetylene was given by Middleton and 
Sharkey,? but no spectrum of monobromoacetylene 
was found in the literature. 
The molecular dimensions have been determined by 


* Contribution No. 269 from the Department of Chemistry, 
Tufts University, Medford, Massachusetts. 

+ This work is part of a program supported by the National 
Science Foundation. 

t Presented, in part, at the Ohio State Symposium on Molecu- 
lar Structure and Molecular Spectroscopy, Columbus, Ohio, 
June 13-17, 1960. 

1W. S. Richardson and J. H. Goldstein, J. Chem. Phys. 18, 
1314 (1950). 


2W. J. Middleton and W. H. Sharkey, J. Am. Chem. Soc. 81, 
803 (1959). , 


electron diffraction for HC=CBr,’ by microwave 
spectroscopy for HC==CF,‘ and by both techniques 
for HC=CC1.** All three molecules have the expected 
linear configuration. 


EXPERIMENTAL 


Monofluoroacetylene was prepared by passing mono- 
fluoromaleic anhydride through a silica-packed column 
at 650°C.2 Decomposition of the mercury (II) salt of 
1,2-dichloroethylene with aqueous KOH and KCN® 
yielded monochloroacetylene, while monobromoacetyl- 
ene was obtained directly from 1,2-dibromoethylene 
with aqueous KOH and KCN.® Each compound was 
collected in a trap cooled with liquid nitrogen and 


3 L. O. Brockway and I. E. Coop, Trans. Faraday Soc. 34, 1429 
(1938). 

* J. Sheridan (private communication, 1960). 

5 A. A. Westenberg, J. H. Goldstein, and E. B. 
Chem. Phys. 17, 1319 (1949). 

6. A. Bashford, H. J. Emeleus, and H.V. A. Briscoe, J. Chem. 
Soc. 1938, 1358. 
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Infrared spectra of monofluoroacetylene, monochloroacetylene, and monobromoacetylene. The solid curves are for the hydro- 


gen compounds while the dashed curves are for the deuterated species. 


purified by repeated bulb-to-bulb distillation until no 
absorption bands due to impurities could be observed. 

The deutero-derivatives of these three compounds 
were prepared by repeatedly passing the gases through 
weakly alkaline D.O and then purified by bulb-to-bulb 
distillation. About 70% deuteration was easily effected. 
As liquid monofluoroacetylene is liable to spontaneous 
decomposition? and the chloro- and bromo- com- 
pounds react violently with even slight traces of 
oxygen, no attempt was made to obtain higher enrich- 
ment. Because of the simple spectra of the acetylenes, 
the requisite information was readily obtained from 
these isotopically impure samples. 

The infrared spectra were recorded with Perkin- 
Elmer model 21 spectrophotometers equipped with 
CaF., NaCl, and CsBr prisms. The spectra were re- 
corded in absorption cells 10 cm in length with CsBr 
or KBr windows at gas pressures from 1 to 15 cm Hg. 

The spectra obtained, replotted on a linear frequency 
scale, are reproduced in Fig. 1 and the band centers 


and band assignments for the fundamentals are listed 
in Table I. The spectra of the chloro-compounds are 
in essential agreement with those of Richardson and 
Goldstein.! 


ASSIGNMENT 


A linear molecular consisting of four atoms has 
seven vibrational degrees of freedom: three nonde- 
generate stretching modes (ot) and two doubly de- 
generate bending modes (7). All five fundamental 
frequencies are infrared and Raman active. The 
assignment of fundamentals is greatly aided by having 
the series of both heavy, and light compounds. 

The carbon-hydrogen stretching frequencies, v:(o*), 
occur near 3300 cm™, and move down to about 2600 
in the deutero-compounds, while the C==C stretching 
vibration, vo(ot), is found within 150 cm™! of 2100 
cm for all compounds, as expected. The absorption 
bands near 1050, 750, and 600 cm™~ are assigned as 


the carbon-halogen stretching frequency »;(o+) in 


TABLE I. Observed fundamental frequencies (cm™). 


Mode of vibration HC=CF DC=CF 


HC=CCl DC=CCl HC==CBr DC=CBr 





CH stretch 
CC stretch 
C—halogen stretch 


2645 
2065 
1048 


*H_ bend 


halogen benc 


439 
~364 


CC 
Cf 


2612 
1980 


3340 
2110 


756 


2600 
1950 
606 


604 
326 


480 
~283 
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the fluoro-, chloro-, and bromo- compounds, respec- 
tively. The frequency shift on deuteration for these 
compounds is small, and further assistance in making 
these assignments is provided by comparison with the 
corresponding vibration in the methyl halides, where 
they occur at 1048,’ 732,8 and 611 cm™!,® and also 
with the halocyanides, where they appear at 1077, 
729, and 580 cm7!.!! 

The carbon-hydrogen bending frequency, v(7), is 
observed at 578, 604, and 618 cm™! for the fluoro-, 
chloro-, and bromo- compounds, respectively. Upon 
deuteration this band decreases by about 130 cm™ in 
each compound. Such an assignment places the carbon- 
hydrogen bending vibration and the carbon-bromine 
stretching vibration coincident in monobromoacetylene. 
No other bands are observed in this region and the 
assignment given fits into the consistent pattern for 
the series. It may also be mentioned that in monoiodo- 
acetylene the C—H bending mode is observed at ~ 630 
cm and the C—I stretching frequency is found at 
~ 600 cm-!.4 

Finally the carbon-carbon-halogen bending frequen- 
cies, vs(a), are assigned as the lowest frequency bands 
in the spectra. They are found at 367, 326, and 295 
cm”! for the hydrogen compounds, listed in the usual 
order. The centers of the corresponding bands in the 
deutero-compounds are not easily located as the bands 
are weak and in the heavier compounds lie near the 
limit of the instrument. Thus, the values of v;(a) for 
the chloro- and bromo- compounds, listed in Table I, 
are those obtained by application of the product rule.” 
The calculated and observed values of the product 
rule for the o+ vibrations, as well as the calculated 
values for the w vibrations, are listed in Table II. 
Satisfactory agreement between theory and _ experi- 
ment is noted. 


£11 =a +H 

S3* “tata 

829 = 2uc 

833 =o +x 

gua=pc{ (1/2) + [1/ (ri tre)? ] + [2/ (n?-+-nre) | + (1/n?) } + (un/ni?) 
{ (2/ra?) + (1/rire) + (1/rers) | 


gss= pc { (1/13?) + [1/ (rot+rs)?] + [2/ (132+ 9rers) | + (1/re?) | + (ux/rs*) 


7W. H. Bennett and C. F. Meyer, Phys. Rev. 32, 888 (1928). 
’E. F. Barker and E. K. Plyer, J. Chem. Phys. 3, 367 (1935). 
9H. D. Noether, J. Chem. Phys. 10, 664 (1942). 


1 —. E. Aynsley, R. E. Dodd, and R. Little, Proc. Chem. Soc. (I 
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TABLE II. Redlich-Teller product rule. 


HC=CBr, 
DC=CBr 
Cale Obs 


HC=CF, 
DF=CF 


HC=CCl, 
DC=CCl 


Mode Cale Obs Calc Obs 


1.394 1.402 


Stretches* 1.398 1.388 1.407 1.394 


Bends? B20 sss Baga 


ows" = (miM ‘mM;)?. 
(m:MI/mMiI;)?. 


® For stretching modes: wiwews/wi'we 


b For bending modes: waws/ws'ws' = 


POTENTIAL CONSTANTS 


The potential constants were calculated by the 
F-G matrix method." The initial 5X5 matrix is fac- 
torized by symmetry into a 3X3 (c+) matrix and a 
2X2 (wx) matrix. The G elements are listed in Table 
III; those for the bending modes were obtained by 
the method of Ferigle and Meister." The potential 
constants for the stretching modes were obtained by 
setting all off-diagonal terms in the F matrix equal to 
to zero and combining the three frequencies of both 
the heavy and light compounds. The latter procedure 
is valid only if zero-order frequencies are available. In 
the absence of such data for the haloacetylenes, an- 
harmonicity corrections were estimated by considering 
the anharmonicity constants quoted for acetylene and 
acetylene-d2 by Allen, Blaine, Plyer, and Tidwell. .® 
These corrections were made in such a way that the 
Redlich-Teller product rule was exactly obeyed, and 
involved increases of about 30 cm™ for the C—H 
stretch, about 15 cm™ for the C—D stretch, 10 cm™ 
for the C=C stretch, and very small corrections, if 
any, for the C—halogen stretching frequency. 

No adjustment was made for anharmonicity in the 


TABLE III. G-matrix elements. 


,ondon) 1959, 265. 


1 W. G. Penney and G. B. B. M. Sutherland, Proc. Roy. Soc. (London) A156, 654 (1936). 


2G. Herzberg, Infrared and Raman Spectra of Polyatomic Molecules (D. Van Nostrand Company, Inc., 


Jersey, 1945), p. 231. 
18 &, B. Wilson, Jr., J. Chem. Phys. 9, 76 (1941). 


Princeton, New 


4S, M. Ferigle and A. G. Meister, J. Chem. Phys. 19, 982 (1951). 
6 H.C. Allen, E. K. Blaine, and L. R. Plyler, J. Research Natl. Bur. Standards 56, 279 (1956). 
16 H.C, Allen, E. D. Tidwell,and E. K. Plyler, J. Research Natl. Bur. Standards 57,213(1956). 
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TABLE IV. Adjusted frequencies for stretching modes (cm™). 


DC=CCl HC==CBr 


2660 26015 


2075 1958 


1048 606 


PABLE V. Force constants. 


Stretching X 10° d/cm Bending X 10™"! d/cm/rad 


halogen ‘=C—H ‘==C—halogen 


0.159 


0.173 





Alb units x10> dynes /cm 
Ail units x 105 dynes/cm Z 


Af 2 Fezc 





t 
! 
TERACTION CONSTANT —> 








All units x10"''dyne cm/rad.  ~ 
06 oo 
Af fexc-n _- 
Pa “ai sea 
Pe O05 Pr C= an 
Ce O05 0975 





. ! if | 
. =, 
: TERACTION CONSTANT 
p= -00§ = 
™* 


vag, 
\ a 
\ = 





N 
> 




















Fic. 2. The effect of the interaction terms on the principal force constants. (a) Interaction between the C-halogen and C=C stretch- 
ing modes, (b) interaction between the C—H and C=C stretching modes, and (c) interaction between the C=C-halogen and C==C—H 
bending modes. 
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bending frequencies as the lower frequencies in the 
deuterium compounds were calculated with the aid of 
the product rule. The numerical values of the adjusted 
stretching vibrational frequencies actually used in the 
calculation are listed in Table IV, and the potential 
constants obtained are listed in Table V. In the ab- 
sence of correct values for the anharmonicity con- 
stants or Coriolis coupling constants, no attempt was 
made to obtain definite values for the off-diagonal 
terms in the F matrix. However, in order to gain some 
indication of the effect on the principal force constants 
of neglecting these off-diagonal terms, the diagonal 
terms were calculated by including a range of values 
separately for each of the interaction constants. The 
extent of coupling between the C—H and C=C, and 
between the C==C and C—halogen valence vibrations 
were investigated separately; the matrix element 
linking the C—H and C—halogen stretching vibra- 
tions was kept equal to zero at all times. Results of 
these calculations for the o* vibrations, as well as those 
for a similar calculation for the coupling between the 
two bending vibrations, are shown graphically in Fig. 2. 
Here the values of the interaction constant are plotted 
horizontally, while the difference between the value of 
the principal force constant computed with zero inter- 
action and computed with the given value of the 
interaction constant, designated as Af, is plotted 
vertically. Thus a positive value of Af indicates a de- 
crease in the principal force constant, while a negative 
Af value indicates an increase. 

Amplitudes of the various vibrational modes have 
been calculated using the adjusted frequencies and 
diagonal force constants. These amplitudes are illus- 
trated in Fig. 3. The amplitudes of stretching modes 
are magnified 10 times relative to the internuclear 
distances. The amplitudes of the hydrogen bending 
modes are magnified 50 times and the other bending 
modes are enlarged 100 times relative to the inter- 
nuclear distances. 


DISCUSSION 


Table VI is a compilation of carbon-carbon, carbon- 
nitrogen, and carbon-halogen bond distances, and 
diagonal F-matrix elements for the haloacetylenes and 
several related molecules. Since the values quoted are 
for the F-matrix elements, which have different forms 
for vibrations of different symmetry, rather than for 
the individual bond stretching constants, f;, it is diffi- 
cult to make any direct comparison of these values. If 
it is assumed, however, that the interaction terms are 
small relative to the principal force constants, then 
such comparisons may be useful. 

The C—halogen stretching force constants for the 
monohaloacetylenes are significantly larger than for 
the corresponding ethyl halides, but are essentially the 
same as those quoted for the cyanohalides. The C—halo- 
gen distances are very much shorter (about 10%) in 
the monohaloacetylenes than in the ethyl halides, but 


SPECTRA OF MONOHALOCETYLENES 




















Fic. 3. Vibrational amplitudes. The amplitudes of the stretch- 
ing modes are amplified 10 times relative to the internuclear dis- 
tances. The amplitudes of the hydrogen bending modes are 


magnified 50 times and the other motions in the bending modes 
are amplified 100 times relative to the internuclear distances. 


a 


slightly longer than the corresponding bonds in the 
halocyanides. In the halocyanides the C==N bond is 
lengthened over its value in hydrogen cyanide, and the 
lengthening is greatest in the case of fluorocyanide and 
least in bromocyanide. Also, because the carbon- 
hydrogen bond is most shortened in fluorocyanide, 
considerable support is given to the view that a double- 
bonded hybrid N-==C=F* is contributing largely to 
the structure.!” This contention is substantiated by the 
nuclear quadrupole coupling constants for the cyano- 
halides.'8 

On the other hand, the monohaloacetylenes show no 
evidence that the C==C bond length is increased over 
the value for acetylene itself. In fact, except in the 
case of monochloroacetylene, where it appears there 
may be a very slight increase, the monohaloacetylenes 
exhibit a C==C distance which appears to be shorter 
than that in acetylene itself. A similar situation is en- 
countered in diacetylene'® and dicyanoacetylene,'® 
where the C—C bond distance is very much less than 
is ordinarily ascribed to a single bond, yet the C=C 
bond shows no lengthening over that normally associ- 
ated with a pure triple bond. Likewise, no lengthening 
of the central bond is observed in the dihaloacetylenes. 
However, Mulliken”® has shown that for double bonds 
involved in conjugation, the best calculations to date 
indicate that only a very small increase in length is to 
be expected. This increase is so small as to lie within 
the experimental uncertainty. It might be pointed out 
that the C=C stretching force constants in the mono- 
haloacetylenes are lower than in acetylene, but only 


17 J. Sheridan ef al., Nature 185, 96 (1960). 

18 P, A. Casabella and P. J. Bray, J. Chem. Phys. 28, 1182 
(1958). 

19G. D. Craine and H. W. Thompson, Trans. Faraday Soc. 49, 
1273 (1953). 

2 R. S. Mulliken, Tetrahedron 6, 68 (1959). 
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Paste VI. Bond lengths (A) and stretching force constants (10° d/cm) of the monohaloacetylenes and related compounds. 


bromine 


X=hydrogen X 
H dist 


X—chlorine a 


fluorine 


Molecule Cl dist lee. Br dist. JIcBr 
.94 Mf 
891 M: 
.793 M® 4.35! 
.80 Er 4.0 

790 Me = 4.24 


CH;CH2—xX 107 E** 3.139 
CH.—CH—X 071 I*« 
CH,C=C—X 060 M** 
HC=C—X .O587 
N=C—X 0630 


777 Ms 
736 Mi 
637 M™ 
.632 Ma 
629 Me 


1.275 M: 
1.260 Ms 


COUNT ee 


C dist. hoe C dist. ioc 


* dist 


CH;CH2—X 
CH»—CH 
CH;C=C 
HC==C—X 
N=C—X 


So 


1.540 M 
X : 
X 
1.20 Mt 


sn 


1.205 [v9 
N dist 


C dist. 


=C dist. 1.203, C 


* 


etters refer to method of measurement: E, 


L 
t Refers to N 


=C dist. and IN=C. 


* A. Almenningen and O. Bastianson, Acta Chem 
> B. L. Crawford and S. R. Brinkley, J. Chem. Phys. 9, 69 (1941 
© J. Kraitchman and B. P. Dailey, J. Chem. Phys. 23, 184 (1955) 
“ W. G. Penney and G. B. B. M. Sutherland, Proc. Roy. Soc. (Londor 
© R. S. Wagner and B. P. Dailey, J. Chem. Phys. 23, 1355 (1955). 
'R. S. Wagner, N. Solimene, and B. P. Dailey, J. Chem. Phys. 23, 599 (1955 
* W.S. Galloway and E. F. Barker, J. Chem. Phys. 10, 88 (1942). 

Footnote 12, p. 184 
‘J. W. Sim ns, Phys. Rev 
c=. 4 
ae ee Py 
1A. G. Meister, J 


™ CC. Costair 


76, 689 (1949). 
Phys. 18, 1118 
Sherrard, and J 

Phys. 16, 950 (1948 

in, J. Chem. Phys. 23, 2037 (1955). 
® J. Sheridan and W. Gordy, J. Chem. Phys. 20, 735 (1952 
° J. Overend and H. W. Thompson, Proc. Roy. So 


well, J. Chem (1950). 


ymmpson, E. I. Sheridan, Trans. Faraday Soc. 51, 


Chem 


(London 
P J. Sheridan (private communication 
a A. A. Westenberg, J. H 
‘zr. oO 


Goldstein, and E. B. Wilson, J 
Faraday Soc. 34, 


Chem. Phys. 17, 

Brockway and I. E. Coop, Trans 1429 (1938 
ridan ef al., Nature 185, 96 

J. Orville Thomas, J. Chem. Phys. 20, 920 (1952 

H. Townes, A. N. Holden, and F. R. Merritt, Phys. I 

D. Craine 1 H. Thompson, ins Faraday Soc. 49, 1273 


1960 


significantly so for fluoroacetylene. From a considera- 
tion of the force constants alone, then, it 
that the halogen bond 

double-bond character, and if so, this is greatest in the 


may be 


argued carbon has some 
case of monofluoroacetylene, as one might expect. 
However, until more information concerning the an- 
harmonicity constants, Coriolis coupling constants, 
and quadrupole coupling constants for the monohalo- 
acetylenes is available, we do not feel that a quanti- 
tative estimate of the double-bond character can be 
made. We do 


C—halogen 


feel, however, that since stretching the 
bond the 
interaction 


would favor single bonded 
C—halogen structure, the 
tween the C==C stretch and C—halogen stretch should 


be positive and probably largest for fluoroacetylene. If 


constant be 


such is the case, then the figures quoted in Table V for 
the 
values for the C==C 


zero minimum 


maximum 


interaction constant represent 


force constants and 


1.165 Mf 


A156, 65 


A234, 306 (1956 
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.5508 Mf 4.50 
34 M? 
.207 M® 
.20 EF 
158 Mt" 


5508 Me = 4.50» 
34 Mi 

2069 M™ 15.799! 
211 M2 15.8 
163 Mt" 16 


15.799! 
15.7 
16.9t4 


1.157 Mv 


electron diffraction; I, infrared; M, microwave. 


4 (1936). 


19 (1955 


(1949 


values for the C—halogen constants. Figure 2(b) indi- 
cates that there is no strong coupling between C==C 
and C—H stretching motions, as expected, and Fig. 
2(c) indicates the same situation for the coupling be- 
tween the bending modes. 

We do not feel that the differences between the 
C—H._ stretching force constants in the monohalo- 
acetvlenes quoted in Tables V and VI are significant. 
The values are in the region usually associated with an 
acetylene system. 


ACKNOWLEDGMENTS 


The authors wish to thank Professor Paul Doty for 
the use of a Perkin-Elmer model 21 spectrophotometer 
equipped with CaF», optics, Dr. W. H. Sharkey for the 
gift of a sample of monofluoromaleic anhydride, and 
Dr. J. Sheridan for communicating to us preliminary 
results on HC==CI and DC=CI. 





THE JOURNAL OF CHEMICAL PHYSICS 


VOLUME 34, NUMBER 4 APRIL, 1961 


An Extended Hole Theory of Liquids 


GEORGE E. BLOMGREN 


Parma Research Laboratory, Union Carbide Cor poration, Parma, Ohio 


(Received October 28, 1960) 


The hole theory of liquids has been extended to include the effect of all configurations of particles and holes 
on the partition function. The potential energy of a particle in a cell surrounded by a given number of 
particles and holes is approximated by a Lennard-Jones and Devonshire-type function appropriate to the 
given number of neighbors. The partition function is derived on the basis of the model and an expansion 
procedure is used to simplify the problem of the summation over all configurations of particles and holes. 
The equation of state is obtained from the partition function and expressed in terms of a reduced volume 
and temperature, a cell size parameter and known physical constants. Possible extensions of the present 


theory are discussed. 


I. INTRODUCTION 


ie the past decade a considerable amount of work 
has been done on lattice theories of the liquid state. 
Most of this work has been based on, or given impetus 
by, the treatment of Kirkwood! in 1950 which showed 
the relationship of the Lennard-Jones and Devonshire? 
(L-JD) free volume theory of liquids to statistical 
mechanics in terms of well defined approximations. 
The L-JD theory is based on a model of the liquid 
in which a regular lattice structure of cells, each 
containing one molecule, is assumed. Thus, the number 
of cells is the same as the number of molecules. Further 
developments’ proceeding from Kirkwood’s analysis 
have considered the effect of configurations allowing 
multiple occupation of cells, keeping the number of 
cells fixed. 

Another approach to the theory of liquids relaxed the 
free-volume theory restriction of the number of cells 
equal to the number of molecules, but maintained the 
restriction of single occupancy as a maximum. Thus, 
this model, introduced by Eyring in 1936, pictures the 
liquid state as an equilibrium mixture of singly occupied 
cells and unoccupied cells or “holes” in a regular lattice 
structure. As has been shown by Hill,’ this model is 
capable of giving an exact theory of the liquid state 
which is independent of the particular lattice geometry 
chosen, if no approximations are introduced, as long as 
the cell size is small enough to make multiple occupation 
unlikely. Unfortunately, it is not possible to solve the 
problem exactly, due to the difficulties presented by 
many body interactions and a dependence of any hole 
theory on the lattice geometry, as well as the cell size, 
is to be expected. 

The hole theory of liquids has been developed 
historically in much the same way as the free-volume 
theory. On the basis of the model, several approxima- 
tions to the partition function were intuitively des 


1 J. G. Kirkwood, J. Chem. Phys. 18, 380 (1950). 
* J. E. Lennard-Jones and A. F. Devonshire, Proc. Roy. Soc. 
(London) A163, 53 (1937). 

3T. L. Hill, Statistical Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1956), Chap. 8. 

‘H. Eyring, J. Chem. Phys. 4, 283 (1936). 


rived.*-* Then a derivation of the partition function, 
which was based largely on the solution theory of Sals- 
burg and Kirkwood? and which defined the approxima- 
tions inherent in the intuitive developments, was made 
by Hill.* This derivation and subsequent discussion 
brings into sharp focus one of the essential problems 
of any lattice-theory approach to the theory of liquids, 
which is to satisfy the requirement for fluid states that 
the singlet density or probability of finding a particle 
at any point within the liquid boundaries be inde- 
pendent of the position of the point. In the free-volume 
theory this requirement can be satisfied only if multi- 
ple occupation of cells is taken into account and a con- 
stant density restraint imposed. In the hole theory 
proceeding from the Hill derivation a constant density 
restraint poses some difficult problems in the theo- 
retical development. In the theory developed in this 
paper, no provision is made for the constant density 
condition and as a result the model resembles a solid 
somewhat more than a liquid, as do all other current 
lattice theories. A discussion will be presented, however, 
showing the direction in which the present theory 
might be extended to improve the cell density situa- 
tion. 

It should be mentioned that another hole theory has 
been developed by Mayer and co-workers'’"" based on a 
derivation from the grand canonical ensemble. This 
treatment, however, includes approximations different 
from those in the present work, as pointed out by Hill,® 
and will not be discussed further. 

It should also be mentioned that all the work dis- 
cussed in this paper is based on classical statistical 
mechanics. 

5 F. Cernuschi and H. Eyring, J. Chem. Phys. 7, 547 (1939). 

6S. Ono, “Memoirs of the Faculty of Engineering,” Kyushu 
Univ. 10, 190 (1947). 

7H. M. Peek and T. L. Hill, J. Chem. Phys. 18, 1252 (1950). 

8 J. S. Rowlinson and C. F. Curtiss, J. Chem. Phys. 19, 1519 
(1951). 
| — Salsburg and J. G. Kirkwood, J. Chem. Phys. 20, 1538 

: 7 E. Mayer and G. Careri, J. Chem. Phys. 20, 1001 (1952). 


1H. B. Levine, J. E. Mayer, and H. Aroeste, J. Chem. Phys. 
26, 201, 207 (1957). 
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II. EARLIER HOLE THEORIES 


In this discussion of the earlier hole theories,5~* the 
model consists of a face-centered cubic lattice of L 
spherical cells containing V molecules, subject to the 
conditions L>N, single maximum occupancy and 
intermolecular interactions limited to nearest neigh- 
bors. 

Following Hill’ one can derive an approximate con- 
figurational partition function from statistical me- 
chanics given by 


[sN—Nan(1) JE(O)) 


f 1) 
2kT } 


. 


A >. exp — 
where / represents a particular configuration of NV 
molecules in L cells and the summation of / is over all 
distinct configurations which differ by more than an 
interchange of the identical molecules; z is the first 
coordination number which is 12 for a face-centered 
cubic lattice; V4z(/) is the number of nearest-neighbor 
pairs with one cell occupied and the other vacant, which 
depends on the particular configuration, /; E(0) is the 
pair potential energy of a molecule at the center of its 
cell and a nearest neighbor which lies with equal proba- 
bility at any position on a sphere of radius equal to the 
lattice spacing constant; v; is the L— JD “free volume” 
integral for a molecule surrounded by 7 neighbors 
averaged over the sphere; V;(/) is the number of 
molecules which have 7 neighbors in the configuration 1. 
To complete the above definitions, the following ex- 
pressions are given, 


(2) 
where 


J = Veei1/ Vo, Vo Vos) = a ‘ (3) 


and ¢ and 7p are the energy and distance characteristics 
of the Lennard-Jones intermolecular potential 
E(r) (4) 


def (ro/r) 2—(19/r) 8}, 


where r is the distance between two spherical mole- 
cule S 
Further, 


v;= 2rvV2ro'gg: 


fy exp{ — (i/r) [q-*1 (y) —2q-*m(y) ]} dy, 


ae 
(1-F:12y--25.2y°--12y--y*) (l—y)-*=—1 (8) 


m(y)=(1+y) (1—-y) 7-1 9) 


(tarv2)'=0.30544 (10) 


tT=kT/e (11) 


and r is now the distance of the molecule from the 


center of its cell. The total number of distinct con- 
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figurations is given by 


g(L, N)=LIV/N\(L—N)!. (12) 


The total partition function is given by the product of 
Eq. (1) and the factor (2rmkT/h*)*‘'*?, which repre- 
sents the kinetic-energy part of the partition function. 

The above notation corresponds closely to that of 
the work cited in footnote 8. Rowlinson and Curtiss® 
have given a careful analysis of the approximations 
made in their own and earlier theories’? in the further 
development of Eq. (1). They point out that all of 
these theories make the approximation that the de- 
pendence of the “free volume’ integral 2; on the 
number of neighbors can be expressed by a linear rela- 
tion of the form 


Inv;= (s—1) A+7B. (13) 


Thus the only essential difference between these four 
theories lies in the choice of the constants A and B. 
That any relation of the form of Eq. (13) is poor can 
be seen from Fig. 1 of the work cited in footnote 8. 
The reason that the approximation is made is that when 
Eq. (13) is substituted into Eq. (1), Eq. (1) becomes 
of the same form as the initial equation of the ‘‘quasi- 
chemical” approximation of Guggenheim and Bethe.” 
Thus, the difficult problem of performing the summation 
over all configurations can be handled by well-known 
methods to the accuracy inherent in this approximation. 

That the error involved in the linear assumption of 
Eq. (13) can be avoided and the statistical problem of 
summing over configurations can be handled for the 
more general problem by a technique of the same 
general accuracy as the “quasi-chemical” approach is 
shown in the next section. 


Ill. THE EXTENDED HOLE THEORY 
A. General Treatment 


The total number of neighbors of particles for any 
configuration is given simply by 


zN= Nap(l) +2Naa(l), (14) 


where N44(l) is the number of nearest-neighbor pairs 
of cells, both occupied. The quantity 2V44(/) for the 
configuration is also given by 


2Naa(l) = DciN (1) =2N—Naa((). (15) 


Therefore, substituting Eq. (15) for zV—N,g(l) into 
Eq. (1), the result is obtained 


Zz 


ou Seep ian OA, 
l 


i=0 


(16) 
where 
\i= —i(E(0) /2kT) +1nv;. (17) 


2R. H. Fowler and E. A. Guggenheim, Statistical Thermo- 
dynamics (Cambridge University Press, New York, 1939). 
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If the different configurations / were to occur with 
equal probability, Eq. (16) would reduce to the Bragg- 
Williams approximation (see work cited in footnote 
12), which is 


Zaw. g( EB. N) exp{ ALN i}, 


1 


(18) 


where g(L, V) is defined by Eq. (12) and N; is the 
unweighted average value of the number of particles 
with 7 neighbors. Now, if Eq. (16) is divided by Eq. 
(18), 


Z/Zuw.=[1/g(N, L) ]>. exp{ d:(N (1) —N,) }. (19) 
l i 


Equation (19) is now in a form suitable to be handled 
by a technique similar to one developed by Kirkwood" 
for mixtures. Thus, if the departures of V (1) from the 
unweighted average value are not large for the majority 
of the configurations, the exponential in Eq. (19) can 
be expanded in a power series of the term in brackets 


exp{ A.(N.() —N,) }=14+ D.(N (1) —N,) 
+32>°rA(N (1) —N,) (Nj(D) —Nj) te°°. 
t.] 


Substituting Eq. (20) into Eq. (19), 
Z/Zuw.=([1/g(N, L)] > {1+..\.(N (1) —N,)} 
l i 


+4 >rA(N (1) —N) (Nj) —N)) Hee. (21) 
t,) 

Now the order of the summation over / and those over 

1, j, etc., can be interchanged and since A; is independ- 

ent of the configuration 1, the result is obtained, 


Z/Zpw.=14+3>raAj( (NN; )w—N Nj) +e°°, 


i,j 


(22) 


where (NV;iN;)y is the unweighted average value of 
N,(1)N;(1). The quantity of interest, however, is the 
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logarithm of the partition function from which the 
thermodynamic properties may be obtained. Thus, if 
logarithms of both sides of Eq. (22) are taken and the 
right hand side expanded, the result is, 


InZ= Ing(N, L) +r. ; 


+2 rv Ai( (NN; )w—-N Ni) +-**, (23) 


v2 


where the expression for InZg.w. obtained from Eq. 
(18) has been substituted into Eq. (23). In the present 
treatment, the approximation has only been carried out 
to square terms in the ’s. It has been shown, however," 
that there is a very close correspondence between the 
“quasi-chemical” approximation and the method of 
Kirkwood through cubic terms in the interaction energy 
(which plays a role similar to the \’s in the present 
theory) in regular solution theory and that for deter- 
mining the critical temperature of mixing, for example, 
the largest contribution from correction terms to the 
Bragg-Williams approximation comes from the square 
term with higher terms contributing successively 
smaller corrections (see Table 4.9, work cited in foot- 
note 14). 

The method of determining the statistical factors 
will now be discussed and the lengthy algebra involved 
will make apparent the reason for stopping with the 
quadratic term. 


B. The Terms N, 


The unweighted average value of the number of 
particles with 7 neighbors N can be found in the follow- 
ing way. First a configuration of a central particle with 
i neighbors and (z—i) holes at definite locations is 
specified, where z is 12. The probability of this con- 
figuration is given by the following, where V;, is the 
number of holes, equal to L—V, 


N[E(N—1)/(L—1) ][(N—2) /(L—2) ]+««[(N—i) /(L—i) JN /(L—i-1) }- > + [(Nn—11+42)/(L—12)], 


since the probability of a particle being at any particular site is given by the number of particles divided by the 
number of sites available. The number of ways in which the 7 particles and (12—7) holes can be rearranged to 
give distinct configurations which differ by more than an interchange of particles is given by the binomial co- 


efficient 
12 
( i ) 


Thus, the quantity NV’ ; is the product of these two terms, 


Ps 12 
Vi=n{ “YEW =1) /(L—1) ][(N—2) /L—2) ]+««[(N—i) /(L—i) J[N/(L—-i-1)] 
1 


++ ef (N,—11+i)/(L—12) ]. (24) 


13. J. G. Kirkwood, J. Chem. Phys. 6, 70 (1938) and J. Phys. Chem. 43, 97 (1939). 
ME. A. Guggenheim, Mixtures (Oxford University Press, New York, 1952), Chap. IV. 
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It is of interest to determine some sum rules for the quantities N ;. In particular, it can be shown that 


DUN =N (25) 


and 


> iN =12N[(N—1)/(L—1)]. (26) 


The first rule Eq. (25) follows from the definition of V’; and can also be found by summing the individual terms. 
The second rule Eq. (26) was found by summing the individual terms and can be shown to be equivalent to the 
corresponding summation in Kirkwood’s theory of mixtures,! which is defined as the first moment of the dis- 
tribution of type B particles around type A particles. In our case we are interested in the distribution of A par- 
ticles around A particles and a suitable change in the terms V ; must be made to show the correspondence. 


It should also be noted that the terms \; can be expanded to terms of order unity, all other terms of the order 
of Z— or smaller, to give 


, 12 
N= n “eaves L®) —1[i(i+1) ](NON,2-1/ LY) —3[ (11-1) (12-1) ](N Ny "-'/ L®) 


1 


+3012(13) ](NiN,-*/L") ++0(1/L2)}. (27) 





C. The Terms ((NiN;)—N.N)) 


To evaluate the terms ( (V;N; \ ay — NV iN ;) it is first 
necessary to discuss the terms (N ;N;)« separately. At 
first it may appear as if some difficulties might be 
encountered as there will be terms of the order of N? 
occurring in both (N;N;), and the N,N;. It will be 
shown, however, that the terms of order N? exactly 
cancel and only terms of order NV and smaller terms, 
which are of no concern in the present treatment, are 
left. 

The meaning of the term (NV;iN;)« is that the 
average value is to be obtained for the product of the 
number of particles with 7 neighbors and the number of 
particles with 7 neighbors. The probabilities can be 
computed for this case by considering the distributions 
of neighbors around two particles and including terms 
for one particle when 7 is equal to 7. This method 
can be discussed more clearly by the following. Let 
Xa(i) be defined as a quantity which has the value 
unity if a given particle a has i neighbors and zero 
otherwise. Then the number of particles with 7 neigh- 

O BASE PLANE © swe eee eee bors in the configuration / is given by 


@ iS" PLANE ABOVE BASE —— 18 NEIGHBORS OF | 


. 
N,(l)= > Xa,1(i). 


a=] 


© 2%° PLANE ABOVE BASE 


Fic. 1. Face-centered cubic lattice. (A) and (B): 1 and 2 are The average value of V; is then given by 
4th neighbors (7); 3 isa 1st m site common to 1 and 2; 4-8 are other 
4th m sites each having one common Ist with 1. (C), (D), and 
(E): 1 and 2 are 3rd n; 3 and 4are Ist m sites common to 1 and 
2; 5-9 other 3rd 1 sites each having two 1st m in common with 1. . ae: ; 
(F):1and 2 are 2nd n; 3-6 are Ist m sites common to 1 and2; Which is simply another way of expressing the deriva- 
7 and 8 are other 2nd m sites each having four Ist m in common tion of Eq. (24), where the average value is found 
with 1. (G): 1 and 2 are Ist m; 3-6 are Ist sites common to 1 f eres err fs i se : — 
and 2; 7-13 are other Ist sites each having four 1st » in common rom consideration of a given partic le, in this case 


with 1. particle 1. 


Ni=N (x1(1) ws (29) 
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Similarly, for a given configuration / the quantity Therefore, Eq. (31) can be written 


Ni(D)N;(l b = 
iia (WANs w= NBN (N—1) Gali)xe i) Yan (32) 
Ni) Ni) = DO xar(i)xa,(9). (30) 


a ,Bp=1 


where 6;; is zero if i~j and unity .f i=7. For the second 
term on the RHS of Eq. (32), two different situations 
In finding the average value (V,N;),, it is natural to may be distinguished. One in which the two particles 
separate the terms on the right-hand side (RHS) of wate remmineenioam; 5 e082; hares ne commiennes Rennes 
Eq. (30) into terms for which @ equals 8 and those for neighbors and one in which they have ee 
which @ does not equal 8. Thus, neighbors. In the first case, the probability may be 
computed by fixing particle 1 in the lattice and then 
(NN; w= N Gali)xa(7)) particle 2 at another lattice site such that 1 and 2 have 
ON ENG DN AMANO) AN J) ) no common neighbors. A factor 1—[N’/(L—1) ], 
where N’ is the number of positions with respect to 
particle 1 in which particle 2 has common neighbors 
with particle 1, must be introduced into the probability 
to take account of the reduction of possible locations for 
particle 2. Then 7 particles and (12—i) holes are 
placed around particle 1 and j particles and (12— ) 
holes are placed around particle 2. The number of 
distinct ways of placing the neighbors is given by a 
product of binomial coefficients, 


+N(N—1) (xi(t) x27) dw. (31) 


The first term on the RHS of Eq. (31) is evidently 
zero if 7 is not equal to j. If i equals j, the probability is 
simply that which was obtained for the average value 
Nj, since in any configuration / if the particle a has i 
neighbors the weight given by the first term is 


Xa,t(t)Xa,1(7) =1K1=1, 


(5) 

and if the particle does not have i neighbors, the iNGT 

es so that the average value of (V;N;) for this case is 
Xa,t(t) Xa,1(7) =OX0=0. given by 





ve n 12) (W—2) +++ (W=i—j—1) Noes (Ma 23+i-+/) 
ae ee eee Die 47) (L—2) (L—3)- “ra (33) 


By inspection of a face-centered cubic lattice, it can be seen that first-through fourth-neighbor positions with 
respect to a given particle have common neighbors with the first particle. Of these positions there are 12 first 
neighbors, 6 second neighbors, 24 third neighbors, and 12 fourth neighbors. The sum of these is 54 which is then 
the value of NV’ in the expression (33). The various common neighbor positions must now be treated separately. 

Reference to Figs. 1(A) and (B) shows that for a face-centered cubic lattice there are 12 fourth-neighbor posi- 
tions [three more lie below the base plane in Fig. 1(B)], each having one common nearest neighbor with the 
central particle. Different probabilities occur for a given i and 7 depending on whether the common neighbor 
site [site 3 in Fig. 1(A) and 1(B) ] is occupied or vacant. For example, if either 7 or 7 is 12, the probability is zero 
if site 3 is vacant and different from zero if occupied. Thus, there will be two terms in the expression for (NiN;)av 
for fourth-neighbor positions, one corresponding to site 3 vacant and one to site 3 occupied. The value will also be 
weighted by the factor 12/(L—1), which is the fraction of available sites which are fourth neighbors to the cen- 
tral particle. For this situation there are 23 nearest-neighbor sites which for given i and 7 may be occupied in two 
ways which give rise to different probabilities. The fourth-neighbor expression for (V ;V;)« then gives 


on ; u 11 11 Be ED) ; 
N(N— 2 i— 4 34 
vov—noia(z—Ie[(," \") eB Ber at (34) 


where it is understood that if either (‘—s) or (j—s) is less than zero or greater than 11, the term is zero. The 
value s=0 corresponds to site 3 vacant and s=1 to site 3 occupied. The binomial coefficients have an upper index 
of 11 because the two particles each have 11 independent neighboring sites in which (i—s) and (j—s) particles 
may be distributed in the number of distinct ways given by the above binomial coefficients. 

Figure 1(C), (D), and (E) show the locations of 15 of the 24 third neighbors (the other nine below the plane are 
not shown) and indicate that all third neighbors have two common nearest neighbors. Similar reasoning to that 
used in obtaining (34) leads to the expression for (NV ;N;)« for third neighbors, 


24 9 2 10 10 —2)+++( N--$-—-j-to— Nas *(Na—21+i+j—1) 
wer F Nin jad — (L=2)(L=3) +++ (L=23) 
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where r is the number of particles on the common neighbor sites, and it is understood that if either (i—r) or (j—r) 
is less than zero or greater than ten, the term is zero. The binomial coefficient 


) 
(") 
gives the number of distinct configurations arising from r particles on the two common-neighbor sites. 


Figure 1(F) shows the location of three of the six second neighbors (the other three lie below the plane). It is 


evident from the figure that each second neighbor has four common nearest neighbors with the central particle, 
which leads to the expression 


: " " Le etwa as = fone Nae (Ocha = 
viv-1(-° Jz (Vf 8 )( 8 ys 2) (N—i—j+n—1) Nn (N,n—19+1-+7 ") (36) 


amo \n/\i—n/\ j7—n (L—2)(L—3)-+-++(L—21) 


Again, if (i—m) or (j—m) is greater than eight or less than zero, the term (36) is zero. 

Figure 1(G) indicates the location of the 12 nearest neighbors and shows that there are four nearest neighbors 
common to particles 1 and 2 in addition to the condition that 2 is a nearest neighbor to 1 and vice versa. These 
conditions give rise to the expression 


V(N 1( 12 ya (“\ 7 )( 7 Joe eee eee (37) 
N(N- ; “oo ~ A ; 
L—1/m=o \m/\i—m—1]/\j-—m—1 (L—2) (L—3)-+--(L—19) 

It is understood that if (:—m—1) or (j—m-—1) is less than zero or greater than seven, the term (37) is zero. 
Thus, there is no term for i=j=m=0, as expected since we have already specified that the nearest neighbors 
1 and 2 are occupied. 

Finally, the second term on the RHS of Eq. (32) is given by the sum of the terms (33), (34), (35), (36), and 
(37). To obtain this result in a form suitable for calculation it will be necessary to reduce these terms to a sum of 
terms of order N plus terms of order unity or less, but first it is of interest to give two sum rules, which can be 
found by direct summation of the terms. One is 


+6N[(N—1)/(L—1)J+12N[(N—1)/(L—1)]—N*=0, (38) 


where the terms come from the summation of the individual terms given in the above order by the sum over 7 
and j of: the first term on the RHS of Eq. (32), Eq. (33), (34), (35), (36), (37), and the square of Eq. (25). 
This is the expected result since it is the case of the number of particles with i neighbors independent of A; (i.e., 
\,; a constant for all 7), and all terms beyond the second in the expansion Eq. (23) should vanish. The other sum 
rule is 

12 


ij( (NN; )w—N Nj) = {12N[(N—1) /(L—1) J{14+11[ (NW —2) /(L—2) }}} 


+{144N (L—55)[(N—1) /(L—1) J[(N—2)/(L—2) ][(N—3) /(L—3) ]} 
+{12N[(N—1)/(L—1) ][(N—2)/(L—2) ]{14+143[(W—3) /(L—3) ]}} 
+{24N[(N—1)/(L—1) ][(N—2) /(L—2) ]{24+142[ (N—3) /(L—3) }}} 
+{6N[(N—1)/(L—1) ][(N—2)/(L—2) ]{44+140[(N—3) /(L—3) ]}} 
+{12N[(N—1)/(L—1) ]{14+26[(N —2) /(L—2)]+117[(N —2) /(L—2) ][(N—3)/(L—3)}}} 


—{12N[(N—-1)/(L—1)}}, (39) 


where the order of terms in the curly brackets is the same as in Eq. (38) and the last term is given by the square 
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of Eq. (26). Simplifying Eq. (39), we get 
Dij( (NN 1s w—N Nj) =24N[(N—1) /(L—1) ]+528N[(N—1)/(L—1) J[(N—2)/(L—2)] 


2 
+144NL[(N—1)/(L—1) JL(N—2)/(L—2) JL(N—-3)/(L—-3)] 
—552N[(N—1)/(L—1) JL(N—2) /(L—2) J[(V—3) /(L—3) ]—144N°[(W—1)/(L—1) P. (40) 
If we now expand Eq. (40) to order NV plus smaller terms of order unity or less, we obtain 


dij ((N iN; )w—N Nj) = 24N (N/L) (Ni /L)?+0(1). (41) 


tJ 
It is to be noted that the terms of order NV? exactly cancel. Reference to Kirkwood’s treatment of mixtures shows 
that there is an exact correspondence between Eq. (40) and (41) and Kirkwood’s result for the second moment 
of the distribution of particles in a mixture, when suitable adjustment is made of the present treatment to corre- 


spond to the case of mixtures. This correspondence represents a check on the accuracy of the algebra up to this 
point. 


The individual terms of Eqs. (32)-—(37) can now be expanded to terms of order V and smaller terms of order 
unity or less than N,N; obtained from Eq. (27) to give 


il 12 
(NN;)w—N WN j= ( Jovenaey L*)6;; 


12\/12 
+( )( )t- (i+1) (+1) (NIN 2-5/4) — (12-1) (12-7) (NHN / 4) 4-114 (NHN, -H-5/ 15) ] 
J 


1 


HILB im ONC int ALD 2D Bint OC; } (42) 


m=0 n=0 r=0 s=0 


4 7 Nitin 1,20 =e 
B iim = (" \, aml L» 
4 Niti- ny 20-i—j+n 
Ch a a 
10 10 \Niti-rtHiy,22-i-14 
er ‘ | a Jhoue ae. 


11 11 N i+7—s+1 NM, 23—i—j+8 
Ein=(. ). —, 43 
; ah Ne lL 3} 


Again it is seen that terms of the order of NV? exactly cancel. 

We return now to Eq. (23) ee Leet that from the definition of \;, Eq. (17), there will be terms of the form 
iN :E(0)/2kT and ij((NiN;)w—NiN;) (E(0)/2kT)? occurring after the summations. Thus, the sum rules Eq. 
(26) (expanded to terms of the onder ad NV) sa (41) can be used to simplify the expression. Substituting Eq. (27) 
for N ; (using only the terms of order V), Eq. (42) for ((NiN;)~—NN;), the sum rules Eq. (26) and (41), Eq. 
(17) for A;, and Eq. (12) for g(L, V), the neg obtained, 


InZ/N= —A,/RT= —In(N/L) —(N,/N) In(N,/L) —(6E(0)/RT) (N/L) 


where 


12 12 
+3 E(0) /kTP(N/L) (Ni /L)2+),A i lnvi+3)>>A if —[LiE(0) /kT](Inv,) + Ino,)?} 
i=0 i=0 


+3 > Ef. 1 A {[—(i+1) ( 7+1) — (12-7) (12-7) (VW Ny) FA14(N/L) HA220B in +OLC in 


i,7=0 m=0 


+24 OD sp +120 E in) { LEE (0) /2&TM(In;) — ( FE (0) /2KT) (Inv;) +-(Inv;) (Inv) }J+* ++ 
r=0 s=0 
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where 12 
A=) N/E) 'a/E) (45) 
i 
where the relation of the configurational Helmholtz free energy A. with the partition function is indicated. 


From the condition that the volume of the liquid is equal to the volume of occupied and vacant cells, and the 
cell volume definition, Eq. (3), the result is obtained, 


N/L=wq/2, N,/L= (v—1q) /2, (46) 
where v is the molecular volume of the liquid. Substituting Eq. (46), (2), and (11) into Eqs. (44) and (45), we get 
—A,./RT= —I|n(%q/v) —[(v—g) /t0g) In (v—v0g) /v]— (6/7) (q-*—2q7*) (v0g/2) 

+ (377) (q-*—2q-*)*(v0g/v) (v—v0g v)2+) A ; Inv; +354 iL (—i/r) (q-*—2q7*) (Inv;) + (Inv,)?] 


+3>°[{ A Aj[- ( i+1 )( q+1 hoes (12—2) ( 12—7) [voy (v—10q) ]+114 (rg, 0) +12 Biim+6>_C sin 


+24°Diip-+12>> Ein} { (—i 2r) (q-4—2g-*) (Inv;) — (j/2r) (q-*—2¢) (Inv;) + (Inv,) (Inv;)} J. (47) 


It is evident that there is a parametric dependence of Eq. (47) on q, the reduced cell size. Rather than choosing 
this quantity arbitrarily and keeping it fixed, as was done in some of the earlier hole theories,*:* it is possible to find 
"a unique value of q for each set of values of 7 and v/2, the independent variables, by minimizing the Helmholtz 
free energy with respect to g. This operation is done by taking the partial derivative of A., keeping r and 2/1 
fixed, setting this quantity equal to zero, and finding the value of g which satisfies this equation. The resulting 
equation is long and is not shown here, since it is obtained in a straightforward manner. Mayer and Careri'® have 
discussed this procedure for a generalized cell theory and indicate that there may be a theoretical difficulty when 
the L-JD free-volume integrals are used in that a disparity may arise between the mechanical pressure, found 
from the virial theorem of classical statistical mechanics, and the thermodynamic pressure found from the rela- 
tion, p= —(0A/dV). Leaving this problem aside, however, we proceed to compute the thermodynamic pressure 


and thus the equation of state from 


po/kT= —(v/RT) (0A /00) 2,9, (48) 


where only the configurational part of the Helmholtz free energy need be considered. Carrying out the operation 
of Eq. (48) gives 


pr/kT= — (v/v0q) In[(v—v0g/v ]+ (6/7) (q-4*—2g-*) (t0q/2) 
+ (3/77) (q4—2q-*)*(v0g/v) [(v—v09) /v }{ —[(v—209g) /v]+-2(00g/2) } 
+ >°A i{ —i+(12—i) [oog/(v—t0g) J} (Inv;) 
+354 .{ —i+(12—i) [nog (v—v0q) ]} [—(i/r) (q-4*—2q7*) (Inv,) + (Inv;)?] 


+3004 iA jf (G41) ( f41) (647) — G41) ( +1) (24-1 -7) [t0q/ (0-009) J 


+ (12-1) (12—7) (t+j7+1) [v0g/(v—t0g) J— (12-1) (12-7) (23 —i—7) [0q/ (v— 09) P 
—114(1+j+1) (vog/v) +114 (24—i—7) (v9g/v) [v0q/(v—1209) ]} 
+1255 Bim! — (i+j—m—1)+(20—i—j+m) [mg/(v—10q) J} 


+65°C inf — (i+ j7—n+1) + (20—i—j+n) [rog/(v—20g) J} 
+245 °D iie| —(i+j—r+1) +(22—i—j+r) [oog/(v—09) J} 
+1250 Eiie{ —(i+-j—s+1) +( 23—i—j+s) [vog/(v—v0q) ]}} { — (4/27) (q-*—2q-*) (Inv;) 


— ( j/2r) (q-4—2q-*) (Inv;) + (Inv,) (Inv,) } J. (49) 
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Other quantities of interest can be obtained by the 
standard thermodynamic formulas from the expression 
for the Helmholtz free energy, Eq. (47). 


IV. DISCUSSION 


A few preliminary calculations have been made 
using only the Bragg-Williams approximation for the 
partition function, Eq. (18). It is easy to express 
the compressibility pv/kT obtained from Eq. (18) in 
terms of a power series in (1/v) and thus obtain the 
virial coefficients from the coefficients of powers of 
(1/v). The second virial coefficient has been evaluated 
and gives exactly the same result in the high-tempera- 
ture limit as does the treatment of Rowlinson and 
Curtiss, i.e., 


B(T) = 3Nw[36(E+1)/7}!"", 


= 2f ya(y)dy /' f yay= 134.8. 
0 0 


The value of the coefficient of 7‘ differs from the 
theoretical value of Lennard-Jones® by only 15% 
and the temperature dependence is correctly predicted. 
At lower temperatures the values of B(T) seem to 
follow the curve of Rowlinson and Curtiss as nearly as 
can be determined from the figure in that paper 
(Fig. 2 in work cited in footnote 8), even though the 
expressions for B(T) are of different form. These 
results are encouraging and it is hoped that further 
calculation using an expansion of Eq. (49) will result 
in an improvement in the second virial coefficient com- 
putation. 

The predicted values of the critical constants are a 
sensitive test for the accuracy of a partition function of 
the liquid state. So far, no liquid-state theory has 
accurately predicted all three of these constants (critical 
temperature, pressure and volume), although the hole 
theory of Peek and Hill’ gives reasonably good values 
for the critical temperature and volume. The equation 
of state at subcritical temperatures also provides an 
experimental test of the accuracy of the partition func- 
tion. Calculations such as the above are currently 
being performed on the present theory. 

All of the current hole theories which have fixed the 
cell size by minimization of the free energy’: have 
resulted in rather large cell sizes and small fractions of 
holes to molecules. This is unfortunate, since these 
theories do not allow for multiple occupation of cells 
and thus considerable error may be introduced. It is 
possible that the cause of the large cell size is to be 
found in the density problem of hole theories mentioned 
in the introduction. By confining the particles to the 


(50) 


where 


6 J. E. Lennard-Jones, Proc. Roy. Soc. (London) A106, 463 
(1924). 
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central region of the cell, a lower free energy is obtained 
by enlarging the cell than by the introduction of holes. 
This problem of large cells can be handled by fixing the 
cell size at some arbitrary, small value for all tempera- 
tures and volumes. This procedure, under the present 
formalism, does nothing to improve the density situa- 
tion, however. This is because the L-JD smoothing 
operation removes the orientation effects of the holes 
and changing the number of neighbors only flattens out 
the potential energy curve, but has no effect on the 
relative probability of finding the particle at the cell 
boundary, to that of finding it at the center. As can be 
seen from Fig. 2, Chap. VIII of the work cited in foot- 
note 12, a larger cell size has a definite effect of extend- 
ing the high probability region of the particle toward 
the cell walls. Apparently the minimization of A with 
respect to g is improving the density situation while 
making worse the approximations of the theory. 

An alternative to these approaches. is to eliminate 
the L-JD smoothing procedure and deal with the 
distinct configurations of i particles and (z—i) holes 
separately. There will still, of course, be configurations 
with given i which will make the same contribution to 
the phase integral, e.g., for i=1 or 11, all 12 configura- 
tions will make the same contribution. This approach 
could be made without too much difficulty by using the 
Bragg-Williams approximation for the distribution of 
particles and constraining the individual neighbors to 
lie at a fixed distance from the cell center of the central 
particle and averaging the interaction over the spherical 
angle formed by the boundaries of the neighbor cell. 
This should have the virtue of noticeably increasing 
the particle density near the cell walls. Thus, it is 
possible that a clear distinction could be made between 
gas, liquid, and solid phases and that the transitions 
among them could be predicted. 

It should also be mentioned that the present ap- 
proach should be able to be extended without too much 
difficulty to the theory of solutions, adsorbed molecules 
and order-disorder problems in general. It may also be 
possible to treat transport phenomena using this model 
of the liquid and extended rate theory expressions, since 
it has been shown!® that semiempirical lattice models 
can give excellent agreement with experiment for vis- 
cosity and self-diffusion when combined with absolute 
rate theory. 
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A quantitative explanation of the results of Berry and Burton is offered. Some additional results on the 
effect of oxygen on the fluorescence of terphenyl are included. 


N an article which appeared in 1955, Berry and 
Burton! investigated the fluorescence of solutions of 
terpheny] in mixtures of benzene and cyclohexane when 
they were excited by y radiation. The terphenyl con- 
centration was kept constant (1.58 g/liter) and the 
intensity was measured as a function of the volume 
ratio of benzene and cyclohexane. The intensities were 
determined when the solutions were deoxygenated and 
when oxygen was introduced at definite pressures. The 
results are shown in Fig. 1 which is copied from the 
work cited in footnote 1. In the article the authors 





28 





LUMINESCENCE -ARBITRARY UNITS 


OXYGEN PRESSURE 








40 60 80 
VOLUME PERCENT BENZENE 


Fic. 1. Effect of oxygen on gamma-induced luminescence of 
p-terpheny] in cyclohexane-benzene solvent. 


* Work performed under the auspices of the U.S. Atomic 
Energy Commission. 

t On leave from the Hebrew University, Jerusalem, Israel. 

1P. J. Berry and M. Burton, J. Chem. Phys. 23, 10, 1969 
(1955). 


indicate an explanation of their results. In collaboration 
with others?* they have subsequently studied the 
elementary processes which may account for the results 
shown in Fig. 1, in particular for the minimum in 
intensity which appears in all the curves obtained 
where oxygen was present. The work cited in footnote 
2 includes a list of the processes which may occur in the 
system and an equation which describes the dependence 
of the fluorescent intensity on these processes. In this 
article we do not intend to add to the proposed proc- 
esses, but rather to see what plausible assumptions 
have to be made in order to explain the results quantita- 
tively. Since the system discussed and several similar 
systems are of certain importance in radiation chem- 
istry, such an investigation may enable us to draw 
some conclusions about the processes involved. 


DEOXYGENATED SOLUTIONS 


We consider first the deoxygenated solutions. A 
numerical examination of the intensity as a function of 
the concentration of benzene shows that the intensities 
for the various concentrations can be fairly well 
described as superpositions of the respective intensities 
obtained for terphenyl in pure cyclohexane and in pure 
benzene, if the measured intensities (9.7 and 27.7) are 
multiplied by the respective volume fractions of 
cyclohexane and benzene. Hence one is tempted to 
assume that each solvent transfers its energy to the 
solute independently. The behavior of the oxygen- 
containing solutions, however, rules out this interpreta- 
tion. The increase in the quenching effect of oxygen 
with decreasing concentration of benzene (which 
manifests itself most obviously in the minimum at the 
lowest given benzene concentration) suggests the 
assumption that a considerable energy transfer from 
benzene to terphenyl takes place even at the lowest 
benzene concentration, and that this transfer is affected 
by the presence of oxygen. This can only be the case if 
a considerable energy transfer from cyclohexane to 
benzene takes place even at these low benzene concen- 
trations, since the contribution of the directly excited 
benzene molecules could not account for such a pro- 
nounced effect. This assumption has been made already 


(19. 
3P. J. Berry, S. Lipsky, and M. Burton, Trans. Faraday Soc. 
52, 511 (1956). 


M. Burton, P. J. Berry, and S. Lipsky, J. chim. phys. 52, 657 
55). 
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in the original article.| The assumption of an efficient 
energy transfer from cyclohexane to benzene, however, 
necessitates a reconsideration of the results for the 
deoxygenated solution. If the transfer efficiency at the 
lowest benzene concentration is appreciable but still 
much different from its maximum value, one would 
assume that an increase in concentration would be 
accompanied by a rather pronounced increase in 
transfer efficiency, which again would result in an 
increase of the amount of energy which is transferred 
from benzene to terphenyl. The intensity would thus 
be expected to rise much faster with an increase in 
benzene concentration than is actually observed, and 
the maximum intensity would be reached at compara- 
tively low concentrations. We are therefore led to the 
assumption that almost all the energy which can be 
transferred from cyclohexane to benzene is transferred 
already at the lowest benzene concentration. As will be 
seen, this assumption is not entirely correct inasmuch 
as the transfer efficiency is increased at very high 
benzene concentrations. The intensity 7, of the solution 
in pure benzene is given by 


Inp=A -ept(Co)np(Co), (1) 


where epr is the efficiency of energy transfer from 
benzene to terphenyl and np is the quantum yield of 
terphenyl in benzene, both being functions of Co, the 
concentration of oxygen (quencher); A is a constant 
determined by the experimental conditions. 

In the mixed solvents terphenyl can be excited by 
(a) direct transfer from cyclohexane, (b) transfer from 
directly excited benzene, and (c) transfer from benzene 
which has been excited by transfer from cyclohexane. 
Since even at the lowest concentration of benzene the 
number of benzene molecules is about 30 times as great 
as the number of terphenyl molecules, we assume 
further that process (a) is negligible as compared with 
the transfer to benzene. This assumption is reasonable 
if the two transfer processes are not too different. The 
intensity J in the mixed solutions is then given by 


I=A c(1 —Cp)eca(Co) +Cp lenr(Co)n(Cr, Co) ’ (2) 


where ¢cp is the transfer efficiency from cyclohexane to 
benzene, Cz is the concentration of benzene, 7 is the 
quantum yield of terphenyl (which depends also on the 
composition of the solvent, i.e., on the concentration of 
benzene). According to the assumptions made above, 
écp is close to its maximum value already at the lowest 
given benzene concentration or at least reasonably 
constant for the lower range of the given concentrations. 
The magnitude of ecn(0) (i-e., in the absence of oxygen) 
for the lowest benzene concentration can be found in 
terms of epr. From Eqs. (1) and (2) we obtain 


ecp=[(I/I) (np/n) —Cp]/(1—Cp). (3) 


Since np/n can be determined by direct excitation of 
terpheny] with uv, all the magnitudes on the right-hand 
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side of the equation are known and ecg can be deter- 
mined. 

When a solution of 1.6 g/liter terphenyl in pure 
cyclohexane, in a mixture of equal parts of cyclohexane 
and benzene (Cp=0.5), and in pure benzene are excited 
by light of wavelength 3130 A which is absorbed by the 
solute alone, the intensities in arbitrary units are 1.88, 
1.74, and 1.64, respectively. The quantum yield of 
terphenyl in cyclohexane is thus 15% greater than in 
benzene (i.e., 7/n3=1.15). This may be attributed 
partly to a genuine change in quantum yield and partly 
to the difference in the refractive indices of the two 
solvents, which are given in the work cited in footnote 
2 to be 1.50 for benzene and 1.43 for cyclohexane. On 
the basis of this result and since the differences in 
intensity are not very great, we assume to a first 
approximation that the decrease in quantum yield with 
increasing benzene concentration is proportional to the 
benzene concentration. Thus substitution of Cp=0.02, 
T=10.1,! Jp=27.7, and n/ng=1.15 into Eq. (3) yields 
ecn=0.304. The factor Aepr(0)n(1, 0) =27.7 is the 
measured intensity of the solution in pure benzene. By 
inserting the value of ecg in Eq. (2) and by changing 7 
according to Cp, we can now compute the intensities for 
the deoxygenated solutions (Co=0) for the various 
concentrations Cy. The results are shown in Table I, 
together with the measured values. 

There seems to be rather good agreement between 
the computed and measured intensities. However, for 
the two highest benzene concentrations the measured 
values are higher than the computed ones by a greater 
amount than could be accounted for by the error in 
reading the graphs. Several possible explanations of 
this discrepancy may suggest themselves. On the basis 
of the scanty experimental evidence, however, the most 
plausible conclusion from the results seems to be that 
the assumed constancy of ecp holds only for moderate 
concentrations of benzene. It would be futile to draw 
any quantitative conclusions on the change of ¢cp from 
the differences between the measured and computed 
intensities, since we are dealing with differences which 
are small in comparison to the absolute values, so the 
accuracy of such a computation would be exceedingly 
low. An increase in ¢cp for high values of Cg might 
mean that in these cases energy is drawn from molecular 
states of cyclohexane which decay so rapidly that 
energy transfer can hardly take place at the usual 
scintillator concentrations. The change in ecg may also 
be looked at as a solution phenomenon, i.e., a cyclo- 
hexane molecule dissolved in benzene may have energy 
levels which differ slightly from those in pure cyclohex- 
ane and thus give rise to different transfer efficiencies. 


4 The accuracy in reading the intensities from the figure in the 
original article was not better than 4%. However, when through 
the courtesy of Professor Burton the author got access to part of 
the data on which Fig. 1 is based, it was found that the differ- 
ences between the data and the values read from the graphs 
were very slight. 
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TABLF, I. Intensities for deoxygenated solutions of terphenyl in mixtures of benzene and cyclohexane. The oxygen concentration Co 
is in cm Hg, c is the computed intensity, and m is the measured intensity. 


0.04 0.08 


m 








0.2 0.5 


c 


19.4 20.4 





23.6 24.9 


2 








® This computed value at the lowest concentration (CR=0.02) was obtained by assuming that €cp(0) =ecr(0), where €cr(0) is the transfer efficiency from 
cyclohexane to terpheny] at the given concentration of 1.58 g/liter. Since the computed and measured values are identical within the limits of accuracy, this result 
would mean that the same amount of energy is transferred from cyclohexane to benzene as to terphenyl in the absence of benzene. 


SOLUTIONS CONTAINING OXYGEN 

As has been pointed out in Table I of the work cited 
in footnote 1, the quenching parameter of oxygen is not 
a constant for all the solutions but changes in a rather 
peculiar way. On changing from pure benzene to the 
mixture in which it is most concentrated, the quenching 
parameter decreases rather sharply and then decreases 
gradually as the concentration of benzene is decreased. 
It reaches a minimum at Cp=0.2 and then begins to 
increase and finally rises rather abruptly at the lowest 
concentrations of benzene (Cp<0.04). This final rise 
corresponds to the minimum observed in the intensity 
curves for all the oxygen-containing solutions. An 
explanation of the decrease in the quenching constant 
on changing from pure benzene to the mixtures suggests 
itself on the basis of the results of the work cited in 
footnote 2. There it has been found that contrary to the 
case in benzene solutions, oxygen has no direct quench- 
ing effect on terphenyl in cyclohexane. A decrease in 
the quenching parameter could thus be ascribed, at 
least qualitatively, to a decrease in the quenching of 
the terpheny] fluorescence as a consequence of decreas- 
ing benzene concentration. However, results obtained 
by us show that oxygen certainly quenches the fluores- 
cence of terphenyl in cyclohexane also, when it is 
excited by light of wavelength 3130 A. We assume that 
this quenching effect takes place also when the fluores- 
cence is excited via energy transfer. The preliminary 
quenching constant obtained is about 37 liter mole". 
The quenching constant in benzene for excitation by 
light of wavelength 3130 A was found to be 56 liter 
mole! (corresponding to the value of 45+-10 given in 
the work cited in footnote 2). These values are roughly 
inversely proportional to the respective solubilities of 
oxygen in cyclohexane and benzene. The change in the 
composition of the mixtures thus should not greatly 
affect the influence of oxygen on the quantum yield of 
terphenyl. This has been verified experimentally by 
comparing the quenching of the fluorescence of ter- 
phenyl in a mixture of equal parts of benzene and 


cyclohexane with the quenching of solutions in the 
pure solvents. 

A plausible explanation of the change in the quench- 
ing constant might be that the assumed proportionality 
of solubility and volume fraction of the solvents does 
not hold. However, even a great deviation from this 
proportionality can hardly account for the observed 
changes. We tend, therefore, to assume that the 
quenching action of oxygen on the transfer from benzene 
to terpheny] is rather abruptly changed by introducing 
cyclohexane into benzene. Such a change might be 
understood on the basis of the recent suggestion by 
Lipsky and Burton,® that energy transfer and quench- 
ing by oxygen involves a regional arrangement rather 
than a random distribution of donor and acceptor 
molecules. Since the quenching parameter is rather 
constant for benzene concentrations between 50% and 
20%, we assume that at Cp=20% benzene may be 
considered sufficiently diluted so that the values 
obtained at this concentration represent the quenching 
effects on the system benzene-terphenyl when it is 
dissolved in cyclohexane. If no other quenching process 
were acting, the values for the lower benzene concentra- 
tions could be computed by using the quenching 
parameter obtained from the values at the concentra- 
tion of 20%. Accepting the preliminary value of 37 
liter mole“ as the parameter for the oxygen quenching 
of terphenyl fluorescence in cyclohexane, we obtain 
about 126 liter/mole for the corresponding parameter 
for oxygen quenching of the transfer from benzene to 
terphenyl. These values have been used in computing 
the theoretical values given in Table I for the intensities 
of the quenched solutions. One would say that on the 
basis of these rather crude assumptions the agreement 
with the measured values is rather good. For the two 
higher concentrations of benzene, the computed values 
are too low at the higher oxygen concentrations. This 
could be due, at least partly, to Cerenkov radiation, 


5S. Lipsky and M. Burton, J. Chem. Phys. 31, 5, 1211 (1959). 
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which at the low intensities contributes significantly 
to the measured intensities and which is not quenched. 
Except for the lowest oxygen concentration, the 
expected minimum appears at a benzene concentration 
of about 2%. The computed minima, however, are 
significantly higher than their measured values. We are 
thus led to the assumption that at the lowest benzene 
concentrations an additional quenching mechanism 
must be acting. This is most probably the quenching 
of the energy transfer from cyclohexane to benzene, 
which would be most noticeable at the lowest benzene 
concentration. In order to compete with energy transfer 
at these relatively high benzene concentrations, this 
quenching process must be rather efficient. The magni- 
tude of the quenching parameter may be roughly 
estimated on the assumption that a Stern-Volmer 
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relation applies to this process. From this estimate one 
finds that kco=6kcp, where kop and kco are the 
probabilities for energy transfer from cyclohexane to 
benzene and to oxygen, respectively, for unit molar 
concentrations of these acceptors. It may be noted 
that this quenching is exceedingly high at the lowest 
oxygen concentration. However, this may be expected 
when we consider that the transfer from cyclohexane 
to terphenyl suffers a similarly high quenching at the 
lowest oxygen concentration, as has also been pointed 
out in the work cited in footnote 3. It may also be that 
the quenching of the transfer from cyclohexane is 
“static,” at least partially. Recent experiments on the 
effect of oxygen on the transfer of energy from cyclo- 
hexane to diphenyl-oxazole seem to indicate a “‘static” 
character for this quenching. 
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Function for Ring-Puckering Motion* 
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In the previous paper of this series, the microwave spectra of 
four isotopic species of trimethylene oxide were investigated and 
the potential function for the puckering of the four-membered 
ring was determined. Further analysis of the data has now 
enabled the molecular structure to be calculated. The structural 
parameters deduced from the rotational constants are: r(C—C) = 
1.549+0.003 A, r(C—O) =1.449+0.002 A, r(Ca—Ha) = 1.0914 
0.002 A, r(Cg—Hg) =1.100+0.003 A, Z2Cy—Cg—Ca=84°33’+ 
1’, ZCg—O—C,= 91°59’ +7’, ZCgs—C,—O=91°44' +3’, ZHa— 
Ca—Ha=110°18’+10’, ZHs—Cs—Hg=110°44’+3’. The alpha- 
methylene planes are slightly deflected towards the oxygen atom 


away from the bisectors of the ZCgs—C,—O’s. However, the 
actual angle of deflection is rather uncertain. Using these struc- 
tural parameters, models have been constructed to calculate the 
vibration-rotation interaction due to the ring-puckering vibration. 
The experimentally observed rotational constant variations were 
found to be very well reproduced if the out-of-plane bending 
motion is assumed to follow a curvilinear path without any stretch- 
ing of the C—C and C—O bonds. The potential function deter- 
mined in the previous paper is also interpreted in terms of force 
fields within the molecule. 





INTRODUCTION 


N the first paper of this series, the microwave spectra 
of four isotopic species of trimethylene oxide were 
reported.' In each species, the spectrum was found to 
contain rotational transitions from excited vibrational 
states of the ring-puckering mode as satellites to the 
normal spectrum arising from the ground state. From 
the relative intensities of these vibrational satellites, 
the Stark effect of certain lines, and the vibration- 
rotation interaction associated with the ring-puckering 


* This research was supported by grants from the Alfred P. 
Sloan Foundation and the California Research Corporation. 

t Kaiser Aluminum and Chemical Corporation Fellow, 1958- 
1959; National Science Foundation Cooperative Fellow, 1959- 
1960. 

{ Present Address: Los Alamos Scientific Laboratory, Los 
Alamos, New Mexico. 

1S. I. Chan, J. Zinn, J. Fernandez, and W. D. Gwinn, J. Chem. 
Phys. 33, 1643 (1960). 


vibration along with the far-infrared data of Danti, 
Lafferty, and Lord,’ it was possible to establish the 
degree of planarity of the four-membered ring and the 
nature of the potential function for the ring-puckering 
vibration. It was found that the trimethylene oxide 
ring is essentially planar but that the ring-puckering 
potential function did contain a small potential maxi- 
mum of 35-5 cm™ at the planar configuration. This 
barrier is so small that the energy of the zero-point 
vibration is still 8-4 cm above the top of the hump. 
Aside from the barrier, the potential function was found 
to contain both quadratic and quartic terms. While 
the quadratic term dominates at the lowest level, the 
quartic term is predominant for the higher levels 
studied. 


? A. Danti, W. J. Lafferty, and R. C. Lord, J. Chem. Phys. 33, 
294 (1960). 
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TABLE I. Effective principal moments of inertia of trimethylene 
oxide (amu A?).# 


Vibrational 
State i; Iethh—Ie 


Normal trimethylene oxide 


41.9701 
41.9255 
41.9224 
41.9179 
41.9255 


43 .0832 
43.1126 
43.1391 
43.1715 
43.2132 


75.1093 
74.6446 
74.4632 
74.2390 
74.0433 
1,1,3,3-Tetradeutero trimethylene oxide 
46.3349 
46.3822 
46.4199 
46.4628 


56.3176 86.2547 
85.7657 
85.5674 
85.3330 


56.1931 
56.1584 
Trimethylene oxide-O¥ 


41.9722 45.1071 
41.9367 45.1321 


B-Monodeutero trimethylene oxide 


0 42.6992 
1 42.6542 


46.8892 
46.9103 


78.1750 
77.7201 





® A conversion factor of 505 538 amu A2/Mc is used in the conversion of the 
rotational constants to effective moments of inertia. 
b Experimental uncertainty in (Ja+J,—I¢) is about 0.001 amu A?. 


This paper will deal first with the determination of the 
structure from the experimental rotational constants. 
The structural parameters so obtained will then be 
employed to set up models whereby the vibration- 
rotation interaction associated with the ring-puckering 
motion will be calculated. The nature of the ring-pucker- 
ing motion together with the origin of the potential 
function will finally be discussed in the light of the 
structural models proposed. 


STRUCTURE 


The experimental rotational constants of normal 
trimethylene oxide, 1,1,3,3-tetradeutero trimethylene 
oxide, trimethylene oxide-O"*, and $-monodeutero 
trimethylene oxide have already been tabulated in 
Table IL in the first paper of this series! for various 
vibrational states of the ring-puckering mode. These 
give rise to the effective moments of inertia listed in 
Table I of this paper. 

Since the vibration in the ring-puckering mode would 
be expected to be of fairly large amplitude, the treat- 
ment of the effective moments of inertia to yield the 
structural parameters cannot be exercised without some 
care. At the same time, while this large amplitude 
vibration is a complexity in the determination of the 
structure, it affords the opportunity to test the methods 
of minimizing the effect of vibration-rotation interaction 
in structure calculations. 

In cases where experimental rotational constants of 
molecules are available for excited vibrational states, 
the treatment of the data generally involves an extra- 
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polation to a hypothetical state in which the vibrational 
energy is zero. The set of rotational constants obtained 
as a result of this extrapolation supposedly yields a set 
of structural parameters which are the equilibrium or 
non-vibrating values. In trimethylene oxide, where we 
do have the data for excited states of the ring-puckering 
mode, it appears that a similar treatment may be 
applicable. However, evidence has already been pre- 
sented to indicate that the four-membered ring would 
be bent in such a hypothetical state of zero vibration. 
In addition, the peculiar zigzagging nature of the 
rotational constants makes the extrapolation to the 
nonvibrating state very uncertain. Since all the ring- 
puckering vibrational levels lie well above the top of the 
barrier in the potential function, and the molecule is 
vibrating symmetrically about the planar configuration, 
it does not seem practical to extrapolate the rotational 
constants to this puckered state. Not only is it easier, 
but it is probably more significant in this case to 
extrapolate the rotational constants to a hypothetical 
state in which the four-membered ring is planar. 
In our preceding paper,' we obtained expressions for 
the three rotational constants of normal trimethylene 
oxide as functions of the expectation values of Q,? and 
Q,*, where Q, is the ring-puckering vibrational coordi- 
nate. These expressions yielded the rotational constants 
for the hypothetical planar molecule. Sufficient data is 
also available so that a similar treatment may be 
applied to 1,1,3,3-tetradeutero trimethylene oxide. In 
view of the fact that the reduced mass of the vibration 
is somewhat uncertain, the extrapolation of the rota- 
tional constants for the tetradeuterated compound is 
uncertain by as much as 1 Mc. For trimethylene 
oxide-O'* and 6-monodeutero trimethylene oxide, where 
data is only available for two vibrational states, this 
procedure is no longer applicable. Here, the extrapola- 
tion to the hypothetical planar molecule was done by 
assuming that the correction is proportional to that in 
normal trimethylene oxide, this proportionality factor 
being determined by the ratio of the amount of vibra- 
tion-rotation interaction between the ground and first 
vibrational levels. If this latter treatment is applied to 
1,1,3,3-tetradeutero trimethylene oxide, one obtains 
extrapolated rotational constants which agree with 
the ones obtained from the aforementioned numerical 
fitting to about 1 Mc. This is sufficient accuracy for 
our present structure determination. As will be dis- 
cussed later in this paper, it is hoped that with these 
extrapolations, the major portion of the vibration- 
rotation interaction due to this large amplitude ring- 
puckering motion is removed. These extrapolated 
rotational constants together with their corresponding 
effective moments of inertia are tabulated in Table II. 
An uncertainty of about 1 Mc should be attached to 
the rotational constants of all the species except the 
normal compound as a result of the uncertainties in the 
extrapolations. This leads to uncertainties of ~0.001- 
(0.002 in most of the coordinates determined. 





TRIMETHYLENE 


The determination of the structure is straightforward. 
The coordinates of the atoms will be referred to the 
principal axes coordinate system of the normal species. 
We shall designate the C—O molecular axis as the 
X-axis, and the out-of-plane axis, the Z axis. Coordi- 
nates of the atoms at the a and 8 carbon positions are 
denoted by @ and 8 subscripts. 

The effective moments of inertia of the hypothetical 
planar molecules of normal and _tetradeuterated 
trimethylene oxide combined to yield sets of equations 
of the type 


(ot+Ie—Ie) +4.=2) mee. (1) 


The A’s contain zero-point effects due to the vibrations 
in the other modes. From these equations, we obtain 
the coordinates of the hydrogens on the a-carbons 
provided the assumption is made that the A’s are more 
or less invariant to isotopic substitution.’ Since the 
four a-hydrogens are equivalent in the planar configura- 
tion, the coordinates obtained for these atoms are 
probably “substitution” coordinates in a broader sense. 

Since 8-monodeutero trimethylene oxide and tri- 
methylene oxide-O" are singly substituted molecules, 
Kraitchman’s equations’ were used to yield directly 
the Cartesian coordinates of the 6-hydrogens and those 
of the oxygen atom in the principal-axes system of the 
normal molecule. This approach yields the substitution 
coordinates of these atoms. Costain and others have 
recently speculated that these substitution coordinates 
minimize the effect of vibration-rotation interaction 
and that they give structural parameters which are 
closer to the equilibrium values.’ 

Since spectral data is not available for species with 
the carbon atoms isotopically substituted, their coordi- 
nates can only be calculated by invoking rigid-rotor 
conditions, that is by assuming that the A’s are zero in 
the moment of inertia equations. This approximation 
probably leads to fairly good effective coordinates for 
the 8-carbon atoms because of their greater mass as 
compared to that of the hydrogens. The x coordinates 
of the a-carbons are poorly located on account of their 
proximity to the principal axis. In the determination 
of x coordinates of the a- and 8-carbons, use is also 
made of the center of mass condition. 

The coordinates of all the atoms in the molecule 
relative to the principal-axes system of the normal 
molecule as calculated using the method outlined above 
are listed in column 1 of Table III. The sign of the x 
coordinate of the a-hydrogens is not determined from 
the structure calculations; neither is it evident from the 
geometry of the molecule since these atoms are so close 
to the principal axis. However, the positive sign of these 
coordinates (positive direction of the X axis is pointing 
towards the 6-carbon along the C—O axis) was rejected 
on the grounds that it leads to a structure with an 


3C. C. Costain, J. Chem. Phys. 29, 864 (1958). 
4J. Kraitchman, Am. J. Phys. 21, 17 (1953). 
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TABLE II. Extrapolated rotational constants and effective 
principal moments of inertia for the hypothetical planar 
molecule.* 








Ao B° Oo Io I? I? 





Normal trimethylene oxide 


12 031.8 11 739.6 6692.4 42.0168 43.0626 


1,1,3,3-Tetradeutero trimethylene oxide 


10 919.2 8961.9 5830.1 46.2982 56.4097 


8-Monodeutero trimethylene oxide 


11 826.4 10 784.9 6432.2 


42.7463 46.8745 


Trimethylene oxide-O 


11 211.8 


12 033.9 6517.9 42.0094 45.0897 








® Rotational constants are in Mc and moments of inertia in amu A?*. 


unreasonably long C—C bond distance of 1.585 A. 
Furthermore, the negative sign appears reasonable 
from the viewpoint of structural chemistry insofar as 
one might expect the repulsions between the hydrogens 
on the a- and B-methylene groups and the attraction 
to the oxygen to deflect the a-CH: planes away from 
the bisector of the C—C—O angle in the direction of the 
oxygen atom. This would be the situation if the negative 
sign were selected. It should also be pointed out that 
the very fact that the a-carbons and hydrogens are 
close to the principal axis is expected to lead to poorly 
determined x coordinates for these atoms. 

So far only the extrapolated rotational constants 
have been used in the structural determination. It 
would of course be most interesting to see how the 
coordinates would vary if the structural calculations 
were carried out using the nonextrapolated rotational 
constants. This would correpond to the neglect of any 
ring puckering, dynamic or static. This procedure leads 
to a ‘structure’ for each individual vibrational state. 
In this case, sufficient data is available so that a 
complete coordinate determination could be carried 
out for two vibrational states. Analogous treatment of 
the rotational constants leads to the coordinates listed 
in columns 2 and 3 of Table III. Additional excited- 
state data for the normal species and the tetradeu- 
terated species permitted certain coordinates to be 
computed for the third and the fourth vibrational 
states. These are listed in columns 4 and 5 of Table III. 

A comparison between columns 1 and 2 of Table III 
indicates that except for those atoms which lie close to 
a principal axis, the coordinates obtained using ground- 
state rotational constants differ from those determined 
using the extrapolated values by less than 0.005 A. 
These discrepancies are considered to be surprisingly 
small insofar as the ring-puckering vibration is expected 
to be of fairly large amplitude, of the order of 0.06 A 
for the ground vibrational state and 0.08 A for the first 
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TABLE III. Coordinates for trimethylene oxide. 





Hypothetical 





First Second 


Atom Coordinate planar state Ground state excited state excited state excited state 





Substitution coordinates 


0.045 —0.081 


+0 .045)> (+0.081)» 


+1.665 +1.662 

+0. 8954 +0.8953 

i s52 1.747 
(0) (0)* 

+0 .9049 +0 .9007 

~1.026 —1.022 
(Q)4 


(Q)a 


—0.112 —0.123 —0.139 

(+0.112)> (+0.123)> (+0.139)> 

+1.658 +1.656 +1.655 

+0.8946 +0.8948 +0 .8942 
1.740 

(0) 

+0 .8956 

—1.018 

(Q)4 


(QO)® 


Effective coordinates® 


—(0).019 —0.015 
~0.068)> (—0.084)> 
+1.042 +1.038 


0)s (0) 


ile 
A 


® Assumed because of Ce, symmetry. 
b Rejected alternate solution. See text. 


© Coordinates calculated by invoking rigid-rotor conditions 


excited state. These amplitudes correspond to a pucker- 
ing of the ring by 14° and 18°, respectively (dihedral 
angle between C—C—C and C—O —C planes). 

Since the out-of-plane coordinates of both the a- 
and 8-hydrogens were both determined as substitution 
coordinates, it is possible to evaluate A, of Eq. (1) and 
to compare it with those calculated by Laurie for other 
molecules.> The value calculated for the hypothetical 
planar molecule is +0.20 amu A®. This compares well 
with values obtained by Laurie. The corresponding 
values for the ground state and first excited state 
naturally reflect the ring-puckering motion and the 
values change sign to —0.20 and —0.70 amu A’, 
respectively. Thus the contribution of the ring-pucker- 
ing vibration to A, is —0.40 amu A? for the ground state 
and —0.90 amu A? for the first excited state. 

It is also interesting to note some errors which may 
arise when a substitution coordinate is combined with 
moment of inertia equations to obtain a second coor- 
dinate. If data were available from only normal 
trimethylene oxide and 1,1,3,3-tetradeutero trimethy- 
lene oxide, then it would only be possible to calculate 


5 V. W. Laurie, J. Chem. Phys. 28, 704 (1958). 


—0.012 

(—0.097)> 

+1.033 +1.030 
(O)a 


12! 
123)> 


i We 
i: 
(QO) 
(O)® 


ZHa aS a Substitution coordinate and then to solve for 
zug in the moment of inertia equation, after neglecting 
A,. When this is carried out, one obtains results in 
8-hydrogen out-of-plane distances, of 0.874 A, 0.929 A, 
and 0.988 A for the hypothetical planar configuration, 
ground state, and the first excited state, respectively. 
Since this procedure assigns most of the effects of 
vibration rotation interaction to the zyg coordinate, it 
results in a greatly exaggerated effect on this distance. 
This is often done nevertheless, as is done in this paper 
to evaluate the y coordinates of the a-carbons and the 
x coordinates of the a- and 6-carbons. Here the effect is 
much smaller because of the heavier mass of the carbon 
atoms as compared to that of the hydrogens. 

Using the coordinates listed in Table III, we have 
calculated structures of the trimethylene oxide molecule 
in its hypothetical planar state and in the ground state 
and first excited state of the ring-puckering mode. The 
interatomic distances and angles are tabulated in Table 
IV. The set of structural parameters calculated using 
extrapolated rotational constants are preferred, since 
we feel that the discrepancies in the parameters for the 
ground and first excited states are associated with 
insufficient consideration of the vibration-rotation 
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TaBLe IV. Structure of trimethylene oxide. 








Preferred 
structure 


Hypothetical 
planar state 


Ground 
state 


First 
excited state 


r(Ca—Cg) 
r(Ca—O) 
r(C.—H,) 
r(Cs— Hs) 


1.549 A 
1.449 A 
1.091 A 
1.100 A 


£C,—Cs—C, 84°33’ 


ZC,z—O—-C, 91°59’ 


ZCs—C,—O 91°44’ 


4Ha—Ca—Ha 110°18’ 


ZHs—Cs— Hs, 110°44’ 


Angle between a-CH2 plane and C—C axis —2°22's 


Angle between a-CH2 plane and ZCs—C,—O bisector —30/s 


8 C,—H, towards oxygen atom. 
interaction arising from the ring-puckering vibration. 
However, the set of structural parameters computed 
using the extrapolated rotational constants still contains 
uncertainties associated with our inability to consider 
the vibration-rotation interaction effects of the remain- 
ing vibrations. Our preferred structure together with 
approximate uncertainties in the various parameters 
are given in the final column of Table IV. The uncer- 
tainties cited are well beyond those due to measure- 
ments and our method of extrapolation. 

The C—C bond in trimethylene oxide (1.549+ 
0.003 A) appears to be slightly longer than the generally 
accepted value of 1.543 A for ethane.’ However, since 
this latter value may contain an uncertainty of as much 
as 0.005 A, the margins of error probably overlap, so 
that one may conclude that, for all practical purposes, 
the C—C bond length in trimethylene oxide is equal to 
that in ethane. It is also found to lie within the limits of 
experimental uncertainty of the value reported for its 
parent molecule, cyclobutane (1.568 +0.02 A).7 It is 
interesting to note that like the C—C bond in other 
molecules with four-membered rings the C—C bond in 
trimethylene oxide does not reflect the bond-shortening 
effects observed in the corresponding three-membered 
ring, ethylene oxide (1.472 A).8 The ZH—C—H’s are 
also closer to tetrahedral (within a degree) in contrast 
to a value around 116° found in the three-membered 
ring.® The C—H bond distance of the 8-hydrogens 
obtained here is equal to that reported for ethane 
(1.102 A)® while the corresponding distance for the 


6G. E. Hansen and D. M. Dennison, J. Chem. Phys. 20, 313 
(1952). 

tt Ds 
(1952). 

8G. L. Cunningham, Jr., A. W. Boyd, R. J. Myers, W. D. 
Gwinn, and W. I. Levan, J. Chem. Phys. 19, 676 (1951). 


Dunitz and V. Schomaker, J. Chem. Phys. 20, 1703 


.543 A 





1.536 A 
1.442 A 
1.096 A 

A 


.549+0.003 . 
-449+0.002 . 
.091+0.002 / 
1.100+0.003 : 


A40 A 
.093 A 


1.094 A 1.086 


84°34’ 84°32’ 84°33’ +1’ 


91°45’ 91°30’ 


91°59’+7’ 


91°50’ 91°59’ 91°44’+3’ 


109°57’ 109°26’ 110°18’+10’ 


110°50’ his 110°44’+3’ 


—6§°2’s 


—9°4’/s 


4°14’ 


—7°20/s 


a-hydrogens is equal to that found in methane 


(1.092 A). 


INTERPRETATION OF THE VIBRATION-ROTATION 
INTERACTION 


The problem of the vibration-rotation interaction in 
trimethylene oxide may be separated into two distinct 
parts. In the first paper of this series, the rotational 
constants were expanded in terms of the expectation 
values of powers of the ring-puckering vibrational co- 
ordinate. There, the coefficients in the expansions were 
treated as empirical parameters and a study of the 
variation of the expectation values of Q,? and Q,4 with 
potential functions together with the far-infrared data 
of Danti, Lafferty, and Lord, led to the quantitative 
determination of the potential function for the ring- 
puckering vibration. 

The coefficients in these expansions, which were 
treated as empirical parameters in the determination 
of the potential function, actually represent the suces- 
sive derivatives of the rotational constants with respect 
to the vibrational coordinate. As derivatives, they are 
sensitive to the details of the molecular motion in the 
molecule during the vibration. An analytical knowledge 
of these coefficients will therefore provide some under- 
standing about the details of the molecular motion and 
ultimately the nature of the vibration-rotation inter- 
action. With this idea in mind, these coefficients were 
investigated. 

Trimethylene oxide is unique in that one vibrational 
mode, the ring-puckering motion, stands out clearly 
from all the other vibrations. The frequency of this 
vibration is so low that many levels are populated and 


9 G. G. Shepherd and H. L. Welsh, J.{Mol. Spectroscopy 1, 277 
(1957). 
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pure rotational transitions have been observed for the 
first five vibrational The vibration-rotation 
interaction associated with this motion is also unique in 
that it is impossible to fit the data in the usual form” 
of B=B,—a(v+ 4). The experimental rotational con- 
stants when plotted versus the vibrational quantum 
number show both curvature and zigzagging. 

A rigorous treatment of vibration-rotation interaction 
is straightforward theoretically. The only difficulty is 
that detailed force functions are required for every 
vibration of the molecule. The fact that this informa- 
tion is not available except for diatomic and a few 
triatomic molecules"~* and that the execution of this 
calculation is extremely tedious and lengthy, makes 
the rigorous approach not only impractical but im- 
possible. 

Since the ring-puckering vibration so dominates the 
data, it seems best to reduce the problem to a one- 
dimensional one. This simplification neglects all the 
interactigns of this particular vibration with the other 
modes iti the molecule. Since the coefficients in the 
rotational constant expansions contain not only contri- 
butions from the ring-puckering motion alone, but also 
those arising from the interactions of this particular 
vibration with the remaining modes, one should con- 
sider the following calculations to yield only approxi- 
mate coefficients for the rotational constant expansions. 

The validity of this single-mode approximation, of 
course, depends on how well it reproduces the experi- 
mentally observed variation in the rotational constants. 
However, since the frequency of this particular vibra- 
tion is much lower than those of the remaining vibra- 
tions, this would be expected to be a reasonable approxi- 
mation. 

If this single-mode approximation is assumed, the 
average rotational constant for a given vibrational level 
is simply given by h/8m*(1/I), where (1/J) denotes 
the corresponding quantum mechanical expectation 
value of the reciprocal moment of inertia. This is exact 
for a diatomic molecule, where there is only one vibra- 
tional degree of freedom and thus there can be no inter- 
actions of the type ignored in the following calculations 
for the ring-puckering vibration of trimethylene oxide. 

The variation in the moment of inertia with ring 
puckering will be dependent upon the details of the 
molecular motion. In particular, the general description 
of the vibrational coordinate is expected to be of some 
importance, expecially in this case where the vibration 
is of fairly large amplitude. For the ring-puckering 
vibration of trimethylene oxide, there are perhaps two 
ways in which we may describe the general path of the 
out-of-plane bending motion. The first of these corrre- 
sponds to a simple rectilinear motion of all the ring 


levels. 


10 C, H. Townes and A. L. Schawlow, Microwave Spectroscopy 
(McGraw-Hill Book Company, Inc., New York, 1955), p. 25. 

11 See work cited in footnote 10, p. 30. 

2H. H. Nielsen, J. Chem. Phys. 11, 160 (1943). 


137, Pliva, Collection Czechoslov. Chem. Commun. 23, 
(1958). 
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atoms along the out-of-plane axis. Most normal coor- 
dinate treatments use a coordinate of this type. The 
other involves a motion of the ring atoms along a 
curvilinear path, with no stretching of the bonds in the 
ring. 

These two cases will now be considered individually. 
In either case, the calculations first consist of the deter- 
mination of the coordinates of all the atoms in the 
molecule in terms of the instantaneous out-of-plane 
displacement. The principal moments of inertia and the 
rotational constants are then evaluated in the usual 
way. Corrections for shifts in the center of mass and 
rotation of the principal axes were made. 

The out-of-plane displacement of the ring atoms is 
referred relative to the average plane defined by the 
hypothetical planar ring. This average plane is located 
so that at any instant, the magnitude of the displace- 
ments of the oxygen atom and all three carbons from 
this plane are equal. We shall designate this out-of- 
plane displacement of the ring atoms as z. 

For ease of discussion, the following coordinate 
system will be set up in the four-membered ring. The 
Z axis of this coordinate system will be defined such 
that it is always perpendicular to the average plane 
referred to above. The X-Y plane coincides with the 
average plane, with the X and Y areas parallel to the 
C—O and C—C diagonals, respectively. The hypo- 
thetical planar structure as determined from the extra- 
polated rotational constants is assumed for the molecule 
at the planar configuration. 


Case 1. Simple Rectilinear Motion along the Z axis 


In this case, the four-membered ring vibrates under 
the constraints 


6x,;=0 


where 7 denotes a particular atom in the ring skeleton. 
The kinematics of the hydrogen atoms are as yet not 
defined. There are, however, probably only two extreme 
situations which need be considered. In the first of these, 
the methylene groups move as units such that the 
hydrogen atoms also satisfy the above constraints 
(Case 1a). In the other (Case 1b), the motion of the 
hydrogens is such that each of the methylene angles is 
bisected by the plane defined at any instant by its 
carbon atom and the two adjacent atoms in the ring. In 
neither of these cases, however, are any stretching of 
the carbon-hydrogen bonds and deformation of the 
methylene angles assumed to be involved. 

With these models, the rotational constant variations 
depicted in Fig. 1 are obtained. In these plots, the Q,’ 
and Q;4 matrix elements for the potential function 
selected in the previous paper are employed. A reduced 
mass for the vibration consistent with the model has 
been used. These reduced masses are 58.0 amu and 
97.2 amu for Case 1(a) and Case 1(b), respectively. 
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Comparison of the calculated and observed variations 
indicates that the above models for the ring-puckering 
motion are probably far from being the actual situation. 
Whereas rotational constant A increases with the 
vibrational quantum level experimentally, a large 
decreasing variation is predicted from these models. 
The amount of the vibration-rotation interaction in 
both rotational constants A and B is also calculated to 
be many orders of magnitude larger than is experiment- 
ally observed. Furthermore, rotational constant C is 
shown to be more or less invariant to the puckering 
motion, whereas experimentally, the largest vibration- 
rotation interaction is observed in this rotational 
constant. Obviously, therefore, the vibration-rotation 
interaction cannot be explained by a simple rectilinear 
motion of the ring atoms. 


Case 2. Curvilinear Motion 


The four-membered ring is here assumed to bend 
about the C—C and C—O diagonals with no stretching 
of the C—C and C—O bonds. That is, 


ble_c =() 
blo_o =0. (3) 


Each of the methylene angles will be constantly bisected 
by the plane defined at any instant by its carbon atom 
and the two adjacent atoms in the ring. As before, we 
shall assume no stretching of the carbon-hydrogen 
bonds and no deformation of the methylene angles 
during the out-of-plane bending motion. 

To complete our description of the ring-puckering 
motion, one additional parameter must be introduced. 
This parameter must specify the relative amounts of 
bending about the two diagonals of the four-membered 
ring and consequently reflects the dissimilarity of the 
deformation force constants of the ring angles. This 
parameter p is defined by 


p=[A(xcg)?/A(yea)*] 
= [ ( xX 13) 2 ( Xp’) 2VLC Va )2— ( Yoa° ) 2] 
=[A(xo)?/A(yca)? ] 


=[(xo)?— (x0°)* /L(yea)?— (¥ea")? ], (4) 
where xcs, Xo, and ycqa represent the instantaneous 
values of the x coordinates of the 8-carbon and the 
oxygen, and the y coordinate of the a-carbons, respec- 
tively; xcg°, xo", and ycq° are the corresponding values 
when the molecule is at its planar configuration; p as 
defined here, has limits of 0 and ©. The former limit 
corresponds to the case where the ring simply bends 
about the C—O axis alone, and the latter to the case 
where the puckering is a simple bend about the C—C 
axis. Symmetrical bending will be taken as that case in 
which p is unity. 


b 


Case Ib 


Case la 


Case ib 














Fic. 1. Rotational constant variations of trimethylene oxide 
as calculated from models 1(a) and 1(b), plotted against vibra- 
tional quantum number. 


For convenience, we shall define another parameter 
w such that 


w=(1—p)/(1+)). (5) 
The limits of w are —1 and +1, with w=0 correspond- 
ing to the situation of symmetrical bending defined 
above. This definition of # may now be combined with 
the geometry of the molecule to yield the following 
expressions for the coordinates of the ring atoms: 
(xcs)? = (xcg°)?— 2(1—w) 2? 
(xo)? = (xo)? —2(1—w) 2? 


(Voa, a= (Yoa°)?— 2(1+w) 2. 


These equations must satisfy the relationships, 


(xe8)?+ (yoa)?+42? =Io_c? 


(x0)*++ (yoa)?-+42? =Ic_o’, 


obtained from the geometry of the molecule and the 
choice of our toordinate system. 

The moment of inertia calculations lead to the 
following rotational constant expansions as a function 
of w. These expansions are only carried up to the 24 
term: 


(7) 


A ;;=11 999.6{1+ (0.030+1.45w) 2,2 
+ (—0.153+0.163w0+ 2.140") 2;4+} 
B;,=11 707.8{1+ (0.017—1.44w) 2,2 
+ (—0.110—0.0380+ 2.11) z;,4+} 
C ;;=6692.2{1+ (1.70—0.020w) 2:2 
+ (2.80—0.049w+0.046u")2;4+}. (8) 


The reduced mass of the vibration consistent with 
this model is 97.2 amu. Using this reduced mass and the 
set of matrix elements for the potential function 
selected earlier, the above rotational constants are 
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Fic. 2. Rotational constant variations of trimethylene oxide as 
calculated from model 2, plotted against vibrational quantum 
number. 


plotted versus the vibrational level for several values 
of w in Fig. 2. 

The best fit to the experimentally observed rotational 
constant variations is obtained for w~0.20. While the 
agreement is by no means perfect, it does reproduce the 
general variation very nicely. The rotational constant C 
is very insensitive to the value of w chosen. The fact 
that such good agreement is obtained here provides 
strong justification for the type of molecular motion 
described in this model. 

In Table V, we have tabulated the coefficients of the 
rotational constant expansions as determined from the 
numerical fitting in the previous paper and as calculated 
from the model described here. A comparison between 
the two sets of values indicates that reasonable agree- 
ment is obtained for the second-order coefficients. In 
view of the complexity of the entire problem, the degree 
of agreement illustrated here is regarded as quite satis- 
factory. However, for the fourth-order coefficients, not 
even qualitative agreement is obtained. There are 
several possible sources to which we may ascribe the 
discrepancies. It is clear that the rotational constants 
are very sensitive to minor changes in the details of the 
molecular motion. One might expect the detailed 
motions to change as the amplitude of the vibration 
increases; p and w are therefore most likely functions 
of z*. This would give rise to larger fourth-order coeffi- 
cients. Additional contributions to both the second- 
order and fourth-order coefficients should also arise 
from the interaction of the ring-puckering motion with 
some of the other lower-lying vibrations, particularly 
the rocking of the methylene groups and the in-plane 
deformation of the four-membered ring. 

It is important to note that the variations in both 
rotational constants A and B should be more sensitive 
to minor details of the molecular motion than should 
the variation in rotational constant C. For the type of 
motion described here, where the bending is fairly 
symmetrical about the two ring diagonals, Dmx? 
and YS my? decrease while dma? increases with 
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ring puckering. Since J, myet+ > me? and 
ie eae > m2, the observed rotational con- 
stant variations in A and B result from the incomplete 
cancellations of the changes in DY mix?2 and YS my2 
by the corresponding change in mz. The net 
effect is therefore small so that minor details of the 
motion can play a more important role in determining 
the actual variations. For rotational constant C, 
however, where 1 >> mix2+>_ my2, the effect is 
additive, thus giving rise to the large vibration-rota- 
tion interaction observed. Here, minor details of the 
molecular motion should be less important. 

Thus, qualitatively at least, the path of the out-of- 
plane bending motion in trimethylene oxide is one of a 
curvilinear nature. This result is, of course, not surpris- 
ing. As will be shown in a latter section, the potential 
energy associated with this vibration is essentially due 
to the deformation of the ring angles and to the torsion 
forces about the C—C and C—O single bonds during 
the bending motion. Since bending and torsional force 
constants are small compared to stretching force 
constants, little stretching of the bonds in the ring 
skeleton is expected during the vibration. 

The very different results obtained with Cases 1 and 
2 are striking indeed. In most treatments of vibration- 
rotation interaction, the initial step is to expand the 
vibrational motion in terms of the normal coordinates. 
The coordinates described in Cases 1 and 2 are equally 
good normal coordinates and are actually equivalent 
for infinitesimal vibrational displacements. The results 
of the above considerations very convincingly illustrate 
the inadequacy of the simple rectilinear motion. It is 
possible to compensate partially for the improper 
description of the motion in Case 1 by adding suffi- 
ciently large interaction terms so as to mix a small 
amount of the ring-stretching vibration into the simple 
rectilinear motion. However, the introduction of such 
parameters would seem to be artificial and it seems 
more appropriate to describe the motion in terms of a 
coordinate system which more closely follows the 
actual dynamic path of the vibration. 

It is probable that the aforementioned effect of path 
selection on vibration-rotation interaction applies not 
only to bending motions of the type studied in this 
problem. The bending motions in linear or nearly 
linear molecules, the rocking motions of certain groups, 
for instance, are expected to fall within this category. 
It is true that for other vibrations, particularly stretch- 
ing modes, the vibration-rotation interaction is strongly 
dependent upon the anharmonicities associated with 
the vibration. However, as has been shown in the 
previous paper, anharmonicities only determine the 
finer details of the rotational constant variations for 
the bending motion considered. Here, it is the path of 
the motion that decides the sign and the magnitude of 
the vibration-rotation interaction constants. 

Little has been said regarding the so-called Coriolis 
interactions. So far these interactions have been 
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TABLE V. Comparison of the coefficients in the rotational constant expansions as obtained from numerical fitting of experimental data 
and as calculated from model 2. 








(Bog) is =Bog? +82" (Q1?) 6 +8499 (Qr*) si® 


Rotational 
constant 


Zero-order 
coefficients 


Model 


Experiment 
12 031.8 
11 739.6 

6692.4 


12 000 
11 708 


6692 


® Rotational constants are in Mc. The units of Qi are amu! A. 
b Rotational constants for hypothetical planar molecule. 


assumed to be small so that Wilson and Howard’s 
treatment applies. To the order of approximation 
carried out by Howard and Wilson," the rotational] 
Hamiltonian is primarily quadratic in the rotational 
angular momenta. Terms which are quartic in the angu- 
lar momenta are also involved, but these correspond 
mostly to centrifugal effects. Neglecting the quartic 
terms, this rotational Hamiltonian leads to eigenvalues 
which are given by the equations of King, Hainer, and 
Cross,!® namely, 


W (J, 7) =[(A+C)/2]J(J4+1) +[(A—C)/2]E,(«). 


The parameters A, C, and « are, neglecting centrifugal 
distortion, the same for all rotational levels belonging 
to a given vibrational state. In the presence of near- 
vibrational degeneracies, Howard and Wilson’s pertur- 
bation treatment is no longer valid. Coriolis interaction 
would then give rise to additional terms in the Hamil- 
tonian which are linear in the rotational angular 
momenta, and in the presence of which the equations 
of King, Hainer, and Cross no longer apply. Since the 
equations have been found to fit all measured transitions 
with J lower than 10 to within 2 Mc, it is concluded 
that large Coriolis effects are absent. 

The results of this section show that even though the 
choice between several coordinate systems may be 
arbitrary as far as normal coordinates are concerned, 
such a choice is extremely important in the treatment of 
vibration-rotation interaction. A coordinate system 
should be selected such that the dynamical path of the 
vibration will be more nearly coincident with the 
coordinate chosen. 


INTERPRETATION OF THE POTENTIAL FUNCTION 
IN TERMS OF FORCE FIELDS WITHIN MOLECULE 


Aside from a small barrier, the potential function for 
the ring-puckering motion has been found to contain 
both harmonic and quartic terms. In particular, the 


4 FE. B. Wilson, Jr., and J. B. Howard, J. Chem. Phys. 4, 260 
(1936). 

6G. W. King, R. M. Hainer, and P. C. Cross, J. Chem. Phys. 
11, 27 (1943). 


Experiment Model w=0.2 


+74.83 


+182.3 


Second-order 
coefficients 


Fourth-order 
coefficients 


Experiment Model w=0.2 


+39.4 
—32.7 
+117 


—29.79 
—15.66 — 14.08 


—31.65 


potential function selected is given by 
V (Qi) =hwL0.5y02+0.083847°0;!+ 1.4 exp(—yQ2) J, 


w=93.00 cm. (9) 


Using a reduced mass of 97.2 amu as calculated for 
Case 2 in the previous section, one obtains the following 
potential energy function" in terms of the vibrational 
out-of-plane displacement 2(A), 


V cm! =12 4602?+560 1402!+ 130.2 exp(— 268.02"). 
(10) 


In 1945, R. P. Bell!” suggested that the out-of-plane 
bending motion in four-membered rings may be quartic 
in nature. The large quartic term in the above potential 
function is strong confirmation of this prediction. How- 
ever, the potential energy function does contain a 
significant quadratic term. This quadratic term is 
sufficiently large so that it affects the energy level 
pattern. 

In order to interpret these results, an attempt will 
be made to obtain a potential function from classical 
valence forces. The potential energy will be assumed to 
arise solely from the deformation of the ring angles and 
the torsional forces about the C—C and C—O bonds. 

In the calculations of the strain energy due to angle 
deformation, the problem arises as to what type of 
potential should be used to describe the deformation 
vibration. Since the ring angles here are far from their 
equilibrium tetrahedral values, one hesitates to use a 
Hooke’s law force. Pliva'*® has recently, in his extensive 
treatment of vibration-rotation interaction in triatomic 
molecules, obtained a general potential function for 
the deformation vibration, which appears to yield 
reasonable values for cubic and quartic potential 
constants in bending vibrations of the triatomic 
molecules studied. The potential as a function of the 


16 Because of a different reduced mass employed, this potential 
function is slightly different from that previously reported in 
S. I. Chan, J. Zinn, and W. D. Gwinn, J. Chem. Phys. 33, 295 
(1960). The potential function reported previously, V (Qi) = 
91452? +3015402+130.2 exp(—196.72?), is consistent with a 
reduced mass of 71.3 amu. 

7 R. P. Bell, Proc. Roy. Soc. (London) A183, 328 (1945). 
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deformation angle y, assumes the form 


V =3k sin}¢? (sin’y/ sin}d)[1+(sin?y/ sin®4g) ]; (11) 


¢ is the instantaneous valence angle; y=¢—¢°, where 
¢° is the equilibrium value. According to Pliva, 0 is a 
small constant of the order of 0.01 for the triatomic 
molecules studied. k is the usual force constant obtained 
from zero-order frequencies. 

The strain energy due to angle deformation upon the 
puckering of the ring may then be expanded in a 
Taylor’s series about the angles corresponding to the 
planar structure. Thus, 


V deformation = >> (OV m/ddm) em Adm 


m 


+ ( oO” J a ‘Om > “ ( Adm ) xe ( 1 2) 


where the summation extends over the four ring angles. 
The evaluation of the derivatives from Pliva’s function 
is tedious but straightforward, and will not be given 
here. Pliva’s deformation potential in the form given 
by Eq. (11) permits the calculation of all the potential 
constants in terms of the usual quadratic force constant. 

The derivatives in Eq. (12) are evaluated at the 
configuration of the planar molecule. The ¢,,° are the 
values of the ring angles at the planar configuration. 
Since the valence angles are already strained at this 
configuration, the first derivatives 0V,,/d¢, of the 
deformation potentials evaluated at the planar con- 
figuration are different from zero. These give rise to 
terms in the potential energy which are primarily 
quadratic in the ring-puckering coordinate. The un- 
strained equilibrium angles of the ZC—C—C and 
ZC—C—O’s have been calculated from the previously 
determined methylene angles using the orthogonality 
relationships for the bond orbitals. The angles are 
108° and 109°, respectively. An equilibrium angle of 
109° is assumed for ZC—O—C. 

The changes in the valence angles with ring puckering 
were evaluated using the model given in Case 2 of the 
previous section. The strain energy due to torsional 
forces about the C—C and C—O single bonds was 
assumed to be ethane type barriers of the form 


(V3/2) (1+ cos36). (13) 


The torsional barriers used are those for ethane (2800 
cal/mole)'® and methyl alcohol (1070 cal/mole).” 

The potential function for the out-of-plane motion 
is now obtained as a function of the out-of-plane dis- 
placement z(A). This expression is also a function of 
w, the parameter which specifies the relative amounts 
of bending about the two diagonals of the ring. This 
parameter has been defined in the previous section. A 
numerical value for this parameter can now be obtained 


8 C. A. Coulson, Valence (Oxford University Press, New York, 
1952), p. 194. 

9K. S. Pitzer, Chem. Revs. 27, 39 (1940). 

2 E. V. Ivash and D. M. Dennison, J. Chem. Phys. 21, 
1804(1953). 
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AND GWINN 
by minimizing the potential energy with respect to w, 
i.e., setting 0V/dw=0 for all 2’s. 

So far nothing has been said concerning the choice of 
the quadratic force constants for the deformation of the 
ring angles. The choice of these quadratic constants is 
not completely arbitrary. In essence, the following 
condition must be fulfilled. The planar ring is a rhom- 
bus. Given a set of bond lengths, this rhombus may 
assume a variety of configurations. That configuration 
which has been assumed by the ring is necessarily one 
of minimum potential energy, so that at this planar 
configuration 


re (a V/ddm) dm? dn? =(. 


m 


(14) 


This equation, combined with the conditions 


"o_c_otd’c_o_ct2¢%c_c_o=41 (15) 


and 


Po c(1- COS 96 c-c) = [?o o(1— cosd"c_o Cc), (16) 


yields one relationship that must hold between the 
force constants. Since three force constants are involved, 
two will be arbitrary, but the value of the third is 
restricted by the above condition. 

If the bending force constants of the ZC—C—C and 
ZC—O—C are taken to be 0.8X10-" and 1.0 10-" 
erg/rad*, then the value of the ZC—C—O force 
constant is 1.077 10-" erg/rad?. Using these quadratic 
constants and a value of b=0.01 for all the valence 
angles, a value of 0.06 is obtained for w. This is lower 
than the value of ~0.20 found empirically in the 
previous section. It is, however, in the same direction 
so that the four-membered ring finds it slightly easier 
to bend about the C—O axis than the C—C axis. 

From the calculations outlined above, we obtain the 
following potential function for the ring-puckering 
motion of trimethylene oxide, 


V total = V deformation + V torsion, 
where 

V deformation = 1.32 XK 10°2?-+-4.27X 10°24 cm 
V torsion = 979.4 {1+4(1—3.362?+5.5924+ ---)3 

—3(1—3.362?+-5.59z!++-+)} 

+374.8{1+4(1—3.822?+7.31z!+---)3 

—3(1—3.822?+-7.312'+-++)} cm. (17) 
In order to compare the empirical and calculated 
potential functions for the ring-puckering motion of 
trimethylene oxide, these functions are plotted as a 


function of the out-of-plane displacement in Fig. 3. It 
is noticed that the curve calculated as outlined above 





TRIMETHYLENE OXIDE. II 


(curve A) deviates widely from the experimental curve. 
An examination of the calculations indicates that the 
discrepancies arise from the competition between the 
torsional forces and the deformation strain already 
present in the planar ring. It is clear from the calcula- 
tions that in order to obtain a barrier in the potential 
function it would be necessary either to decrease the 
slope of the angle deformation potential functions at 
the points of interest or to increase the torsional 
barriers of the single bonds. The discrepancy is such 
that it would be necessary to increase the C—C barrier 
to around 10 kcal/mole and the C—O barrier to about 
4 kcal/mole. Since this is entirely unreasonable, it is 
thought best to decrease the slopes of the deformation 
potentials. The curve denoted by B in Fig. 3 was 
calculated using a 2p,(OVm/ddm)Adm of 3.5 10427, 
which is about one-fourth that calculated from Pliva’s 
functions. The agreement with experiment is really 
quite good. 

The quadratic term in the angle-deformation strain 
energy originates from the fact that the valence angles 
are already strained at the planar configuration. For 
each valence angle, the contribution is a measure of the 
slope of the deformation potential at the appropriate 
strained configuration. This slope is dependent upon 
the steepness of the potential well for the deformation 
vibration and the actual degree of strain of the valence 
angle. It is possible that Pliva’s deformation potential 
is much steeper than the actual] situation at the degrees 
of strain considered. However, even when a parabolic 
potential function is used, the calculated slope would 
still be several times too large. Since we are working on 
the repulsive side of the potential well, the walls should 
be steeper than that in a harmonic oscillator. The 
Pliva deformation potential is approximately 20-30% 
steeper than the parabolic potential function in the 
regions of interest. This is by no means unreasonable 
and it is necessary to look elsewhere for an explanation 
of this discrepancy. 
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Fic. 3. Empirical and calculated potential functions for the 
ring-puckering vibration of trimethylene oxide. 





The most probable explanation is that the valence 
angles are not as strained as were assumed in the above 
calculations. If the degree of strain in the ring angles is 
diminished by one-third, then the calculated potential 
function would follow that which is given in Curve B. 
This implies that the bent bonds in the four-membered 
ring are not as strained as those which would be calcu- 
lated using the orthogonality relations of the carbon 
orbitals alone. 
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Overlap integrals were calculated for possible primary bonds of uranyl ion. The 6d o and x overlaps are 
about the same and so great that considerable bonding of od and zd types is indicated. The 5f o and x over- 
lap integrals are about the same and quite small, but strong of bonding cannot be ruled out. 


ROPERTIES of the uranyl ion (OUO**) have 

received considerable attention.’ In particular, 
details of bonding have been the subject of some specu- 
lation, especially in connection with the electronic 
spectra of uranyl compounds and with uranyl salt 
structures in crystals. Qualitative understanding of 
the bonding is not difficult. Descriptions can be found 
in the works cited in footnotes 1 and 3. 

Using the uranium 6d, 5f (and 7s) and the oxygen 2p 
(and 2s) orbitals, the uranyl ion can form six (or 
more) bonding orbitals, i.e., of( Au), od( Aig), two 
af(Ei,), and two md(E,,) (plus two more if the various 
s orbitals are used), which accomodate the 12 (or 
more) valence electrons. Coulson and Lester* proposed 
using some overlap integrals between U Slater orbitals 
and H 1s orbitals as approximate tests of the ability of 
various molecular orbitals to provide strong bonds, but 
they devoted their attention particularly to the sec- 
ondary ligand-to-uranium bonds. 

Overlap integrals which we have obtained for the 
primary uranyl linkage are of some interest in the 
consideration of possible pi bonding. We performed 
straightforward numerical integrations (by a_ two- 
dimensional Simpson’s Rule) using a high-speed digital 
computer, ILLIAC. To obtain a uranium radical distri- 
bution for this purpose, we used the self-consistent-field 
U+* ion’ as a core. The radial wave equation, with this 


TABLE I. 
U-O distance od r mf 


=167A U-O 
O-U-O 


3.15 a 


0.175 
0.32 


0.066 
0.093) 


0.075 
0.105 


3.62 ap=1.92 A U-O 
O-U-O 


0.193 
0.27) 0.07 


0.052 0.047 
3 


0.069 


* This research was aided by a grant from the National Science 

Foundation. 
S. P. McGlynn (privately communicated preprints of papers 

which are to be published ). 

2R. E. Connick and Z. Z. Hugus, Jr., J 
6012 (1952). 
J. C. Eisenstein and M. H. L. Pryce, Proc. Roy. Soc. (Lon 

A229, 20 (1955). 
‘C, A. Coulson and G. R. Lester, J. Chem. Soc. 1956, 3650. 
5R. L. Belford, J. Chem. Phys. 34, 318 (1961). 
6 W. H. Zachariasen, Acta Cryst. 7, 795 (1954). 

E. C. Ridley, Proc. Roy. Soc. (London) A247, 422 (1958). 


. Am. Chem. Soc. 74, 
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core providing the potential, was solved (numerically, 
by ILLIAC) for /=3 (1 node=5f ),/=2 (3 nodes=6d), 
and /=1 (7 nodes=7s). While the numerical functions 
so obtained are far from perfect, they should be ade- 
quate for our purposes. As one observes in Fig. 1, the 
Siater 5f and 6d functions used by Coulson and Lester 
are roughly similar to ours in the outer regions of the 
atom. The overlap integrals, S(/, m), were calculated 


as 


co ft per 
Str m) =| | / Y,-™(6u, ¢) Yi"(0, ¢) 
v0 ) U 


bd sind R,,1( ru) Ro (79) rdodédr, 


where Y’s are normalized spherical harmonics, R’s are 
the radial wave functions, and subscripts U or O denote 
uranium or oxygen atoms. A Hartree-Fock O~ radial 
function’ was employed for R(ro). Results of these 
integrations are presented in Table I, together with the 
value derived from each result for the overlap of the 
uranium orbital with the appropriate combination of 
orbitals on both oxygen atoms. 

The rather surprising outcome of our calculations is 
that the pi overlap integrals are as large as, sometimes 
larger than, the corresponding sigma values. To under- 
stand this result, we plotted the overlap densities 
[ie., the integrand of S(/, m), integrated over @ and 
divided by r] as contour maps; these are shown in 
Figs. 2 and 3. (The total volume under the mountains of 
a contour map gives the overlap integral.) Figure 2 
shows clearly that while the wd overlap density does not 
reach as high a value as the od does, it is spread ever a 
larger volume in space. Also, the angular nodes of the 
od function cause its overlap density to be divided into 
regions of positive and negative values. A partial 
cancellation therefore reduces the od overlap integral. 
The cancellation effect is not a large fraction of the 
total integral, however; it is not so great as to invalidate 
our conclusion that md bonding is likely to be of the 
same order of magnitude as od bonding. On the other 
hand, the low values of the of overlap integrals may 
give us a false impression, since it is apparent that 
the corresponding cancellation effect is here quite large. 
In such cases, the magnitude of an overlap integral 


* D. R. Hartree, W. Hartree, and B. Swirles, Trans. Roy. Soc. 
(London) A238, 229 (1939). 
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SCF function (B&B) 
Slater orbital (C&L) 
SCF function (B&B) 
Slater orbital (C&L) 
= SCF (HH8S) 


| | 
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Fic. 1. Comparison of radial wave functions for uranium 5f and 6d, and oxygen 2? orbitals. Functions plotted are rR(r)= P(r) 
(B&B)= Belford and Belford, this work. (C&L)= Coulson and Lester.’ (HH&S)= Hartree, Hartree, and Swirles.* For oxygen, read 
upper scale. 


URANIUM 
—— 


od 


Fic. 2. Contour lines of overlap density of uranium d orbitals 
with oxygen p orbitals. The vertical coordinate is z and the hori- 
zontal coordinate p in cylindrical coordinates, both to the same 
scale. The function plotted is fy(U)-¥(o)-pd¢, i.e., 2ry(U)- | of | TH 
y¥(o):p. The interval of density is 0.00484, The perfect circles are ; f ; f 
radial nodes; the straight lines are angular nodes. The sign of the Fic. 3. Contour lines of overlap density of uranium / orbitals 
overlap function always changes when a node is crossed. with oxygen p orbitals. The interval of density is 0.00748. 
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may be a poor indicator of bonding possibilities. We 
are not prepared to judge the point in this case. It is 
clear, though, that the af overlap integral is quite small 
simply because the atomic orbitals do not overlap 
greatly. We are confident that (in the matter of over- 
lapping) the o- and rd orbitals are much more likely 
to form good bonds than the af. We have reached no 
such definite conclusion for the of bond. 

Two more points should be mentioned. First, one 
observes in Figs. 2 and 3 that the presence of radial 
nodes in our uranium wave functions does not greatly 
affect the overlap integrals, since most of the overlap 
occurs outside the last such node. By the same token, 
the use of oxygen orbitals orthogonalized to the inner 
shells (#=1, 2, 3, 4) of uranium would not change our 
results drastically. Interference by the 5s, p, and 6s, p 
electrons should have more effect, but the effort in- 
volved in our assessing it did not seem to be warranted 


AND G. 


BELFORD 


by the probable returns. Second, the density maps 
reveal that the electrons in a md bond would probably 
be distributed as a pair of very fat doughnutlike charge 
clouds above and below the equatorial plane, which 
could interact quite strongly with equatorial ligands. 
This possibility could account for ligand shifts of 
uranyl spectra. 


9,10 
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Molecular orbital calculations of the unpaired electron density 
in a number of semiquinone ions have been made as a function 
of a range of values of the Coulomb integral ao for the oxygen 
atom and the resonance integral Bco between the oxygen atom 
and the carbon atom. The unpaired electron densities p; were 
compared with the experimental hyperfine splitting constants a; 
arising from the proton bonded to carbon atom 7 by the use of 
McConnell’s relation a;=Qp;. Excellent agreement is obtained 
for the proper choice of ag and Boo. In contrast to most experi- 
mental tests of molecular orbital theory, the agreement depends 


rather critically on the choice of these two parameters. The best 
values found for the parasemiquinone ions are in the neighborhood 
of apMac+1.2 Bec and Bco®1.56 Bcc. The values of | Q | are close 
to 22.5 gauss. A different set of parameters is needed for the ortho- 
semiquinones. The molecular orbital calculation also fits the 
experimental splitting constants of the ring protons in the posi- 
tions meta and para to the methyl] group of the tolusemiquinone 
ion, but there is a large discrepancy at the position ortho to the 
methyl group. The results of detailed examination of a number 
of spectra of semiquinone ions are also reported. 





I, INTRODUCTION 


HE studies of DeBoer and Weissman,! and more 

recently of Symons ef al.,? of the electron spin 
resonance spectra of aromatic hydrocarbon ions, have 
shown a remarkable proportionality between the pro- 
ton hyperfine splitting and the calculated density of the 
unpaired electron at the carbon atom adjacent to the 
proton. The unpaired-electron density was calculated 
by one-electron molecular orbital theory. This propor- 
tionality is in accord with the relation proposed by 
McConnell’ between the hyperfine splitting constant 
a; arising from a proton attached to carbon atom 1 
and the unpaired z-electron density on this carbon 
atom p;, namely, 


a:=Qpi, (1.1) 


where Q is presumably a constant independent of the 
molecule or of the proton position. 

Theoretical and experimental evidence indicates that 
Q should be negative.** The magnitude of Q estimated 
from the spectrum of the benzene negative ion is 
|Q| =22.5 gauss.® For the methyl radical trapped in a 
solid matrix, the hyperfine splitting is 23 gauss,’ and 


* This research was supported in part by the U. S. Air Force 
through the Office of Scientific Research. 

f National Science Foundation Predoctoral Fellow. Present 
address: California Institute of Technology, Pasadena, California. 

1E. de Boer and S. I. Weissman, J. Am. Chem. Soc. 80, 4549 
(1958). 

2 A. Carrington, F. Dravnieks, and M. C. R. Symons, J. Chem. 
Soc. 1959, 947. 

3H. M. McConnell, J. Chem. Phys. 24, 632 (1956). 

4H. M. McConnell and D. B. Chesnut, J. Chem. Phys. 28, 
107 (1958). 

5H. M. McConnell, C. Heller, T. Cole, and R. S. Fessenden, 
J. Am. Chem. Soc. 82, 766 (1960). 

6T. R. Tuttle, Jr. and S. I. Weissman, J. Am. Chem. Soc. 80, 
5342 (1958); S. I. Weissman, T. R. Tuttle, Jr., and E. de Boer, 
J. Phys. Chem. 61, 28 (1957). 

7C. K. Jen, S. N. Foner, E. L. Cochran, and V. 
Phys. Rev. 112, 1169 (1958) ; B. Smaller and M. S. Matheson, 
J. Chem. Phys. 28, 1169 (1958); C. F. Luck and W. Gordy, 
J. Am. Chem. Soc. 78, 3240 (1956) ; W. Gordy and C. G. McCor- 
mick, ibid. 78, 3243 (1956). 
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McConnell e¢ al.,° have found Q = — 22 gauss for trapped 
malonic acid radicals in a single crystal. Only one other 
example of a z-electron radical is known in which an 
estimate of Q can be made without recourse to a cal- 
culation of p, namely, the recently observed spectrum 
of the mononegative ion of cyclooctatetraene,’ for 
which |Q|=25.67+0.07. This value may not be 
comparable with the Q’s found for the previously men- 
tioned radicals because the cyclooctatetraenyl radical 
may not be planar, and even if it were, the C—C bond 
angle would be 135°. 

The results for the univalent positive and negative 
hydrocarbon ions indicate that there is certainly at 
least approximate validity to McConnell’s expression. 
The magnitudes of Q’s determined from the experimen- 
tal splitting constants and unpaired-electron densities 
calculated by means of one-electron molecular orbital 
theory vary between 26 and 38.' Within a particular 
molecule, however, the variation in |Q]| is consider- 
ably smaller and for all but one molecule studied, is 
about 15% or less. The variations in |Q| may arise in 
part from inadequacies in the one-electron molecular 
orbital theory calculation of unpaired-electron densi- 
ties. 

The density p; in Eq. (1.1) should actually be inter- 
preted as a spin density rather than as an unpaired- 
electron density,! but in a one-electron molecular 
orbital theory the two densities are the same. It is now 
well known that the spin density can be negative in 
odd-alternate hydrocarbon radicals and that these 
negative densities arise at protons attached to carbon 
atoms for which the molecular orbital theory with 
neglect of configuration interaction would predict nodes 
in the unpaired-electron density. A molecular orbital 
theory calculation with neglect of configuration inter- 
action cannot be expected to give reasonable results for 
radicals similar to the odd-alternate hydrocarbons, 


8 'T. J. Katz and H. L. Strauss, J. Chem. Phys. 32, 1873 (1960). 
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TABLE I. Experimental splitting constants. 


Equivalent 
proton 
positions! 


Semiquinone 
ion derived 
from 


Splitting 
constant 
(gauss ) 


) Hydroquinone* 2.368+0.001 


3.65+0.04 
0.95+0.04 


Catechol 


3.23+0.01 
0.513+0.005™ 


Naphthoquinone® 
Naphthalenediol4 


f14 
14 


0.655+0.005™ 


= (6,7) 


(1,4,8,11) or 
= (2,3,9,10): 
a= (1,4,8,11) or 
= (2,3,9,10)3 


) 9,10-Anthraquinone® 0.962+0.005™ 


0.550+0.007™ 


1.66+0.01° 
0.380.042 


) o-Phenanthrene- 
quinone!:€ 


5.41+0.02 
0.96+0.02 


(6) Pyrogallol® 


2.60+0.02 
0.49+0.02 
0.49+0.02 


(7) Quinizarin® 


® See footnotes 10 and 14; produced by atmospheric oxidation in alkaline al- 
coholic solution. 

b See footnote 12 and R. H. Hoskins, J. Chem. Phys. 23, 1975 (1955) ; produced 
by atmospheric oxidation in alkaline alcoholic solution. 

© Produced by reduction with glucose in alkaline alcoholic solution. 

4 Produced by atmospheric oxidation in alkaline alcoholic solution. 

© Produced by reduction with sodium dithionite in alkaline alcoholic solution. 

f See footnotes 13 and 14; produced by reduction with glucose in alkaline 
alcoholic solution. 

© See footnote 12; produced by reduction with metallic zinc in alkaline solu- 
tion of water, ethanol, acetone or mixtures thereof. 

b See footnote 12 and R. H. Hoskins and B. R. Loy, J. Chem. Phys. 23, 
2461 (1955); 

? See Fig. 1 for numbering of positions. 

i Identification of proton positions with splittings has not been made. 


produced by atmospheric oxidation in alkaline alcoholic solution. 


k See text. 

! Assigned by analogy with 1,4-naphthosemiquinone ion. 
™ Corrected for overlap. 

® Overlap corrections required but not made. 


but the results for the even-alternate hydrocarbon 
radicals indicate that large errors in this latter type of 
compound are unlikely. 

The purpose of the present investigation was to ex- 
tend the comparison between molecular orbital calcula- 
tions of unpaired-electron density and experimental 
splitting constants to the semiquinone ions. Two 
parameters must be introduced into such a calculation: 
the Coulomb integral for a 2p, oxygen orbital ao and 
the resonance integral between a carbon 29, orbital and 
an oxygen 2p, orbital, Bco. Preliminary calculations 
indicated that the ratios of calculated unpaired- 
electron densities at different positions in a semi- 
quinone ion, and also the values of |Q|, depend mark- 
edly on the choice of these two parameters. We there- 
fore proceeded to make a systematic calculation of such 
ratios and |Q| values over a reasonable range of ao 
and Bco for a number of different compounds. The 
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spectra of several compounds were also reinvestigated 
in order to obtain reliable values of splitting constants. 
Molecular orbital calculations on semiquinone ions 
have been made previously by Bersohn® to explain the 
splitting in the methyl group protons of the methyl- 
substituted p-benzosemiquinone ions with results which 
are in excellent agreement with experiment. On the 
other hand, the spectra of the methyl- and chloro- 
substituted p-benzosemiquinone ions show a variation 
in ring-proton splitting on substitution of methyl 
groups or chlorine atoms which is much larger than 
could be accounted for by these calculations in con- 
junction with Eq. (1.1). In order to avoid the diffi- 
culties apparent with substituted semiquinones, the 
present discussion is concerned primarily with the 
unsubstituted radicals. One calculation has been made, 
however, for a methyl-substituted semiquinone ion, 
and is included in Sec. V. 


II. EXPERIMENTAL 


The details of the electron spin resonance spectra of 
the semiquinone ion radicals under consideration in the 
present work are summarized in Table I. Methods of 
preparation of the radicals and the techniques em- 
ployed to study the hyperfine spectra are described 
elsewhere.”° 


A. 1,4-Naphthos emiquinone Ion 


Wertz" and Adams et al.” observed a 15-component 
hyperfine spectrum composed of a triplet with splitting 
constant 3.22+0.03 gauss, in which each component 
is further split into a quintet with splitting constant 
0.57+0.03 gauss. This spectrum is consistent with the 
interpretation that the protons at positions 2 and 3 
(see Fig. 1) give rise to the larger splitting and that the 
5, 6, 7, and 8 protons are equivalent and give rise to the 
smaller splitting. 

The 1,4-naphthosemiquinone ion was reexamined in 
the present work under conditions of low radical con- 
centration, low microwave power, and good magnetic- 
field homogeneity. Each of the quintets previously 
reported was further resolved into a group of nine 
components, the intensity ratios of which are consis- 
tent with the interpretation of two groups of two 
equivalent protons each. 

The fully resolved spectrum consists of 27 hyperfine 
components in the approximate intensity ratios 


1:3:2:1:4:9:-2:-2:1:2-4:423:2':4-6 2272751 4927271. 


Values of the three hyperfine splitting constants are 
reported in Table I. 


®R. Bersohn, J. Chem. Phys. 24, 1066 (1956). 

10 B. Venkataraman, B. G. Segal, and G. K. Fraenkel, J. Chem. 
Phys. 30, 1006 (1959). 

J. E. Wertz and J. L. Vivo, J. Chem. Phys. 24, 479 (1956). 

2M. Adams, M. S. Blois, Jr., and R. H. Sands, J. Chem. Phys, 
28, 774 (1958). 
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Fic. 1. Structural formulas: (a) p-Benzosemiquinone, (b) 0-Benzosemiquinone, (c) 1,4-Naphthosemiquinone, (d) 9,10-Anthra- 
semiquinone, (e) o-Phenanthrenesemiquinone, (f) Pyrogallolsemiquinone, (g) Quinizarinsemiquinone. 


Assignment of the splitting constant with the value 
3.23 gauss to the two protons on ring A was made on 
the basis of the spectrum observed on reduction of 
2,3-dichloro-1,4-naphthoquinone. The spectrum con- 
sists of a single unresolved component with a half-width 
at half-maximum absorption of approximately 4 
gauss, and no chlorine hyperfine splitting was ob- 
served.” The other two splitting constants cannot be 
assigned to a particular pair of protons on ring B with- 
out further evidence. 

Corrections for overlap of component lines, as de- 
scribed by Venkataraman,": were applied to certain 
measured spacings in order to obtain the reported 
splitting constants. The overlap correction for 1,4- 
naphthosemiquinone ion (and also for 9,10-anthrasemi- 
quinone ion, see the following) is only 0.002 gauss and 
is therefore small compared to the measured spacings. 


B. 9,10-Anthrasemiquinone Ion 


Adams ef al.” have observed a 13-line hyperfine 
spectrum of a radical produced by reduction of anthra- 
quinone, but offered no interpretation of the spectrum. 
In the present work, a hyperfine spectrum has been 
observed which shows more resolved components than 
reported by Adams et al., and is consistent with the 
spectrum predicted from the following model of the 
9,10-anthrasemiquinone ion radical. 

There are two sets of four equivalent protons each 
(see Fig. 1). Let us assume that the splitting constant 
for one set a; is approximately twice that for the other 
set de, i.e., d1=2a2+6 where |6|<as. A 25-line hyper- 
fine spectrum would be obtained with predicted in- 
tensity ratios of: 1:4:4:6:16:4:6:24:1:24:16:4:36:4:16: 
24:1:24:6:4:16:6:4:4:1. The hyperfine spacings taken 


‘8B. Venkataraman, thesis, Columbia University, New York, 
1955. 


from the central component (relative intensity 36) 
as origin would be +6, +(a2+6), a2, +(2a.+28), 
+ (2a2+6), +2a2, +(3a2+25), +(3a2+6), + (402+ 
25), + (4a2+5), +(5a2+26), + (602428). 

The observed spectrum is in agreement with these 
predictions of spacings and relative intensities, and the 
splitting constants (corrected for overlap) are listed in 
Table I. The splittings cannot be assigned to definite 
proton positions without further evidence. 


C. o-Phenanthrenesemiquinone Ion 


This spectrum has been observed by Venkatara- 
man'*-4 and measured by Adams ef al.” It consists of an 
overlapped quintet each component of which is further 
split into another highly overlapped quintet of com- 
ponents and is thus consistent with two groups of four 
equivalent protons each. There are four groups each 
consisting of two equivalent protons in this radical 
(see Fig. 1). The observed spectrum can probably be 
accounted for if the four groups consist of two pairs in 
each of which the splittings are nearly equivalent, and 
if the splitting of one set of four protons is considerably 
different from that of the other set. The deviation from 
equivalence would account in a large measure for the 
overlapped appearance of the spectrum. Since overlap 
corrections were not mentioned by Adams ef al., and 
presumably were not applied, the splitting constants 
for this radical cannot be considered to be as quantita- 
tively valid as those cited for the other compounds. 


D. Quinizarinsemiquinone Ion 


In principle free radicals can be produced both by 
oxidation and reduction of quinizarin. Quinizarin was 
reduced, in the present work, using sodium dithionite 


4B. Venkataraman and G. K. Fraenkel, J. Am. Chem. Soc. 
77, 2707 (1955). 
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Fic. 2. 1,4-Naphthosemiquinone 
ion: Contour plot of representative 
values of the calculated unpaired- 
electron density ratio p,/p3. 
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in alkaline alcoholic solution, and the hyperfine spec- 
trum observed is consistent with that reported by 
Adams et al.,” who did not specify whether the radical 
observed was formed by oxidation or reduction. 


Ill. MOLECULAR ORBITAL CALCULATIONS 


One-electron molecular orbital theory calculations” 
were performed using the Hiickel approximation for 
the free radicals listed in Table I. Energy eigenvalues 
and eigenfunctions were computed using various sets 
of values of the molecular orbital theory parameters 
for the oxygen atoms, namely the Coulomb integral 
a and the carbon-oxygen resonance integral Beco. 
Calculations were made with an IBM 650 computer, 
using 30 or more sets of parameters for the p-benzo- 
semiquinone ion, 1,4-naphthosemiquinone ion, and the 
9,10-anthrasemiquinone ion; 23 sets for the o-benzo- 
semiquinone ion; and about 10 sets each for the re- 
mainder of the free radicals. The wave functions were 
used to compute unpaired-electron densities p; and, 
by means of Eq. (1.1) and the experimental splitting 
constants a;, values of |Q| for each proton position. 
Detailed results, such as the wave functions of the un- 
paired electron, computed values of odd-electron 
densities, and computed values of |Q|, are tabulated 
elsewhere.!® 

Some representative results are presented below; 
others are cited, where pertinent, in the discussion 
section. The data can be portrayed graphically by 
means of contour plots. The first contour plot, Fig. 2, 
will serve as an example. The coordinate axes of these 
plots are da=(ao—ac)/Bcoc and Bco/Bcc, where ac 
and fcc are the Coulomb and resonance integrals for 
carbon, respectively. The value of one of the calculated 
quantities for a particular choice of the parameters 
da and 8co/Scc is written beside the point defined by 
this pair of parameters. In Fig. 2, the calculated quan- 


% C. A. Coulson and H. C. Longuet-Higgins, Proc. Roy. Soc. 
(London) A191, 39 (1947); C. A. Coulson, Quart. Revs. (Lon- 
don) 1, 144 (1947); E. Hiickel, Z. Physik 70, 204 (1931). 


16 G. Vincow, thesis, Columbia University, New York, 1959. 


tities plotted are ratios of odd-electron densities of the 
y to the 6 protons in 1,4-naphthosemiquinone ion 
These densities are designated p,/ps, and the y, 6 
notation is defined in Table I. If a large number of 
points is plotted, it becomes evident that many points 
have the same value of this ratio. These points could be 
connected with a continuous curve, and this curve is 
termed a contour of p,/ps. The various contours do not 
seem to intersect; in a few instances there is more than 
one contour of the same value. The values of p,/ps 
and, hence, of the contours of p,/ps, vary continuously 
with changes in da and Bcoo/Becc. 

The values of da and Bco/8cc included in the contour 
plots are in the range 1SéaS2 and 1S (8co/fcc) $2. 
These values span the range of oxygen parameters 
commonly used in the literature.’ In order to test the 
choice of ranges, a number of calculations have been 
made using sets of values outside these limits. In 
general, using Eq. (1.1), poor agreement between 
experiment and the calculated quantities was ob- 
tained, thus justifying the ranges of oxygen param- 
eters selected in the present work. 

Figure 3 is a contour plot of representative values of 
the ratio of odd-electron densities for the a and 8 pro- 
tons of 9,10-anthrasemiquinone ion, designated pa/pg. A 
typical plot of the values of |Q| is presented in Fig. 4, 
which is a contour plot of representative values of 
\0| for the a- and £-position protons of 9,10-anthra- 
semiquinone ion, designated |Qa| and |Qg|. Each 
doublet of values is listed in a vertical column beside the 
point to which it corresponds, with |Q.| at the top. In 
this compound, ambiguity arises in the assignment of 
the observed splitting constants to proton positions, 
and, for simplicity, only one set of the possible values 
of |Q| has been plotted (see Sec. IV). 

7 (a) R. D. Brown, Quart. Revs. (London) 6, 63 (1952); (b) 
M. G. Evans, J. Gergely, and J. de Heer, Trans. Faraday Soc. 
45, 312 (1949); (c) C. A. Coulson, ibid. 42, 106 (1946); (d) 
B. Pullman and A. Pullman, Results of Quantum Mechanical 
Calculations of the Electronic Structure of Biochemicals (Univ. of 
Paris, Institute de Biologie Physico-Chimique, Paris, 1957). 


(Report under U.S. Public Health Service, National Cancer 
Institute, Grant No. 3073). 
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Figure 5 is a contour plot of representative values of 
\Q| for protons in the a, y, and 6 position of 1,4- 
naphthosemiquinone, designated |Qa|, |Q,|, and 
\Qs|, respectively. 

Figure 6 is a contour plot of representative values 
of the ratio of odd-electron densities for the a and 8 
protons of o-benzosemiquinone ion, pa/ps. 

Selected values of the data are collected in Table II. 
For the o-phenanthrenesemiquinone ion, only average 
values of the calculated quantities for two sets of 
protons have been tabulated; pgs is the average of pg 
and ps, and p,. is the average of p, and p,. The calcula- 
tions show that pg and ps are roughly equal, and also 
that p, and p, are roughly equal. The unpaired-electron 
density at the first set is larger than at the second. This 
result is in agreement with the appearance of the spec- 
trum, and the splitting constants can therefore be 
interpreted as averages arising from two sets of pairs 
of protons. The Q’s are calculated from the average 
densities and the appropriate experimental splitting 
constant. For the quinizarinsemiquinone ion, the 
observed splitting is an average resulting from all the 
protons in ring C (see Fig. 1), and therefore the only 
parameters listed for ring C in Table II are an average 
of the 6 and y protons. In principle, two free radicals 
could be obtained from the oxidation of pyrogallol, one 


Pco/Bee 


containing nine 7 electrons and the other containing 11. 

The calculations show that the wave function of the 
unpaired electron in the nine z-electron radical has a 

node in the 5 position and therefore this radical should 

not produce a large splitting in the 5 position. Since a 

large splitting is observed at the 5 position, we conclude 

that the spectroscopically observed radical contains 11 

m electrons, and only the calculations for this radical 

are reported in Table II. 


IV. DISCUSSION 


A. Parasemiquinones 


The first part of the analysis of the molecular orbital 
calculations will be made by comparing the computed 
results with the splitting constants of the three para- 
semiquinone ions for which accurate experimental data 
is available. These radicals are the p-benzosemiquinone 
ion, the 1,4-naphthosemiquinone ion, and the 9,10- 
anthrasemiquinone ion. The rings which are not at- 
tached to oxygen atoms (ring A in the 1,4-naphtho- 
semiquinone ion, and rings A and C in the 9,10-anthra- 
semiquinone ion, see Fig. 1) would be expected to be 
closely analogous to the rings of the hydrocarbon radi- 
cal ions. Splittings calculated for these adjacent rings 
from molecular orbital wave functions with the aid of 
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Fic. 4. 9,10-Anthrasemiquinone 
ion: Contour plot of representative 
values of |Qa| and |Qg|. Each 
doublet of values is listed vertically 
beside each point, with | Q.| at the 
top. 
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Fic. 5. 1,4-Naphthosemiquinone 
ion: Contour plot of representative 
values of | Qa |, | Q, |, and | Qs |. Each 
triplet of values is listed in a vertical 
column beside each point in the order 
| Qa |, |Qy|, | Qe], with |Q. | at the 
top. 
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McConnell’s relation, Eq. (1.1), would therefore be 
expected to be in rather close agreement with the 
experimental results provided the parameters ao and 
8co for the oxygen atom are properly chosen. The con- 
tour plots of the theoretical ratio of odd-electron 
densities in the adjacent rings are given in Figs. 2 
and 3, and we are interested in finding those contours 
which possess values in closest agreement with the 
experimental ratio of splittings. Such contours should 
indicate the best values of the two oxygen parameters. 

Before proceeding, however, the ambiguity in the 
assignment of the experimental splittings to proton 
positions in the 1,4-naphthosemiquinone ion and the 
9,10-anthrasemiquinone ion must be considered in 
detail. We assert that the larger of the two splittings 
arises from the 6 and 7 positions in the 1,4-naphtho- 
semiquinone ion, and from the 2, 3, 9, and 10 positions 
in the 9,10-anthrasemiquinone ion. The evidence for 
this choice is as follows: 

(1) Contours of theoretical ratio of odd-electron 

densities in adjacent ring 

The experimentally determined ratio of the splitting 

constants for positions 5 (or 8) and 6 (or 7) in the 1,4- 


naphthosemiquinone ion is 0.78+0.01 or its reciprocal, 
1.28+0.02; and for the 1 (or 4, 8 or 11) and 2 (or 3, 


2.0 § 


9 or 10) positions in the 9,10-anthrasemiquinone ion 
the ratio is 0.572+0.007 or its reciprocal, 1,750.02. 
The contours which show the best agreement with the 
experimental ratio of splittings, if the above assignment 
is correct, are desginated E and F, respectively, in 
Figs. 2 and 3. The contour which shows the best agree- 
ment for the opposite assignment in the 1,4-naphtho- 
semiquinone ion is G. It is an approximate contour since 
a large number of points were not calculated for the 
region of the (da, Bco/8cc) plane in the neighborhood 
of G. The contour showing the best agreement for the 
opposite assignment in the case of the 9,10-anthrasemi- 
quinone ion is designated H and is not represented in 
Fig. 3 because it lies outside the plotted range. One 
point on H lies on the line (8co/8cc) =1.0 at a point 
considerably above d6a=2.5, and other contour points 
for (8co/Bcc)>1.0 correspond to even larger values 
of da. It is evident from the figures that EK and F would 
be practically superimposable curves on a joint contour 
plot combining Figs. 2 and 3, whereas G and H would 
be widely divergent on such a plot. 


(2) Contours of theoretical ratio of odd-electron densities 
between different rings 


The experimental ratios of the splitting in ring B 
of the 1,4-naphthosemiquinone ion to the splittings in 
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Fic. 6. o-Benzosemiquinone ion: 
Contour plot of representative values 
of the calculated unpaired-electron 
density ratio pa/ps. 
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ring A, the adjacent ring, are 4.930.05 and 6.30+0.06. 
According to the above assignment, the ratio 6.30 
would correspond to the 5 and 8 positions, and the 
theoretical ratios of odd-electron densities for the 
values of ao and Bco corresponding to contour £ differ 
from this number by only about 10%. With the op- 
posite assignment, the experimental ratio for these 
positions would be 4.93, and the theoretical odd-electron 
density ratio, which must now be computed along con- 
tour G, differs from the experimental value by about 
50%. 
(3) Contours of \Q| 


Figure 4 is a contour plot of values of |Q.| and 
\Og| for the 9,10-anthrasemiquinone ion, and the curve 
labeled F is the contour of constant odd-electron dens- 
ity ratio taken from Fig. 3. All the |Q| values along 
curve F are close to |Q | =22.5. A similar contour plot 
of |Qa|, |\Qy|, and |Qs3|, for the naphthosemiquinone 
ion (Fig. 5) also shows that along curve E the |Q| 
values are close to |Q|=22.5. Along G and H, the 
contours of odd-electron density consistent with the 
alternative assignment, the values of |Q| differ con- 
siderably from 22.5. For example, in the naphthosemi- 
quinone ion, the values of |Q| along curve E are 
approximately |Q.|=20-24, |Q,|=18-22, and |Q;|= 
18-22; along curve G, |Q.|=25-30, |Q,|=14-17, 
and |Qs;|=14-17. In the anthrasemiquinone ion, the 
range of values of |Q.| and |Qs| along F is 21-24; 
along curve H they are less than 12. 

The assignment has not been demonstrated conclu- 
sively, but strong evidence has been adduced in its 
behalf. This assignment will be assumed in the re- 
mainder of the discussion. 

If we now assume that McConnell’s proportionality 
relation, Eq. (1.1) is correct, then the best values of 
ao and Bco will be among those lying on the contour of 
theoretical odd-electron densities which is in best 
agreement with the value of the experimental ratio of 
the splittings, namely, contours E and F in Figs. 2 
and 3, respectively. 

If one assumes further that the correct value of |Q| 
for any aromatic CH group lies in a small range about 
|0|=22.5, then one can obtain ranges for the best 
values of da and Bco/8cc from an examination of the 
values of |Q| along curves E and F. One such set of 
values is given in Fig. 4. Thus, the best values of ao 
and co consistent with the results of molecular orbital 
theory and McConnell’s proportionality relationship, 
when applied to the adjacent rings of the 1,4-naphtho- 
semiquinone ion and the 9,10-anthrasemiquinone ion, 
lie along or very close to contours E and F, and a reas- 
onable range to take is 1.0<éa<1.4 and 1.45< (Beo/ 
Bcc) $1.65. Other quantities were calculated using this 
best range of oxygen parameters: (1) For the p-benzo- 
semiquinone ion, it was found that |Q|=21-23; (2) 
For the theoretical ratio of odd-electron densities in the 
2 (or 3) position to the 6 (or 7) position in the 1,4- 
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naphthosemiquinone ion p./ps a value was obtained 
which differs from the experimental ratio of splittings 
by —9.5% to —11.1%. 

If the one-electron molecular orbital theory were an 
exact theory, the values of ao and co at the point of 
intersection of contours E and F would be the best 
values of the oxygen parameters for calculations on 
semiquinone free radicals. Such values of these param- 
eters are agn=act1.28cc and Bcoo=1.56Bcc. Since the 
contours £ and F are almost parallel, and the two com- 
pounds from which they are derived, the 1,4-naphtho- 
semiquinone and 9,10-anthrasemiquinone ions, are 
quite similar, the point of intersection is not precisely 
located and a quite different point of intersection might 
be obtained if data were available for different com- 
pounds. Nevertheless, in spite of the uncertainties 
concerning the point of intersection and the funda- 
mental inexactness of the theory, it is of interest to 
examine the values of the other quantities calculated 
under the assumption that this is the best set of param- 
eters: (1) The value of the theoretical ratio of odd- 
electron density of the 2 (or 3) position to the 6 (or 7) 
position in the 1,4-naphthosemiquinone ion, pa/ps, 
differs from the experimental ratio of splittings by 
—10.3%. (2) The values of the Q’s for this radical are 
Qu | =22.3, |Q,|=20.7, and |Q3|=20.6. (3) The 
values of the Q’s for the 9,10-anthrasemiquinone ion are 
\Qu|=22.8 and |Qs|=22.7. (4) The value of |Q| 
for the p-benzosemiquinone ion is |Q|=22.0. 

The quinizarinsemiquinone ion is also a parasemi- 
quinone. The theoretical (averaged) ratio of the odd- 
electron densities (see Sec. IIT) for values of ao and 
Bco in the region close to curves E and F (see Figs. 2 
and 3) differs from the experimental ratio of splittings 
by about 15%. The approximate ranges of |Q| along 
curves E and F are |Qq|=19-22.5 and |Q,,|=16-19. 
These results are in approximate agreement with the 
results obtained for the other parasemiquinones. 

Some comment is perhaps in order about a value. of 
(Bco/Bcc) in the range 1.5-1.6. Coulson!” has estimated 
this ratio by assuming that 28 is given by the difference 
in single-bond and double-bond energies,'* so that 


(Bco/Bcc) = [E( C—O) — E(C=0) VCE(C —C) 
ee 


C) ]. 
Using the values tabulated by Pitzer,’ namely, E(C 

O) =79, E(C=0) =173, E(C—C) =80.5, and E(C= 
C) =145, one obtains (8co/8cc) = 1.46, in surprisingly 
good agreement with the value found in the present 
work. On the other hand, the resonance integrals should 
be at least roughly determined by the overlap integrals, 
and by interpolating in the tables of Mulliken e¢ al.,” 


18 J. E. Lennard-Jones, Proc. Roy. Soc. (London) A158, 280 
(1937). 

19K. S. Pitzer, Quantum Chemistry (Prentice-Hall, Inc., Engle- 
wood Cliffs, New Jersey, 1953), p. 170. 

2 R, S. Mulliken, C. A. Rieke, D. Orloff, and H. Orloff, J. 
Chem. Phys. 17, 1248 (1949). 
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one finds, assuming a C—O bond length of 1.33 A, 
that the ratio of overlap integrals is (.Sco/Scc) =0.7. 
In other words, these considerations imply that Sco 
should be less, not greater, than 8cc. Similarly, Adrian,”! 
in a study of the quadrupole spectrum of cyanuric 
chloride, found that the carbon-nitrogen resonance 
integral Bon would fit his data best if it had the value of 
Bon =0.7Bec, while the ratio of overlap integrals is 
0.78. 

The foregoing analysis for the parasemiquinone ions 
indicates that the one-electron molecular orbital theory, 
in conjunction with Eq. (1.1), is in excellent agreement 
with experiment, and only small departures are found 
from the value of |Q| =22.5. 


B. Orthosemiquinones 


We now turn to a discussion of the two orthosemi- 
quinones, the o-benzosemiquinone and the o-phen- 
anthrenesemiquinone ions. In the former, there is no 
ambiguity in the assignment of the experimental splitt- 
ing constants to the proton positions, but in the latter 
the spectrum is not well resolved and, in addition, there 
is no experimental evidence for choosing any particular 
assignment. The ratio of the two splitting constants 
for the o-benzosemiquinone ion is 3.84+0.16; and 
for the o-phenanthrenesemiquinone ion it is 4.4+0.4.” 
The approximate contour of the theoretical ratio of 
odd-electron densities for the o-benzosemiquinone ion 
giving the best agreement with the experimental ratio 
of splittings is designated J in Fig. 6. Contour J is 
clearly not in agreement with contours E and F of 
Figs. 2 and 3. The values of |Qa| and |Qg| along 
contour J are very similar and range from 27.5 to 30. 
All other contours show differences, some of them 
large, between the values of |Qa| and |Qg| (see Table 
II). For the o-phenanthrenesemiquinone ion, only two 
sets of (averaged) calculated and experimental quanti- 
ties can be used (see Sec. III), and again the theoretical 
ratio of (averaged) odd-electron densities which is in 
best agreement with the experimental ratio of splittings 
is in the general region of contour J, Fig. 6. Uncertainty 
in the value of the experimental ratio prevents one 
from making a stronger comparison. Values of the 
averaged Q’s, |Qgs| and |Q,.| (defined in Sec. III), 
are also closest to 22.5 and to each other in the region 
of the plot around contour J. The similarity between 
the results for these two compounds indicates that there 
may be general agreement for all orthosemiquinone 
ions, but the best values of the oxygen parameters for 
these compounds are different from the best values 
for the parasemiquinone ions, and the |Q|’s for the 


*1F, J. Adrian, J. Chem. Phys. 29, 1381 (1958). 

2 An interesting numerical sidelight to the agreement among 
the orthoquinones is the fact, as yet unexplained, that the ratio 
of splitting constants for all orthosemiquinones investigated to 
date is about 4. The ratio is 3.84+0.16 for o-benzosemiquinone 
ion, 4.4+0.4 for o-phenanthrenesemiquinone ion, and 4.1+0.3 
for acenaphthosemiquinone ion.” 
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ortho compounds are somewhat larger than the |Q|’s 
for the para compounds. 

This difference between the best oxygen parameters 
for the ortho and para compounds implies that the 
molecular orbital parameters of an oxygen atom are 
affected by the presence of a second oxygen atom ortho 
to the first. This effect may be a general phenomenon, 
and in particular it might be expected that any group 
ortho to an oxygen atom would require the use of 
different oxygen parameters from those appropriate 
in the absence of an ortho-substituted group. 

One other unsubstituted radical, the pyrogallolsemi- 
quinone ion, was investigated. It contains three oxygen 
atoms, and the results obtained are in disagreement 
with those of both the orthosemiquinones and the 
parasemiquinones. In fact, there are no values of ao 
and @co in the range under consideration in the present 
study for which the predicted ratio of odd-electron 
densities is within a factor of two of the experimental 
ratio of splittings. One value calculated exceeds the 
experimental ratio by a factor of about 100, and the 
values of |Qa| and |Qg| for this point are 45.7 and 
4440, respectively. 

The pyrogallolsemiquinone ion is the only radical 
studied in the present investigation which is an odd- 
alternate radical, and therefore one would expect that 
negative spin densities might play an important role.‘ 
Let us first consider only those valence-bond structures 
of the 11-electron dinegative ion of pyrogallolsemi- 
quinone in which the two negative charges are on the 
two most distant oxygen atoms (positions 7 and 9 
in Fig. 1). Insofar as the position of the unpaired elec- 
tron is concerned, such structures are analogous to the 
structure of the phenoxy radical, and there are no 
structures in which the odd electron appears at positions 
4 and 6, the positions meta to the “phenoxy” oxygen. 
The simplest theories for these structures would thus 
predict no unpaired-electron density and no splitting 
arising from protons at positions 4 and 6. A more 
refined calculation should, however, give negative spin 
densities at these positions. 

In the present case, simple structures can also be 
written which place the unpaired electron at positions 
4 and 6, although these structures do not cause maxi- 
mum separation of the two negative charges. There 
should thus also be a small positive spin density at these 
positions. The molecular orbital calculations indicate 
an odd-electron density at these positions, but since 
the theory does not take into account electron repul- 
sion, it is likely that the calculated results have too 
large a contribution from structures with the two 
negative charges near to each other, and thus too 
large a positive spin density results from the calculation. 

The positive and negative spin densities at positions 
4 and 6 should thus tend to cancel each other, with the 
net density being negative, and there should be a very 
small splitting arising from the protons at these posi- 
tions. The experimental splitting in the 4 or 6 posi- 
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TABLE III. Tolusemiquinone ion. 


Bco/Bcc 


tions is only 0.95 gauss and is much smaller than the 
splitting arising from negative spin density positions 
in the odd-alternate perinaphthenyl*® and allyl* radi- 
cals. The discrepancies between the ratios calculated 
by one-electron molecular orbital theory and the 
experimental results can thus be qualitatively under- 
stood. In addition, the value of |Q| for the proton in 
the 5 position is quite high, but it is not unreasonable, 
in view of the results for the orthosemiquinone ions, 
that three adjacent oxygen atoms should require a set 
of oxygen parameters which is at even higher values of 
da and lower values of Bco/8cc than is needed for the 
orthosemiquinone ions. 


V. TOLUSEMIQUINONE ION 


Preliminary investigations of the extension of the 
present work to substituted semiquinone ions have been 
made by performing calculations on the tolusemi- 
quinone ion. The experimental splitting constants 
for the protons at positions 3, 5, and 6, respectively, 
are 1.764+0.001 gauss, 2.537-+-0.002 gauss, and 2.462+ 
0.002 gauss. The numbering system in Fig. 1 for p- 
benzosemiquinone has been used with the methyl group 
at position 2. Bersohn’s study of the methyl-group 
proton hyperfine interaction? made use of the molecular 
orbital theory of hyperconjugation. He used the 
parameters da=1.0, (8co/8cc) =1.0, and two values of 
Bi, the resonance integral coupling the methyl group to 
the ring, namely (§;/8cc) =0.70 and (8;/Bcc) =0.93, 
as well as the standard parameters used by Crawford 
and Coulson in their treatment of hyperconjugation.™ 
Bersohn found that the value (8:/8oc) =0.93 gave 
better agreement with experiment than did 0.70. 

In the present work, the wave functions of the 
tolusemiquinone ion have been calculated for a range of 
oxygen parameters in the same manner as for the other 
semiquinones. The methyl-group parameters chosen 
were those of Crawford and Coulson,” and also a set of 
parameters used by Pullman.” The latter are: dacx = — 
0.1, dax = —0.2, and Bex =28cc, where X is the pseudo- 
atom notation for the H; atoms. Both values of ; 
used by Bersohn were employed. 


*2 =H. M. McConnell and H. H. Dearman, J. Chem. Phys. 28, 
51 (1958). ‘ 

24 E. L. Cochran (private communication). 

25 C. A. Coulson and V. A. Crawford, J. Chem. Soc. 1953, 2052. 

6B. Pullman (private communication). 
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The methyl group parameters of Crawford and 
Coulson and of Pullman give essentially identical 
results, and the results for (8:/8cc) =0.93 are in better 
agreement than those for the value 0.70. Some of the 
results obtained with (8:/8cc) =0.93 and the Crawford- 
Coulson parameters are given in Table III. In the table, 
the quantities a3, a5, and as are the splittings in gauss 
for protons at positions 3, 5, and 6, respectively. These 
were obtained, for each set of oxygen parameters, by 
multiplying the corresponding |Q| for the p-benzo- 
semiquinone ion by the calculated unpaired-electron 
densities at the appropriate positions in the tolusemi- 
quinone ion. 

The calculated splittings predict the correct sequence 
of the magnitudes of the experimental splitting con- 
stants. The magnitudes of a; and ag for da=1.0 and 
(Bco/Boc) =1.45 are proportional to the experimental 
splittings within less than 0.5%, and differ from the 
experimental splittings by about —5% each. The 
agreement, for these positions, with McConnell’s 
proportionality relation, Eq. (1.1), is excellent. The 5% 
difference between calculated and experimental split- 
tings, which is a measure of the agreement for |Q|, 
is comparable to the actual difference between the 
splittings at these two positions, and therefore the 
agreement for |Q| cannot be considered to be good in 
terms of distinguishing the small differences required 
for this type of problem. 

The predicted value of as, the splitting for the position 
ortho to the methyl group, is much higher than the 
experimental splittings for all sets of parameters used. 
A possible explanation for this large discrepancy in the 
value of |Q| at the ortho position is that the methyl 
group perturbs the o-bonding orbitals of the group 
adjacent to it considerably and those of the meta and 
para much less. Such a perturbation would result in a 
large change in the value of |Q| at the ortho position. 
Alternatively, the methyl group might cause a large 
change in the spin density at the ortho position, and 
perhaps both effects occur. At present, one must con- 
clude that the theory is not sufficiently precise to use 
experimental splitting constants as a means of cal- 
culating spin densities in aromatic molecules containing 
substituents. 


VI. CONCLUSIONS 


The use of McConnell’s relation, Eq. (1.1), gives 
excellent agreement between the experimental splitting 
constants and the unpaired-electron densities cal- 
culated by molecular orbital theory in the unsubsti- 
tuted semiquinone ions, provided the two molecular 
orbital theory parameters for the oxygen atoms are 
properly chosen. The agreement between theory and 
experiment, in contrast to most types of experimental 
comparisons with molecular orbital theory, depends 
quite critically on the proper choice of these param- 
eters. Different sets of parameters are needed for the 
parasemiquinones and the orthosemiquinones, and in 
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particular, 


| aco | ortho > | aco | para 


| Bco | ortho < | Bco | para: 


This result indicates that substituents ortho to each 
other may have an influence on the unpaired-electron 
distribution which requires a choice of parameters that 
is different from the parameters appropriate when the 
groups are not adjacent as, for example, when they are 
para to each other. The |Q| values for the parasemi- 
quinones are in better agreement with a value of |Q| = 
22.5 gauss than are the |Q| values for the ortho com- 
pounds. 

The pyrogallolsemiquinone ion spectrum does not fit 
the unpaired-electron density distribution calculated by 
molecular orbital theory, but the spectrum is in quali- 
tative accord with the distribution that would be 
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expected for an odd-alternate hydrocarbon with contri- 
butions from both positive and negative spin densities. 

The ring protons in the tolusemiquinone ion at 
positions meta and para to the methyl group are in good 
accord with Eq. (1.1), but the ring proton ortho to the 
methyl group has a considerably smaller splitting than 
would be predicted by the molecular orbital calcula- 
tions. Additional factors must clearly be taken into 
account to obtain the proper theoretical description for 
substituted compounds. 
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The reaction of ozonized oxygen and active nitrogen at room temperature has been shown to produce, 
almost exclusively, nitrous oxide. Rate measurements in a flow system have been analyzed as involving a 
primary reaction N+O;—NO-+0Ob. Accepting present values for the specific rates of subsequent reactions of 
nitric oxide, the rate of the primary reaction is found to be 10!° ml/mole sec. This is several orders faster 
than the reaction of nitrogen atoms and oxygen molecules and many orders faster than the three-body re- 
combination of atomic nitrogen and atomic oxygen, substantiating the Barth-Kaplan suggestion of the 
probable source of nitric oxide in the upper atmosphere. 


N order to explain the characteristics of the upper 

atmosphere, especially the ionosphere, detailed 
knowledge is necessary of the possible reactions, in‘an 
atmosphere containing oxygen and nitrogen. It has 
been demonstrated that nitric oxide is present at 
heights below 100 km and its ionization could be re- 
sponsible for the D layer. Barth and Kaplan! con- 
sidered the reaction of nitrogen atoms with ozone, to 
produce nitric oxide and oxygen, as having a significant 
rate, particularly at night when the ozone concentra- 
tion increases. It was thought advisable to study the 
reaction with a full realization of the possible further 
reactions of nitric oxide under laboratory conditions, 
in an effort to deduce the kinetics of the primary 
reaction. 

EXPERIMENTAL 
Nitrogen 


Linde tank nitrogen was purified by passage through 
activated copper’ supported on Fuller’s earth at about 
200°C, magnesium perchlorate and ascarite. Alterna- 
tively Mathieson tank nitrogen, 99.996% pure was 
passed through magnesium perchlorate and ascarite. 


Ozonized Oxygen 


Mathieson tank oxygen, extra-dry grade, 99.6% 
pure, after passage through magnesium perchlorate 
and ascarite, was passed through an ozonator*® com- 
prising three units, each of which consisted of two 
concentric glass tubes. In the inner tube lead rods in 
dilute sulfuric acid acted as one electrode. The three 
units were immersed in a large tank of dilute sulfuric 
acid which acted as the other electrode through a large 
copper plate immersed in the acid. The oxygen flowed 
through the space between the two concentric tubes 
under a discharge of from 5000 to 10 000 v. 

Active nitrogen was produced after the manner of 

* This work has been supported by the Geophysics Research 
Directorate of the Air Force Cambridge Research Center. 

1C, A. Barth and J. Kaplan, The Threshold of Space (Pergamon 
Press, New York, 1957), p. 7. 

2 F.R. Meyer and G. Rouge, Zeit. angew. Chem. 52, 637 (1938). 

3’ A. L. Herme, J. Am. Chem. Soc. 51, 2677 (1929). 


Winkler.‘ A V-shaped discharge tube of 20 mm Pyrex 
tubing was 120 cm in length including the electrode 
compartments. The electrodes were heavy aluminum 
cylinders 24 cm in length. The discharge was operated 
by a 110-5000-v transformer which fed through a 
diode rectifier (Raytheon 866—-A—GAA) and a 2000-ohm 
resistance into two condensers in parallel, each 4 uf, 
6000 v (Aerovox No. 3). The discharge tube, whose 
walls were poisoned with phosphoric acid, was con- 
nected through the base of the V by a 20 cm length of 
20 mm in diam tubing to the reaction vessel of approxi- 
mately 500 ml volume. The product-receiving trap was 
40 cm in length, 35 mm o.d. with a side-tube connecting 
with a conventional high-speed mercury diffusion pump 
system. The trap was detachable through a ground-glass 
joint and its contents could be isolated by two stop- 
cocks. The trap carried a platinum coil which could be 
heated electrically to decompose excess ozone before 
the product analysis was made by a mass spectrometer. 

For a run, purified nitrogen from a reservoir of 10- 
liter capacity, maintained at approximately 1 atm 
pressure, was passed through a metal diaphragm needle 
valve and calibrated flowmeter and centered the dis- 
charge tube near each of the electrodes. The pressure 
was measured by means of a dibutyl phthalate manom- 
eter. When the nitrogen flow was slow, no difficulty 
was experienced in maintaining constancy of flow. At 
fast rates, deviations of several millimeters out of 
20-cm flowmeter fluid, occurred. This was corrected by 
passing nitrogen continuously through a flow control 
into the reservoir. When the power for the discharge 
was turned on, the yellow afterglow was visible in the 
discharge tube, down through the reaction vessel and 
into the receiver. The afterglow intensity in the reac- 
tion vessel was measured by a photomultiplier tube 
(1 P 21), through a Corning 1-56 filter with maximum 
transmittance around 5200 A, in terms of the deflec- 
tions of a Rubicon galvanometer. In addition, titration 
of the atoms with nitric oxide was made.® 


4P, A. Gartaganis and C. A. Winkler, Can. J. Chem. 34, 1457 
(1956). 

5 P. Harteck, R. R. Reeves, and G. Manella, J. Chem. Phys. 
29, 609 (1958). 
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Pure oxygen was passed into the reaction vessel 
from a 10-liter reservoir through a metal diaphragm 
needle valve, ozonator, and flowmeter, in that order. 
The desired flow rate could be attained in 1 or 2 sec., 
but constancy of flow required about } min. 

Runs were of 1-hr duration, timed from the first 
introduction of oxygen to its stopping, always prior to 
the cessation of the nitrogen flow. The receiver was 
immediately isolated by its stopcocks and the liquid 
nitrogen surrounding it removed. When the receiver 
had warmed to room temperature, a current was 
passed through the platinum coil sufficient to make it 
dull red for 1 sec. Frequently a small explosion accom- 
panied the ozone decomposition. The products were 
then ready for mass-spectrometric analysis. 

The concentration of ozone was determined in blank 
runs, that is, without the nitrogen flow or with the 
nitrogen flow but without the nitrogen discharge. The 
presence of nitrogen without the discharge made no 
detectable difference. At the end of the run, as soon as 
the liquid nitrogen was removed from the receiver, 
about 100 ml of acidified KI solution were drawn into 
the receiver which was shaken to facilitate reaction. 
The receiver was then opened to the air and the con- 
tents were titrated with 0.01 N Na»S.Os solution. 

The mass-spectrometric analysis of mixtures of 
N.O,NO and NO, is not easy due to the oxidation of 
the ion-source filament.® In earlier runs, with low 
nitrogen atom and higher ozone concentrations, the 
product gases were slightly brown-colored showing 
the presence of NO, and analyses were erratic. With 
higher nitrogen atom and lower ozone concentrations, 
no color was perceptible. With rhenium in place of the 
carbon filament and lower ozone concentrations, con- 
sistent analyses were achieved even without condi- 
tioning of the filament. The gases used for calibration 
were prepared and purified according to the directions 
of Nightingale e/ al.’ To reduce the concentration of 
nitrogen and oxygen in the products, these were fre- 
quently pumped off at liquid nitrogen temperature 
before analysis. 


RESULTS AND DISCUSSION 


Table I shows the nitrogen atom flow rate as a func- 
tion of the nitrogen flow rate interpreted from the 


TABLE I. Nitrogen atom flow rates. 


Neo M/minX 10 N M/minX 104 


40 0.52 
12 0.80 
76 1.28 
36 1.76 
64 2.00 
13.8 2.60 
17.4 3.00 


6 R. A. Friedel, Anal. Chem. 25, 1314 (1953). 
7R. E. Nightingale, A. R. Downie, D. L. Rotenberg, Bryce 
Crawford, Jr., and R. A. Ogg, Jr., J. Phys. Chem. 58, 1047 (1954). 
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TABLE II. Ozone production. 








O. M/minX 10* O; M/minX 10° 


0.40 
0.65 
0.80 
0.85 
0.90 
45 
.40 
45 


80 

11 

90 
83 
.94 
.24 
10 
.20 

g? 
a 
.68 
.38 
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nitric-oxide titration and checked by the afterglow 
intensity. 

Table II presents similar calibration data for ozone 
production as a function of oxygen flow. 

Almost the only product of the reaction was nitrous 
oxide. Occasionally, traces of nitrogen dioxide were 
found but nitric oxide was never observed. At constant 
ozone concentration, the rate of production of nitrous 
oxide was first order in the nitrogen atom concentra- 
tion. At constant nitrogen atom concentration, the 
rate was roughly first order in ozone. For the relation 


d{N.0]/dt=k[N [05], (1) 


the concentrations of the various species were taken as 
the ratios of the flow rates of each species in mole sec 
to the total volume flow in ml sec™', the latter after 
making due allowance for the nitrogen dissociation 
and the oxygen association but neglecting the volume 
change occurring during reaction. The rate of reaction 
was taken as the concentration of nitrous oxide divided 
by the “contact” time calculated as the ratio of the 
reaction volume to the total volume flow rate. This is, 
therefore, an apparent contact time and again disre- 
gards the volume change occurring due to reaction. 
Since the contact time, so calculated, averaged less 
than 1 sec, the neglect of the volume change is justi- 
fiable. The values of k, so calculated, were approxi- 
mately constant for constant ozone runs but showed 
considerable variation for the constant nitrogen atom 
runs. It was apparent that nitrous oxide was being 
produced by reaction other than that of ozone and 
nitrogen atoms. The above scheme obviously neglects 
the reaction of nitrogen atoms with oxygen, a reaction 
frequently demonstrated during the course of this 
work by making a run without energizing the ozonator. 
It was further demonstrated, however, that in these 
latter runs, there was always some back diffusion of 
oxygen into the nitrogen discharge and the reaction 
thus measured was not simply that of nitrogen atoms 
and oxygen molecules. At constant nitrogen atom 
concentration, the relative amounts of ozone and 
oxygen vary and this could cause the variation in the 
value of k, noted above. 





CHEN 


AND 


BK. AS TAYLOR 


TABLE IIT. Reaction of N atoms with ozone. 





Flow rate Pressure 
M /minX 10*4 


mm Hg 


A 
” 

~ 
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No O» 





Products 


N.O NO» 


M/minX10*7 M/minX 10*7 ml/M xX 10-7 
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Assuming that the primary reaction is N+0O;—> 
NO+0O, (1), since the alternative N+O;-~NO.+0 
disobeys the spin conservation rule, it has been demon- 
strated by Harteck and Dondes’ and by Kistiakowsky 
and Volpi’ that the following reactions are possible 
and likely: 

N+0.—NO+0 (2) 
N+NO-N,+0 (3) 
O+NO-NO, (4) 
O co NO.—NO+0, (5) 
N+NO.,—2NO (6) 
N+NO,—N,0+0 (7) 
N+NO.-N,+0, (8) 
NO+0.- »~NO.+0s.. (9) 


That almost the only product observed is nitrous oxide, 
simply reflects the relative slowness of its reaction in 
this system. Its absence in the upper atmosphere re- 
sults from its photochemical instability. Since nitric 
oxide was not observed among the products and the 
traces of NO» found are not sufficiently reliable due to 
the error in its mass-spectrometric analysis, to warrant 
any other conclusion, it has been attempted as a reason- 
able approximation to treat NO, NO», and O as tran- 


8 P. Harteck and S. Dondes, J. Chem. Phys. 29, 234 (1958). 
®G. B. Kistiakowsky and G. G. Volpi, J. Chem. Ph ys. 27, 
1141 (1957). 
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sient intermediates. The application of the stationary- 
state principle to the series of reactions is only man- 
ageable if cognizance is taken of the accepted rates of 
reactions (2) to (9) and negligible terms are dropped. 
Such a procedure is more reasonable than the omission 
of one or more reactions entirely. The following values 
of the rate constants have been used: ke=2X 10’; 
k3=1.6X10"; ky=10"; kg, =10"; kp =3X10"; k7=1.8X 
10; kg=1.210"; kg=10’, the units being moles, 
ml, and sec. It serves no useful purpose to reproduce 
the details of the algebraic analysis. Suffice that to the 
approximation stated, the rate of NO production is 
given by the equation d[N.,O]/dt=(0.080k,[O; ]+ 
1.77 10°[O2 ]) LN]. 

The calculation of k; involves taking the difference 
between the observed rate of N.O production and the 
[Oz |LN ] term. Occasionally a run was made for which 
the latter term was larger than the rate of N2O pro- 
duction observed. It is certain therefore, that the 
values of ky will be minimal values. Table IIT gives the 
significant data for 25 runs. It may be noted that the 
reactions NO.+0;=NO;+0. and O;+0=20, have 
not been included in the above scheme. The former 
should lead to N2O; which, though sought, was never 
observed, while the rate of the latter under the pre- 
vailing conditions is 3X 10’ which is slow in comparison 
with (4) and (5). Both reactions appear to be too slow 
to be significant. 

The average value of k; is 1X10" ml/M sec. This is 
of the order of the specific rates of reactions (6), (7), 
and (8) which is not unreasonable for a comparable 
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oxidation process. The rate is several orders faster than 
the nitrogen atom reaction with oxygen molecules and 
many orders faster than the three-body combination 
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of atomic nitrogen and atomic oxygen. It would thus 
appear to be the most probable source of nitric oxide 
in the atmosphere. 
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The interaction and zero-point energies of Ne, A, Kr, Xe, and CH, molecules near a semi-infinite graphite 
lattice at the potential minimum have been calculated using lattice sums of a (6-12) potential with em- 
pirically determined potential constants and have been compared with recent experimental data. The sig- 
nificance of the results with respect to the possible role of charge-transfer no-bond mechanism for these 
systems is briefly discussed and it is concluded that dispersion forces alone are sufficient to account for the 


interaction energy. 





I, INTRODUCTION 


HERE have been a number’ of attempts to 

calculate the interaction energy of nonpolar atoms 
and molecules with a semi-infinite graphite lattice 
assuming that the interaction between an individual 
pair of atoms, one in the molecule and the other a 
carbon atom in the graphite, could be represented by 
a potential of the form u(r) =— A[r-*— (r°/2) 17], 
Lattice sums of u(r) were then calculated for varying 
distances z of the atoms above the basal plane to 
determine ‘the interaction energy. More elaborate 
calculations, including contributions to the dispersion 
energy from the dipole-quadrupole and quadrupole- 
quadrupole interactions and using an exponential 
repulsive term, have been reported by Kiselev and 
co-workers.® The results of these determinations have 
not been in particularly good agreement, but they are 
all of about the same order of magnitude and while 
generally less than the experimental values, indicate 
that the dispersion energy at least accounts for a large 
portion of the total energy of interaction. 

Recently Tuck’ has suggested that the interaction of 
the inert gases with charcoal is due only to a charge- 
transfer no-bond mechanism as developed by Mulliken’ 
and applied to the interaction of gases with metals by 


'R. M. Barrer, Proc. Roy. Soc. (London) A161, 476 (1937). 

2A. D. Crowell and D. M. Young, Trans. Faraday Soc. 49, 
1080 (1953). 

3A. D. Crowell, J. Chem. Phys. 26, 1407 (1957). 

‘E. L. Pace, J. Chem. Phys. 27, 1341 (1957). 

5A. V. Kiselev, Proceedings Second International Congress of 
Surface Activity (Butterworths Scientific Publications, Ltd., 
London, 1957), Vol. IT, p. 168. 

®N. N. Avgul, A. A. Isirikyan, A. V. Kiselev, I. A. Lygina, 
and D. P. Poshkus, Izvest. Akad. Nauk. S$.S.S.R.; Otdel Khim. 
Nauk. 1957, 1314. 

7D. G. Tuck, J. Chem. Phys. 29, 724 (1958). 

§R.S. Mulliken, J. Am. Chem. Soc. 74, 811 (1952). 


Matsen ef al.° and by Brodd.” In discussing these 
calculations Gundry and Tompkins" have pointed out 
that Tuck’s results ignore the dispersion contribution 
entirely, and that if the charge-transfer no-bond 
interaction does play a role in the interaction of inert 
gases with graphite, this interaction must be added to 
the contribution from the dispersion energy, as had 
been previously recognized by Mignolet.” 

Attributing the difference between experimental 
values (Chackett and Tuck") and the results of lattice 
summations of a (6-12) potential (Crowell*) to charge- 
transfer interaction, Gundry and Tompkins" have 
estimated the surface potentials of the inert gases on 
graphite and have shown that they are of the same 
order of magnitude as the surface potentials of these 
gases on tungsten as observed by the field emission 
microscope (Gomer and Erlich and Hudda"). As an 
alternate, Gundry and Tompkins examine the possi- 
bility that these surface potentials may be due to simple 
electrostatic polarization of the adatoms, and they 
conclude that the experimental results may be ade- 
quately accounted for by either theory. 

Traditionally the interactions between a simple non- 
polar low boiling point molecule with a nonionic ad- 
sorbent, such as graphite, have been assumed to be of 
the London dispersion type plus a repulsive potential, 
evaluated by a lattice summation method. The lack of 


9F, A. Matsen, A. C. Makrides, and N. Hackerman, J. Chem. 
Phys. 22, 1800 (1954). 

 R. J. Brodd, J. Phys. Chem. 62, 54 (1958). 

1 P, M. Gundry and F. C. Tompkins, Trans. Faraday Soc. 56, 
846 (1960). 

2 J.C. P. Mignolet, J. Chem. Phys. 21, 1298 (1953). 

%K. F. Chackett and D. G. Tuck, Trans. Faraday Soc. 53, 
1652 (1957). 

4 R. Gomer, J. Chem. Phys. 29, 443 (1958). 

6 G. Ehrlich and F. G. Hudda, J. Chem. Phys. 30, 493 (1959). 
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Tase I. Values of the constants A and ry in the expression 
u(r) = —A[r*—(r,8/2)r-"] for interaction between like atoms 
and the values of A and , for interactions between the gas mole- 
cules and carbon. 


A ’ A r 


(like atom like atom 
ile (erg A®) X10” \ 


(gas-carbon ) 
(erg A®) x10" 


(gas-carbon) 


23.9 3.81 


10.0 


A 


agreement with experiment was usually attributed to 
the limitations in the determinations of the dispersion 
and repulsive energies, but not in the basic mechanism 
of interaction. The work of Tuck’ and Gundry and 
Tompkins" raises the question as to the fundamental 
nature of the interaction, and it is therefore of con- 
siderable importance to know the best possible values 
which can be calculated from the assumption that the 
interaction is due to dispersion and repulsive energies 
only. The determination of an energy of interaction 
employing lattice sums of u(r) requires knowledge of 
the potential constants A and ro. In the case of inert 
gases and graphite, A has usually?**.® been calculated 
from the Kirkwood-Muller formula and ro has been 
chosen by requiring the potential to have a minimum 
at some more-or-less arbitrarily chosen distance 2 
from the basal plane, such as the arithmetic mean 
between the interlaminar spacing of the graphite and 
the interatomic spacing in the crystal of the adsorbate. 
Since the Kirkwood-Muller equation gives results 
which compare with experiment only approximately 
even in the case of interaction between inert gas atoms, 
and the interaction potential at the minimum varies 
rapidly with z, the values of the interaction energies 
can be made to vary by a factor of two or three while 
keeping the assumptions well within the limits of 
plausibility. The results may further be modified by 
including the higher multipole interactions. In any 
case, the uncertainties in employing the above meth- 
ods for choosing A and, in effect ro render highly 
questionable a comparison between the results of cal- 
culation and experiment to closer than an order of 
magnitude. Thus before the respective roles of disper- 
sion and charge transfer mechanisms can be evaluated, 
it is important to determine the best value possible for 
dispersion interactions alone. 


II. CALCULATIONS 


In order to avoid the uncertainties inherent in cal- 
culating A from the Kirkwood-Muller or similar formula 
and in assigning an arbitrary value to 2, the authors 


AND’ Rs 7B. 


STEELE 


have calculated values of A and 7 for the interaction 
between an external molecule and a carbon atom in 
graphite from the corresponding constants for the 
interaction between pairs of like atoms. These con- 
stants were in turn taken as those values which were 
found by fitting (6-12) potentials to the physical 
properties of the gas molecules by Mason and Rice" 
and to the properties of graphite by Crowell.!” The 
second and third columns of Table I give the values 
of A and ro for pairwise interactions between the like 
atoms listed in the first column. The constants A and 7 
for the interaction between a carbon atom (constants 
A, and ro) and a gas molecule (constants A, and 
rog) Were determined by A=(A,A,)! and ro=}(roet+ 
roy). The values of A and ry thus found are shown in 
columns four and five. 

If the graphite lattice is represented by a set of 
planes with a uniform distribution « atoms per unit 
area separated by a distance d and the contributions 
to Zr-” from all but the surface plane are neglected, the 
energy of interaction ¢(z) of an external molecule 
located at a distance z from the surface is given by*:"® 


o® = Lu(r) =— (Amo/12d*) 


XL (x) — (ro/d)°(12/10) a], (1) 
where x=2/d and W(x) is defined as Y™(x) = 
(d™1/dx"*1) Inx!® The functions ¥" (x) have been 
tabulated by H. T. Davis” for values of m from 1 to 4. 
The value of z for which $’‘zp =0 is given by 
— 12( 10/20) ® =x py (x9). (2) 
The values of x» for which we are interested are 
between about 0.9 and 1.1, for which interval xy (x0) 
is nearly constant and equal to —25.0, giving the 


TABLE II. Values of zo, the equilibrium distance from the sur- 
face, @(zo), the interaction energy at the potential minimum 
€o the zero-point energy, Uo=@(20)+0, the internal energy at 
absolute zero temperature, and Uo.x», taken from the results of 
Sams, Constabaris, and Halsey*' for a 4-10 potential. 


— (Zo) € 


(erg/atom 
< 10!) 


(erg/atom 
X10") 


—U —Uvexp 
(cal/mole) (cal/mole) 


913 
2163 
2621 
3457 
2560 


0.00478 
0.00463 
0.00345 
0.00290 
0.00760 


0.0670 
0.156 
0.187 
0.247 
0.184 


734 
2142 
2806 


3720 


‘6 E, A. Mason and W. E. Rice, J. Chem. Phys. 22, 843 (1954). 

7 A, D. Crowell, J. Chem. Phys. 29, 446 (1958). 

8 A. D. Crowell, J. Chem. Phys. 22, 1397 (1954). 

19 The writers are grateful to Dr. Sydney Ross for pointing out 
that the definition of y™ (x) given in previous papers, Y\" (x) = 
(d"/dx") InI'(x), is incorrect. 

*H. T. Davis, Tables of Higher Mathematical Functions 
(Principia Press, Inc., Bloomington, Indiana, 1933). 
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convenient relationship 


29 =0.885ro. (3) 
The values of $(20), the potential minimum, is given 
by 


(29) = — (Amo /12d*) FY (x9) + (270/10) (x9) J, (4) 


which can be expressed as 
om a,) =—(Aro 12254 ) Cxotp® | Xo) +. ( Xo° 10 yy ( Xo) 1. 
(5) 


Since in the neighborhood of ap=1, xo) (a) is also 
very nearly constant and is equal to 6.49, Eq. (5) 
becomes 

(20) = ; (6) 


— (4) Arozo 


within a few percent for the values of zo for the cases in 
question. 

The values of 2 from Eq. (3) and of @(z0) from Eq. 
(6) are given in Table II together with €, the zero- 
point energy for vibrations normal to the surface, 
for the inert gases and methane. Also included in Table 
II are values of Uy=@(29)-+e in column five deter- 
mined from columns three and four and values of Up exp, 
determined experimentally by 


Sams, Constabaris, 


and Halsey” by the virial coefficient method. 
In this method the departure of the gas in the pres- 


ence of the adsorbent from ideal behavior is attributed 
to the interactions of the gas molecules at the surface. 
At low pressures interactions between gas molecules 
can be neglected and a virial analysis gives the poten- 
tial parameters of an assumed potential interaction 
between a single gas molecule and the adsorbent. 
Sams et al. have examined the interactions of Ne, A, 
Kr, and Xe with a highly graphitized carbon black 
(P33,2700°) and have presented results for (3-0), 


"J. R. Sams, G. Constabaris, and G. D. Halsey, J. Phys. Chem. 
(to be published). 

2 The authors are grateful to Dr. Sams, Dr. Constabaris, and 
Dr. Halsey for furnishing a preprint of their paper. 
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(3-9), 


models. 


(3-12), and (4-10) Lennard-Jones potential 
As the analysis in this paper leads to the 
conclusion that the (4-10) model is most closely in 
accord with the results of a lattice summation, the 
results" for this potential are included in Table IT. 


Ill. DISCUSSION 


The results shown in Table IT represent in the writers’ 
opinion close to the best values possible for the inter- 
action between these simple nonpolar molecules and a 
graphite lattice obtainable using a lattice summation 
of a (6-12) potential. While in the cases of Ne, Kr, and 
Xe these results do not differ much from those ob- 
tained earlier,’ the important case of A, which previ- 
ously differed significantly from the experimental 
values, as noted by Sams ef al.,”' is now seen to be in 
excellent agreement with experiment. Furthermore 
the results of this investigation are not subject to many 
of the objections against the previous calculations. 

The problem posed by the discrepancy between the 
results in Table II and the experimental results of 
Chackett and Tuck® which has been attributed in 
whole’ or in part" to charge-transfer no-bond interac- 
tions appear to the writers to be accounted for in the 
experimental situations. Chackett and Tuck" re- 
ported results for a charcoal which was certainly 
porous and did not necessarily possess a graphite struc- 
ture. The highly graphitized carbon of Sams et al.” 
seems to be much closer to the conditions of the theoreti- 
cal model. Considering the uncertainties inherent in the 
calculations, it would seem that the agreement between 
the last two columns of Table IT is sufficiently good to 
lead to the conclusion that the dispersion forces alone 
are enough to account for the interactions, and that it is 
unnecessary to introduce either charge-transfer no-bond 
forces or classical polarization effects. 
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Eigenfunctions of J* for J=0, 3, 1-++8, have been obtained and tabulated which are symmetrized ac- 
cording to the icosahedral group and the group C3,, in terms of eigenfunctions of J? and J,, referred toa 
fivefold axis of rotation as the z axis. The functions are symmetrized according to C;, in such a way that 
the symmetry operation of a 21/3 rotation is represented by a diagonal matrix. The results have been ap- 


plied to calculate the anisotropic magnetic splitting 


symmetry. 


I, INTRODUCTION 


UDD' has discussed the possibility that the ap- 

propriate symmetry in the double nitrates of the rare 
earth elements is dominantly that of the icosahedral 
group P which is to a relatively small extent modified 
to the symmetry of its subgroup C3,. For the full exam- 
ination of the possibilities of this assumption, it is 
desirable to know the eigenfunctions of J? symmetrized 
according to these groups. That is, the |J,), J: = 
—J, +++ + J, transform irreducibly according to the 
representation D, of the rotation group (more strictly, 
of its double group), but transform in general re- 
ducibly according to P. The representation D; of P is 
reducible to La,I';, where the I’; are irreducible repre- 
sentations of P, and the a; may be a positive integer or 
zero. This reduction is tabulated by Judd.' To obtain 
eigenfunctions symmetrized according to P (or its 
double group), linear combinations of the | J,) must 
be obtained which transform irreducibly according to 
each of the I; occurring in the reduction of Dy. When 
the symmetry group C3, is taken into account, one must 
further symmetrize the eigenfunctions which transform 
according to I; so that they form bases which trans- 
form irreducibly according to those irreducible repre- 
sentations Ya of C3, which occur in T—2weya. 

Such symmetrized eigenfunctions are of value when 
the effect of the crystal field, with the above symmetry, 
is taken into account. To a first approximation a level J 
is split into levels designated by the I’; to which Dy 
reduces, the corresponding eigenfunctions being those 
which transform according to the appropriate I’; and 
the degeneracy being the dimensions of I';. Under the 
influence of a component of the crystal field of sym- 
metry C3, the level I’; splits further into levels deter- 
mined by the ya to which I; reduces, the degeneracy 
again being the dimensions of y_ and the eigenfunctions 
those symmetrized according to ya. Actually, C3, has 
only one- and two-dimensional representations and in 
the case of odd numbers of electrons, Kramer’s theorem 
leads to degeneracies of two always, i.e., the pair of 
one-dimensional representations appropriate in this 


1B. R. Judd, Proc. Roy. Soc. (London) A241, 122 (1957). 


factors for the doublet states arising from the above 


case form a doublet. Judd! has tabulated the reduction 
of the I’, to the ya and his labeling of representations is 
followed in this paper. 

When referred to such eigenfunctions, the matrices 
of crystal fields, which have the symmetry in question, 
take their simplest form. Such functions may be used 
also to calculate simply the magnetic splitting factors 
of the energy levels. 


2. METHOD OF OBTAINING THE SYMMETRIZED 
EIGENFUNCTIONS 


To obtain this type of eigenfunction, projection 
operators must be used (see, e.g., Koster’). The icosa- 
hedral group contains 60 elements, but the application 
of the projection operator is simplified if the projection 
operates ona | J,), referred to the fivefold axis as the 
z axis, and with the representation matrices of the 
irreducible representations I’; chosen so that in each 
the matrix corresponding to a rotation of 27/5, about 
the z axis is diagonal. 

The icosahedral group may be generated from three 
elements A, B, and C, where A represents the 27/5 
rotation about an axis which passes through the 
centres of two opposite vertices of the icosahedron, B 
represents a @ rotation about an axis perpendicular to 
that of A and passing through the midpoints of two 
opposite edges of the icosahedron. C represents the 
similar 7 rotation whose axis is perpendicular to that of 
B. B and C obviously commute. 

The elements of P may be represented by* 


P=K+CK+ACK+A°CK+A°CK+A‘CK, (1) 
where K=H+BH, and H is the cyclic subgroup of 


order 5 generated by the element A. The projection 
operation on an arbitrary function ¢ is represented by 


i= LDis*(s) 56, 


2G. F. Koster, M.I.T. Solid State and Molecular Theory 
Group, Tech. Rept. No. 8 (1956). 

3A. Speiser, Die Theorie der Gruppen von Endlicher Ordnung 
(Dover Publications, New York, 1937). 
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where the summation is over all elements s of the group; 
Dj#*(s) is the complex conjugate of the ij element of 
the representation matrix D*(s) of the element s in the 
ath irreducible representation of the group. The re- 
sulting functions ¢;;* then transform invariantly ac- 
cording to this irreducible representation as follows, 


SH ij = 2D» M(s)ous. (3) 


That is, for a given 7 one obtains a basis for the ir- 
reducible representations. The bases for different 7 
values may or may not be orthogonal to each other. In 
the case where ¢ is | J, J,) and it is operated on by 
the projection operator for a I’; which is contained once 
only in Dj, the nonzero bases for different 7 values will 
be the same, apart perhaps from a phase factor de- 
pendent on 7 only. 

In what follows A is represented by a diagonal matrix 
of the form d,s exp (27ia/5) in all T'; and Dy, and the 
convention is used that the rows and columns of 
matrices in each I’; and D, are numbered by the integer 
or }3-integer a which occurs in the exponent of the 
diagonal element of the corresponding representation 
matrix of A, which lies in the respective row or column. 
For example in I'3, a is —2, 0, 2, i.e., the representation 
of A in T; is given by 


(ear ils 0 


(4) 
| 0 


0 e! ri/5 } 

hence the rows and columns of any other matrix in this 
representation are numbered —2, 0, +2. Then it is 
easily shown that the result of projecting a |y) on toa 
I, is given by 


$i3*(y) 


= Ds {5¢5,5* Coy? +5d i,j *De a7 +0; * Bay} |x) 
z 


+6:5|y), (5) 
where c, d, b@ are the matrix representations of C, 
BC, B, respectively, in ['.; C’, DY, BY are the matrix 
representations of these group elements in Dy; $:(y) = 
0, unless y = 7 (mod 5), and the summation is over 
values of x=i (mod 5). Where a certain I. occurs 
twice in D,, and this is the highest “multiplicity” in 
the values of J considered (J=0, 3, 1, -++8), two 
values of y, 1, and ys, must be chosen so that the 
resulting bases are independent. One is chosen as a 
basis say ¢;;*, and the following independent basis is 
constructed which is orthogonal to the chosen basis 


if (2) — aij,“ (91) ’ 
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where 


a=[i5,7(y) * biin™ (2) R (6) 


Here both original bases must be normalized to unity. 
In practice, these two bases may not be the correct 
zero-order eigenfunctions when the J level is split by 
a field of icosahedral symmetry, the correct linear 
combinations of these must be found by diagonalizing 
the crystal field matrix referred to these two bases. 
That is, this matrix, when referred to these two (arbi- 
trary) bases, will in general depend on 3 parameters 
\, uw, v in the following form, using submatrices 


NEO | ” 
/) 
\p*¥E@ pE@ J 


where E@ is the unit matrix in Ta, A, uw being real. 
Where I. occurs once the crystal field matrix is simply 
a real multiple of BE, 


3. DETAILS OF THE REPRESENTATIONS 


Representations of IT. and [3 are obtained from 
Speiser’ in the form: 


where e=exp(2mi/5), a= (5'—1)/2, B= —(5!+1)/2. 
Now the matrices of I’; are equivalent to those of D,, 
according to which x, y, z transform and by a simple 
transformation they can be put into the form of the real 
orthogonal matrices which give the actual transforma- 
tions of «, y, z when the coordinate axes are rotated 
according to the physical operations which the group 





1352 


elements represent, 1.e., 


where rows and columns are lettered in the order ;, 
x, y. That is, A represents a 27/5 rotation about the z 
axis, B a w rotation about the x axis. The axis of C is 
easily determined to have the direction-cosines 1,=0, 1, 
=—a(1+a’)4, 1,=(1+a7). A rotation in 3 di- 
mensions corresponds to two unitary transformations 
in spinor space, one of which is the negative of the other, 
and we may without loss of generality represent A, B, 
and C by the matrices 


) 


COS(Q/ Zz —il ) 


sin(¢@ sin(@/ 2) 


2), —(1,+él.) 


(1,—71,) sin(¢/2), cos(@/2) +71, sin(¢/2) 


(10) 


where @ is the angle of rotation and 1,, 1,, 1, the 
direction-cosines of the axis of rotation. The negative 
of these matrices will represent the elements A’, B’, C’ 
of the double group. To obtain the matrix representa- 
tions of A, B, and C in Dy, the following equation is used 
(see for example Wigner‘), 


Dy, = (-1)" 
. 2s } (J—p'—k)!(J+u—k) tk!i(R+p’—p)! 


Xa" 


I+) (IJ—p) (I+u’) (J —p’) 1 


kghitu-kpApeitw—s, (11) 


D,-T, and the representation of I, in (8) agrees with 
the representation obtained from (11), D.—TI’; and thus 
the representation of I’; is determined. A representation 
for I, is obtained from the fact that D;-I';+T4, the 
basis of I's was obtained by projection, a suitable 
unitary transformation completely reducing D; was 
easily found, and hence a representation of I’, obtained. 
Thus the matrices of the single-valued representations 
of P were obtained. The matrices of the double-valued 
representations were found in a similar manner. 


‘FE. P. Wigner, Group Theory and Its Application to” Quantum 
Vechanics (Academic Press, Inc., New York, 1959), p. 164. 


McLELLAN 


In employing the projection operators, y in (5) 
was when possible chosen to be + J, in this case only 
the outermost column of the matrices of Dy; was re- 
quired and these are the simplest to calculate from (11). 
The eigenfunctions symmetrized according to the 
icosahedral group are obtained as linear combinations 
of the eigenfunctions of J? and J, in the form 


Te, Ba)'’= >, faas."| J, Se (12) 
dé 


A |Ta, Ba)’ =exp(2ri8./5) | Ta, Ba)’, (13) 


where the summation is over values of Jz=8a (mod 5). 
For example for T'3, 83 can take the values —2, 0 +2. 

With the representations obtained from (11), it was 
found that 


Olle, Ba)’ = + (14) 


where @ is the time-reversal operator and where the + 
and — occur alternatively as 6. ran over the allowed 
values. For convenience in arriving at Kramer’s pairs 
when the eigenfunctions are symmetrized to C3, the 
representations and bases were transformed as follows, 


| 


Tx, Bx) =t'6e1|T.. Ba)’, (J integer) 


= jra—iBal |, B,)’, J-odd integer), (15) 


where vg is the dimension of I'y. This resulted in 
6|Ta, |Ba|)=|Te, —|Bal), 
and the bases then become 


(17) 


It should be remarked here that the convention taken 
for a Kramer’s pair is that of Elliott and Stevens® 


61 J, J,)=(—1)!2| J, —J, (18) 


rather than that of Wigner,‘ where the exponent of —1 
in (18) is taken to be /—/,. Wigner’s form arises from 
the fact that the Pauli matrix 5, is defined as (see p. 
158 of footnote 4) 


Sy= , (19) 
—t 0} 


which is the complex conjugate of the matrix usually 
taken. Equation (19) has the effect that S,+i5, 
changes the spin-function for S,=+} into that for 
S;= —}. 

In Table I are given the matrices representing C 
in the representations T', of the double group of P, 
according to which the |I'a, Ba) transform, and in 
Tables II and III are tabulated the coefficients fga,s2 
which define the |I'a, 82), normalized to unity for 


5R. J. Elliott and K. W. H. Stevens, Proc. Roy. Soc. (London) 
A218, 553 (1953). 
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TABLE I. 
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TABLE II. 
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39)4 
(14) 4% 
2(42)4 
2(77)% 
— (1001) 
(3003) 4 
3(13)% 
—2v3 
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mn 
< Ww 
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53 
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v2 
10(5)+ 

(22)4 - 5v3 
(77) % - 5(15)3 
—3(26)3 - 5(34)! 
4(13)% 5(51)4 
(182)4 5(255) 
—2(154)4 7)4 
(23)% 
(66)+ 


wmNuamu 
poh 
— 
—. 
rs 


(85)4 





positive values of 8.; for positive values of Ba 
Spa 3d = (1) 9 * fon z*. 

The matrices representing A and B are given by 
Oga,pa’™ = exp (27768./: 

and 


bisa Ba’™ b 53. —Ba’, 


(20) 








where 5 = —1 for I's, 13, 4; +1 for I's; +7 for I's, 
I'z, I'9; —2 for I's.° 

6 The author is grateful to the referee for bringing to his notice 
a paper entitled “The spherical harmonics with the symmetry 
of the icosahedral group’? by N. V. Cohan, Proc. Cambridge 
Phil. Soc. 54, 28 (1958). In this paper symmetrized spherical 
harmonics are obtained up to the 15th order. The coefficients of 
this paper when account is taken of phase convention and nor- 
malization should agree with those of Table II for the single 
valued representations of the icosahedral group. 
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TABLE III. 
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4. SYMMETRIZATION WITH RESPECT TO P AND C;, 
The irreducible representations I’, of P are in general 
reducible with respect to Cyp, i.e., 


Pe) ea iy 


(22) 


where the 7; are the irreducible representations of Cy. 
In order to obtain eigenfunctions symmetrized accord- 
ing to P and Cy, one must obtain those linear com- 
binations of the | Ia, Ba) 


[Tas Vis Bs) =) 8s0,g i" Pas Ba) 


Ba 


which transform irreducibly according to one of the y; 
of Cy, in (22). These functions are again obtained by 
applying the projection operators for the y; to the 
functions | Ig, 8a). In this work, the representations y; 
are chosen so that the threefold rotations are repre- 
sented by diagonal matrices. The two-dimensional 


representations y3 and y are generated by 
C3 
ee ri/3 0 


(24) 


where C;3 is the 27/3 rotation, and a, the reflection in a 
plane containing the axis of C3. By reference to the 
icosahedral group, C3; is taken to be the 27/3 rotation 
A®CA8 and o, to be wB where w is the parity. Thus the 
reflection plane of o, is the YOZ plane of the previously 
chosen co-ordinate system. The direction-cosines of the 
axis of C3 are easily shown to be 

m,=0, m, = sing = 2a/V3(2—a)}, 


m.= cos@= (1+a) /v3(2—a)}, 





raBLe IV. 
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cos (24/15 


3§}—2 cos WT 15 


48—3-+12 cos(4r/15) —4 cos(22/15) —2 cos(77/15) 
4a—3—12 cos(77/15) —4 cos (42/15) —2 cos(#/15 
0 

4a—3+12 COS( 27 . +-4 cos(r 15 +-2 cos bir 15 


48—3—12 cos +4 cos(77/15) +2 cos (2/15) 














it lies in the plane of the axes of A and C. are tabulated in Tables IV and V. The reduction of the 

The coefficients gga,si*'” which define the functions Tg(a=1, 2, 3, and 5) depends on the parity, i.ec., if y: 
Ta, Yi, 8i), where 6; is defined by occurs for a certain parity, y2 will occur instead for the 
opposite parity. Where 3 and 6 occur twice in the 

C3| Tay Ys, 8s) =exp 31. -y, Bi) (26) reduction, two arbitrary orthogonal bases are given. 
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2 cos(7x 


1+2 cos(7/15) 


(14 exp (—iwd/2 


war 


2) 


74 


V3ae exp (— lw 


p 
- -wV3a02 exp ( “se twp 2) 


—w(1+iwa?) exp (—iwp/2) 


2 


Vo 2)ati 
V3at sin(2r/15 
—V3q sin (4/15) 


3 sin(a/5) — sin(2r/5) — sin( 


Si(1+iatw) exp (—itwp/2 


8+ i0?w) (1+ia*w) exp 


V2 (B—iw) (1+ia’w) exp 


V2w (8B — iw 


w(B+tatw) (1+ia%w) exp 


Shy 1 +-tarw) exp 


— tap /2) 


sin (29/15 


Naw sin (3 15) 


sin (4/15) 


a sin Tx 15 


V3 + 10a? sin (9/15) 


10a? sin (#/5) —v3 (1+aaé 


Ma(1—aa*) sin(2r/15 


sin (#/15) 


15 


tT da 


a) sin (4a 


3) sin (79/15) 


The following identities are easily proved and are used 
to reduce the size of the tables, 


(a,3) — ( (a,3) 
£6a,41°% ) = yh «9 Ae 


£¢a,0°"" for parity w= ggao"% for parity —a, 


|T., Ys, 0) for parity w= | Ta, ys, 0) for parity —a, 


(27) 


gra. = (wb/i)g p04. 


1+ ia?w exp | — iw / 
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40/15 


J) 


p/2) 


— iw 


! 


It will be observed from the Tables IV and V, using 
(16) and (27) that the bases of ys, Ys, and yz. are 
such that 


15, 


6| Pas ¥2 +1) =wb@ Pa,¥3; —1) 


61Ta, 7s, 0) =v! I 


"ay Ya, 0) 


4) = (wb /i) |P'a, v6, —4) 


0\Ta, Ye, + 
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TABLE VI. 














— 3 sin?é 


1—3 sin’6 


1—3 sin?é 


—3 sin?6 
4 


10 


(10/3) | 1—3 sin*é 


10 


3 


cosé+2v2 sin@—2 


3 
(1/6 


4/5 
43 cosé 


sing — 3 cos# 


» 


10) 9 cos8—32v2 sind+-7 


In Table V, the quantity a is defined as 


a=V308/[v3+ 10a? sin(2/5) }. (29) 


5. APPLICATIONS TO THE CALCULATION OF 
MAGNETIC SPLITTING FACTORS 

For the case of the crystal field with the symmetry 
previously described, the energy levels become singlets 
or doublets, the doublets being designated by (Ta, Ys) 
for integer J, (Ta, Y4; Ys); (Ta, ¥s) for 3 odd integer J. 
These doublets may be split on the application of a 
magnetic field, the magnitude in general being de- 
pendent on the relative direction of he magnetic field. 
The splitting is determined by g\ and gi, where the 


9— cos@—16v?2 sind 


14,2 siné— 36 30) 


mn ue 


mw ww 


mn & bo 


www 


n> S) 


mw w 


un 
nw 


6:6 


2 (8:6 
0 (8;4,5) 


0 (9:45 
(1/2) | 3+ cosé+ 2v2 sind (9-6) 


0 (954.5 
(1/6) | 12+4 cos@+v? sind ! (956 


18/5 (8:6) 
0 (8;4,5) 
0 (9:45) 
7 cos@—86v2 sind+21 | (956 
(6:6 
(8:6) 
(8;4,5) 
(9:45 
6v2 sind+cosé (9:6) 
(6:6) 
(8:6) 
(8;4,5) 
9;4,5) 
+8 cosd@—9v?2 sind (9:6) 
(8:6 
(8:45 
(9-4,5 
(9-6) 


Zeeman splitting A is given by g\8H, for the field 
parallel to the threefold axis of symmetry, and g.8//, 
for the field perpendicular to the threefold axis, 8 being 
the Bohr magneton. Using the notation of Elliott and 
Stevens,® the splitting factors are given by 


gn=2| (+| L.+2S.|+)| =2¢| (+1 J.|+)| 


gi=2| (+|L.+25.|—)|=2¢|(+|J2|—)I, 


(30) 


if the states |-+) and | —) describing the doublet are 
chosen so that L,+25, is diagonal with respect to them. 
If the states are not so chosen, gj; and g, are twice the 
positive eigenvalues of the matrices of L428, and 
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L,+25S,, respectively. For Russell-Saunders coupling 
g is the Landé splitting factor. 

If ';XT2xXT; contains the identity representation 
once, and this is the case ior all T; except I's and I,, 
where the identity representation is not contained at all, 
and Ig where it is contained twice, then the ratio 
gi/g); is the same for all the values of J for which the 
particular doublet state (Ta, y;) exists. Further, in 
this case, the ratio of the values of g;; (or gi) is equal 
to the ratio of any two corresponding elements of 
(J, Ta|J|J, Te), and the simplest element to take 
is (J, Ta, Bal Je’| J, Ta, Ba), where J,’ is the component 
of J in the direction of the fivefold axis. Such matrix 
elements are easily calculated using Tables II and III. 
The splitting factors are calculated for the smallest J 
value where the doublet occurs, by elementary methods 
or by using Tables II-IV to calculate the matrix 
elements of 


J,= Jy/m,+ J.'m: 


J.= Jy, (31) 


where J,’, etc., refer to the coordinate system used 
previously with the fivefold axis as the z axis, and J;, 
J, refers to a coordinate system with the threefold 
axis as z axis and the same x axis as in the former system. 
It should be noted that for the ys, ys doublets the states 
ys and ys do not generally yield a diagonal matrix for 
J,.In Table V, these states have been given so that J, 
is diagonal with respect to the two states |ys4) +] 7s) 
for the smallest J values where the particular doublet 
occurs. 

For (T:, yi) doublets no first-order splitting occurs. 
For (Ts, y:) doublets, since the identity representation 
is contained twice in 'yXI2XTo, it may be shown’ 
that for a given value of J 


(J, To! J| Fe T's) =u(3, ro| Js, T's) 


+y(3, Po) J}, 09), (32) 
7B. R. Judd, Proc. Phys. Soc. (London) A75, 330 (1959). 
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for corresponding matrix elements; u and vy may be 
determined from Table III, by evaluating (32) for 
diagonal elements of J,’ with respect to the | J, I's, 89). 

In the case of (I's, y3) and (Ms, ys), v3 and yz. occur 
twice in I's and Ty, respectively. In these cases the 
splitting factors will. depend on an angle parameter 8, 
which determines the correct mixture of the two inde- 
pendent bases for these representations of C3,. In the 
final analysis @ will depend on the actual form of the 
crystal field. 

In Table VI are tabulated g,\/g, gi/g for the doublets 
(T., y) as well as » and v of Eq. (32). g: for all y; 
doublets is zero. 

If spin-orbit interaction is taken into account and 
the | J, J.) states are expressed in normalized form as 


lJ, J2)= Dopsis| hp) Pe FR Pb 5 (33) 
L,S 


then it is easily seen that for these states 


~ 


E77 

where gy,r,s is the Landé splitting factor for the 
Russell-Saunders state J, L, S. Wybourne® has re- 
cently calculated the composition of the electronic 
states of Nd*+ and Er**, and from his data corrected 
Landé splitting factors may be easily calculated using 
(34). For example, for the ground state of Nd*, the g 
thus corrected is 1.008 times the Landé factor for the 
‘Ty Russell-Saunders ground state. However, a much 
greater effect on g occurs in the excited states. 


g=Dog7.1.s| prxs\?, (34) 
LS 
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On the basis of the theory of fluids and of the fashion prevail 
the statistical thermodynamics of dilute chain polymer 


solutions, the segment distribution functions are formally derived 


ing in 


a power series in concentration. The mean-square radius of 
gyration an finite concentrations are 
calculated by using the general equations derived and introducing 
the modified random flight model 


end-to-end distance at 
Evaluation is carried out up 
The coeflicients of the linear 
tained as a power series in the excluded volume 


to the linear term in concentration. 
terms are Ol 
parameter, and also appropriate closed forms for those are pro 
posed, which might be properly applied to good solvent systems. 


I, INTRODUCTION 


Gove years ago, Flory' deduced from a statistical 
consideration of the excluded volume effect of 
polymer chain that if a solvent is polymeric in athermal 
polymer solutions, the linear-expansion factor of 
polymer chain approaches unity; in other words, a 
polymer molecule situated in a medium consisting of 
other polymer molecules of the same kind, or in a 
medium of unlike polymer molecules with which it 
mixes athermally, will behave just like an unperturbed 
ideal chain. We may suggest from Flory’s deduction 
that the polymer chain dimension decreases with in- 
creasing concentration, and understand that such a 
behavior of polymer chain is obviously due to the 
mutual cancellation of intramolecular inter- 
molecular volume effects. 

Recently, in the paper of Kawai and his co-workers,’ 
Krigbaum has derived, by the lattice model treatment, 
a theoretical expression for the linear expansion factor 
of polymer chain such that it decreases rapidly with 
increasing concentration. This result has been employed 
by Kawai et al.2 to explain an anomalous viscosity 
behavior; that is, an upswing of the viscosity at very 


and 


low concentrations.’ In the present view, however, it 
seems unlikely that the anomalous viscosity behavior 
arises from a sudden change of the dimension or tangling 
of polymer coils with concentration.’ Indeed, the theo- 
retical treatment of the viscosity by Kawai? is very 
ambiguous, and moreover we are apprehensive that the 
concentration dependence of polymer chain dimension 
itself might have been overestimated in the Krigbaum 
theory.? Thus, the primary object of this paper is to 
derive an expression for the polymer chain dimension 
at finite concentrations from a more rigorous statistical- 


1 Pp, J. Flory, J. Chem. Phys. 17, 303 (1949). 
* 'T. Kawai and K. Saito, J. Polymer Sci. 26, 213 
an Appendix by W. R. Krigbaum). 
Many references on the anomalous viscosity behavior have 
heen cited in Kawai’s paper® and will not be recounted here 
Makromol. Chem. 35, 75 (1960). 


1957) (with 


S. Claesson, 


The results show that the polymer chain dimension decreases 
with increasing concentration. Then the concentration-dependent 
term in the intramolecular intensity function in light scattering 
is evaluated. It is pointed out that the separation of this term 


‘and the intermolecular correlation leads to the possibility of 


estimation of the polymer chain dimension at finite concentrations 
by light-scattering measurements. Finally, the Huggins constant 
k’ in the viscosity-concentration relation is phenomenologically 
calculated. The concentration dependence of polymer chain 
dimensions proves to explain satisfactorily the effect of solvent 
power on the k’ constant, 


mechanical standpoint, and then to deal with the 
related solution properties. 

As in the previous treatment of dilute polymer solu- 
tions’* the method of gas theory seems to be more 
direct and convenient than the lattice model for the 
present purpose, which reduces to the evaluation of the 
distribution function for segments of the same molecule 
at finite concentrations. Now it is known that according 
to DeBoer®° and Mayer and Montroll" the molecular 
or radial distribution functions for gases may be written 


.asS a power series in the density, the coefficients being 


expressed in terms of modified cluster integrals at zero 
density. Mayer and McMillan”: also have proposed 
another method of expanding the difference between 
the potentials of average force, related to the molecular 
distribution functions, at different activities in powers 
of the activity difference, where the coefficients are 
again functions of the reference activity. Thus, by 
analogy with the case of gases or fluids, in Sec. II we 
derive expressions for the molecular and segment dis- 
tribution functions as a series exparision in the concen- 
tration of solute polymers, in which the coefficients can 
be calculated from a knowledge of the potentials of 
average force at zero concentration. The similar treat- 
ment of the two-body distribution function has been 
made first by Zimm"™ and recently by Flory and 
Bueche for the evaluation of the square term in con- 


5H. Yamakawa and M. Kurata, J. 
1958). 

6 H. Yamakawa, J. Phys. Soc. Japan 13, 87 (1958). 

7M. Kurata, H. Yamakawa, and E. Teramoto, J. Chem. Phys. 
28, 785 (1958). 

5M. Kurata and H. Yamakawa, J. Chem. Phys. 29, 311 (1958). 

9 J. DeBoer and A. Michels, Physica 6, 97 (1939). 

0 J. DeBoer, Repts. Progr. Phys. 12, 305 (1949). 

J. E. Mayer and E. Montroll, J. Chem. Phys. 9, 2 (1941). 
See also T. L. Hill, Statistical Mechanics (McGraw-Hill Book 
Company, Inc., New York, 1956), Chap. 6. 

2 J. E. Mayer, J. Chem. Phys. 10, 629 (1942). 

W.G. McMillan and J. E. Mayer, J. Chem. Phys. 13, 276 
(1945). 

4B. H. Zimm, J. Chem. Phys. 16, 1093 (1948). 

45 P, J. Flory and A. M. Bueche, J. Polymer Sci. 27, 219 (1958). 


Phys. Soc. Japan 13, 78 


1300 





POLYMER CHAIN 
centration in the equation of the reciprocal intensity of 
light scattering from polymer solutions. In Sec. ILI, 
following the general development we calculate the 
mean square radius of gyration and the mean square 
end-to-end distance of polymer chain at finite concen- 
trations, and discuss their initial dependence on the 
concentration in detail. 

It is obvious that the concentration dependence of 
polymer chain dimensions has influence to some extent 
on the solution properties such as the light scattering 
and viscosity. In Sec. IV we examine this effect on the 
intramolecular intensity function. Albrecht!® and Flory 
and Bueche® have recently evaluated the inter- 
molecular correlation in light scattering; that is, the 
angular dependence of the second virial term. These 
two effects, intramolecular and intermolecular correla- 
tions, are superimposed on the second term. Therefore, 
the separation of them would enable us to estimate the 
polymer chain dimension at finite concentrations, 
though up to the linear term in concentration, by light 
scattering measurements. This problem also will be 
considered. In Sec. V we deal with the Huggins con- 
stant k’” in the viscosity-concentration equation. 
It is well known that the &’ constant is not only cor- 
related to the intermolecular hydrodynamic interac- 
tion,’ but also affected by many other complicated, 
probably thermodynamic, factors as discussed by 
Eirich, Cragg, and others.'.”° Evidently one of them is 
the intermolecular thermodynamic interaction, that is, 
the concentration dependence of polymer chain dimen- 
sions mentioned above. Thus, in part with the aim of 
reexamining whether the anomalous viscosity behavior" 
originates from this effect or not, we calculate the k’ 
constant taking into account thermodynamic as well as 
hydrodynamic interactions phenomenologically. 

Although all the coefficients of the linear terms in 
concentration are first derived as a series expansion in 
the excluded volume parameter as in the previous 
treatment,** we attempt to write them in appropriate 
closed forms. 


Il. MOLECULAR AND SEGMENT DISTRIBUTION 
FUNCTIONS AT FINITE CONCENTRATIONS 


Suppose a solution of volume J’ and concentration ¢ 
in grams per unit volume, in which identical linear 
chain polymers, each composed of V-+1 segments, are 
dispersed in a continuous medium and the V+1 seg- 
ments of the sth polymer molecule are attached numbers 
0,, 1., «++, V, from one end to the other. For simplicity, 
we denote the total, external and internal, coordinates 
of » polymer molecules by (1, 2, +++, m), and the 
differential volume element, by d(1, 2, «++, ”). 


6 A. C. Albrecht, J. Chem. Phys. 27, 1014 (1957). 

17M. L. Huggins, J. Am. Chem. Soc. 64, 2716 (1942). 

18 See, for example, J. Riseman and R. Ullman, J. Chem. Phys. 
19, 578 (1951). 

19 F, Eirich and J. Riseman, J. Polymer Sci. 4, 417 (1949). 

2%. H. Cragg and C. C. Bigelow, J. Polymer Sci. 16, 177 
(1955). 
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Now we begin by introducing the molecular distribu- 

tion functions F,(c, 1, 2, -++, 2) defined by the state- 

ment that in an infinite system of concentration c, 


V-"F,(c, 1, 2, «++, m)d(1, 2, +++, m) 


is the probability of observing a set of » polymer 
molecules 1, 2, +++, m in the configuration element 
d(1, 2, +++, m) at the coordinates (1, 2, +++, m) irre- 
spective of the coordinates of the remaining molecules. 
These distribution functions are normalized (strictly 
for V-=~) as 


V fEaCc, P, Zp4«e, mydCk, 2, 09+; ; 1) 


and related to the potentials W,(c, 1, 2, +++, ”) of 


average force exerted on the 2 molecules by the equa- 
tion 


F,(c, 1, 2, «++, n)=expl[—W,(c, 1, 2, 1) ‘RT, 


) 


where & is the Boltzmann constant and 7 the absolute 
temperature. 

We consider the problem of expanding the function 
Fi(c, 1) in powers of ¢ and expressing the coefficients 
in terms of the functions F,(c, 1, 2, +++, 2) at c=0. 
For simplicity, Fi(c, 1, 2, «++, m) and W,(ce, 1, 2, 

+, n) at c=0 are abbreviated to F,,(1, 2, «++, 2) and 
W,(1, 2, +++, 2), respectively, hereafter. According to 
the method of the grand-canonical ensemble developed 
by Mayer and McMillan,” the difference between the 
potentials of average force at different activities x+y 
and « may be expressed as a power series in the ac- 
tivity difference y, the coefficients being functions of 
the original activity x. Choosing the infinitely dilute 
solution as the reference state specified by x and 
changing the variables from y to c, we can immediately 
obtain™! 


Wi(c, 1) —Wi(1) = —kT Do ln,1(1) (Noe /M 
I 
+kT>-IBi(Noc/M 
t 


Here Vo is Avogadro’s number and M is the polymer 
molecular weight. The function /;,;(1) is defined as 


by m(1) = mbm (1) + doin (1 ) (Obm/AB1), (4) 
l=2 


where bm and b;,m(1), generally Bam (1, 2, +++, 2), are 
the cluster integrals of the first and second kinds, and 
B,, is the irreducible integral.” These integrals in Eq. 
(4) involve integrals over the coordinates of the solute 
polymers and the integrands are functionals of the 
distribution functions at zero concentration. 


*1See Eqs. (43), (56), and (59) of the work cited in footnote 
12 and also Eqs. (58) and (72) of the work cited in footnote 13. 

* For the definitions of these integrals see the works cited in 
footnotes 12 and 13. 
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From Eqs. (2) and (3), we obtain 
Fi(c, 1 


= Fi(1) exp{ >o[n,1(1) — (141) Bur] (Noc/M) 4}, 
t=] 


which is expanded as follows, 
Fy(c,1)= (1) [14+ Fur 1)c+ Fy.(1)e+ : 
with 


Fin(1) = Do ¢zimpem] [[H1,1(1) (N0o/M) *J™4/m:! 
m1 l 


Hy ,1(1) =y,.(1) — (+1) Buy. (8) 


On the other hand, the osmotic pressure + may be 
expanded in the form, 


a/Ri=c M+ Age?+ Ase?+ees. (9) 


The relation between 
B, reads 


A,, the nth virial coefficient, and 


An=—(n—1)No™"B,/M". (10) 


Therefore, from the definitions’ of the cluster and 
irreducible integrals and from Eqs. (4), (7), (8), and 
(10), we obtain for the first few F),,(1) 


No 
Fy(1) = = felt, 2)a2)+240M, 
M F\(1) 


ii. Je(1, 2, 3)402, 3) 
2M*F,(1) 


4NoAsf | ai 
fz vf ge(1, 2)d(2)-+2( AM)? +9 4M, 


where 


No fgs(1, 2)d(1, 2 
nc anita lace 


No 


oper g3(1, 2, 3)d(1, 2, 3) +442M, 
3VM* 


(14) 


go(1, 2) = F2(1, 2) —Fi(1) Fi(2), (15) 


F3(1, 2, 3) —F2(2, 3) Fi(1) — F2(1, 3) Fi(2) 


— F2(1, 2) Fi(3) +2Fi(1) Fi(2) Fi(3). (16) 
It is easy to see that Eq. (6) with (11) and (12) 
satishes the normalization condition (1). In fact, the 
second term on the right-hand side of Eq. (3) is 
independent of the coordinates of the solute molecule 
and thus serves to normalize the function Fi(c, 1). 
Next we consider the distribution function P(c, R;;) 
of the vector distance R;; between segments i and j of 
molecule 1 at concentration c. It is possible to write 


YAMAKAWA 


in terms of the molecular distribution function given 
above 


P(c, Rij) =V fPilc, 1)d(1)/dRi;, (17) 


where the symbol d(1)/dR,; indicates that the integra- 
tion extends over all coordinates of molecule 1 at con- 
stant R;;. By using Eq. (6) in Eq. (17), P(c, Rij) may 
be written as 


P(c, Rij) = P(Ris) + Pi(Ric+P2(Rije+-++, (18) 


with 


P(Rij;) =v fea 1)d(1) dRj;, 


P,(R,;) = fF) Fia(1)d() dR,j;. (19) 
In the case of i=0 and j= JN, Eq. (18) with (19) gives 
the distribution of the end-to-end vector R at concen- 
tration c. In this paper, consideration is limited to 
terms linear in c, the coefficient of which is given, from 


Eqs. (11) and (19), by 
P,(Ri;j) = (No VM) [gs 1, 2)d(1, 2) /dR;; 


+2AMP(R,;). (20) 

Before proceeding further, some remarks are to be 
given concerning the nature of the distribution func- 
tions thus far obtained. The distribution functions given 
by Eqs. (6) and (18) are strictly true only in the case 
for which the activity of the solvent is kept constant in 
going from zero concentration to concentration c, 
that is, the osmotic condition holds. It may be under- 
stood that Eqs. (6) and (18) give the distribution 
functions at the standard atmospheric pressure plus the 
osmotic pressure. Therefore, under the ordinary condi- 
tion of constant pressure the pressure correction must 
be made for these equations by amount of the osmotic 
pressure. However, this correction may generally be 
neglected for polymers of high molecular weight, as is 
discussed in the next section. Thus we start at Eq. (18) 
with (20). 

Now the problem is to evaluate P:(Ri;), which can 
be performed by the procedure analogous to that of 
evaluating the second virial coefficient.** Equation (18) 
with (20) involves no approximations except the pres- 
sure correction mentioned above. For further develop- 
ment pairwise additivity of the potential W(R,.) of 
average force between the segments is assumed, and 
moreover the potential W(R,:) is assumed to be of 
such a short-range nature that it vanishes except in the 
region of sufficiently small R;;. Although an explicit 
functional form for W(R,:) has been adopted in the 
previous treatment,®-* any such function can be used 
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provided its short-range nature is preserved.” Follow- 
ing the procedure of Fixman* and Albrecht,” we may 
therefore write g.(1, 2) as 


go(1, 2) = F,(1) Fi(2) { [] [11-65 (Reys) J—-1}, 


ki,ke 


(21) 


where 6(R) is a three-dimensional Dirac delta function 
and @ is a binary cluster integral defined by 


a= [ {1—expl—17(R) kT VaR. 22) 


Equation (21) leads to a power series in 8, the terms of 
which correspond to intermolecular contacts. Similarly 
F\(1) and F,(2) take forms of an expansion whose 
terms represent intramolecular contacts. It is known 
that intramolecular contacts are affected by inter- 
molecular contacts; or in other words, the linear expan- 
sion factor of each of two molecules in contact is some- 
what different from that of isolated molecule.®* In 
this paper, for the sake of mathematical simplicity, 
however we treat the intramolecular contacts and hence 
intramolecular volume effect implicitly by introducing 
a random-flight model which has an effective step 
length modified by the linear-expansion factor at zero 
concentration. This point will be discussed in Sec. VI. 
Then the integral in Eq. (20) may be written in the 
form 


(Ny, VM) fgo(t, 2)d(1, 2) dR, 


= —(No8/M)[ 2) Po(Ris) aus 


ki,ke 


—B DD Pil(Ontey Ris) eres 


kijk2 lilo 


+ : x > P2(Onn, Onsia) Rij) ke 


kiko b;, lo my,me 


where 


Poa(Or Onasngs oS oe Rij) ay 


- v{ P(A) Fi(2) IT 5(Riws)d(1, 2) /dRis, 


8 pairs 


(24) 


which represents a conditional probability that, when 
an initial contact between segments k; and ky exists, 
there also exist (s—1) additional contacts between 
segments /; and /,, m, and me, +++, and so on, while 
segments i and j of molecule 1 are separated by the 
vector distance R ;;. 

On the other hand, using the present notations and 
taking the development equivalent to Eq. (23), we 


*3, W. H. Stockmayer, Makromol. Chem. 35, 54 (1960). 
*4M. Fixman, J. Chem. Phys. 23, 1656 (1955). 

* A. C. Albrecht, J. Chem. Phys. 27, 1002 (1957). 

*% EF. F, Casassa, J. Chem. Phys. 31, 800 (1959). 


may write the second virial coefficient as 


As= (NoN%8/2M?)[1—BN- > > Pi(Onte) exes 


ki,ke li,le 


+N » ps ya P:(Oin, Onnoe) byte” ° -], 


kiko ly,l2 mi,me2 


where 


F; (07, lay Vrsceies 


eh *) kiko 


_ [r- 1(0 1, 20, cin; nee R 55) ce dR ij. (26) 


Combining Eq. (23) with (25) and noting that 
Po(Ris) nva= P(Ris), 
we obtain for P;(R;;) 
Pi (Rij) = (NoMB/Me) 
x (BN? D2 D2 CPrQnt Ris) se Pi Ors) eeP (Ris) 


ki,k2 li,le 


—PN-PD DS DCP a(Orsta Ome Ris) ev2 


ky,k2 11, le mi,me 


— P(Onr, Omims) ike? (Rij) J++ a (28) 


(27) 


where Mo is the molecular weight of a segment. The 
single contact term vanishes in P,(R,;), and hence the 
distribution function P(c, R,;) to the single contact 
approximation is independent of concentration through 
the linear term in c. 

The problem which remains is to evaluate the con- 
ditional probabilities and the indicated multiple 
summations in Eq. (28). To do this, we put 


P(Rj;) = [3/24(j—i) aa? |! 
XexplL—3R,7/2( j—i) aa] (29) 


to the present.model already mentioned, where a is a 
link length of the segments and ap is the linear expan- 
sion factor at zero concentration. The evaluation of 
the conditional probabilities can be carried out by the 
well-established method,*:47-3 and the results are not 
given here. In addition, each cluster diagram repre- 
senting the intermolecular contacts in P,(Rj;) is of 
the same type as each appearing in the second virial 
coefficient.” Now we need not obtain the final expres- 
sion for P(c, Rij), but its second moment (R;;7) given 
by 

(Rif)= [RiAP(6, Ris)dRo (30) 
Hence, after performing the above integration, we 
evaluate the indicated multiple summations. 


77S. Chandrasekhar, Revs. Modern Phys. 15, 1 (1943). 
*° Ming Chen Wang and G. E. Uhlenbeck, Revs. Modern 
Phys. 17, 323 (1945). 


*? See Fig. 1 of the work cited in footnote 8. 
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III. POLYMER CHAIN DIMENSIONS AT FINITE 
CONCENTRATIONS 


Radius of Gyration 


First we derive the mean square distance (R;,° 
between segments 7 and j, from Eqs. (18), (28), (29), 
and (30), as follows, 


1=2 Sy 31) 


‘—4 (uty) +p 


ces (uty)? ]}—--- 


(34) 


The coefficient J; also involves a power series in 2, 
the coefficients of which are the sums of functions of 
the relative positions of segments 1, 7, l1, l2, etc. over 
these indices except 7 and j and hence become functions 
of i and 7. On replacing the summations by integrations, 
this reads, to the double contact approximation, 


| 
eee 
heed 1S 


a 3 l 9 1 22\ 
2/ ato, 17°) +0(2°/a0,53°) |, (35) 


2d Sdxo, 
“ 2d Sdx\dxo, 
” 2d Sdxod 35 


d Sdxyda 3. (39) 


rhe integrals +1 to ys correspond to the Bau( f), Ba(e), 
By(d), and By(b) types of contact in Fig. 1 of the 
work cited in footnote 8, respectively, where the seg- 
ments in intramolecular contact may be thought of as 
segments 7 and 7 in this case. As A, uw, and p, the variables 
‘2, and x3 represent the number fractions of segments 


4 


separating the first and second, second and third, and 

third and fourth segments among four segments 1, 7, 

l,, and m, in each type, respectively, and S represents 

that separating segments /2 and mp. These integrals 

can be evaluated straightforwardly, but the result is 
)t given here because of its tedious length. 


6 
in footnote /, 
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can be 


Now the mean square radius of gyration (.S* 
calculated by the well-known formula 


i<j 


1()) 


Using Eqs. (31) to (39) in Eq. (40) and again re- 
placing summations by integrations, we obtain 


(is = §Va?a0,s°| L—2Kic-F ++), 41) 


where*! 


a,s° = i+ (134 105)s—eee, 


1 j/N 
K,= (NoMB Me) 6( Q0,s | jm 


“0 “0 


‘ ] 


x Vyd q/N)d(i/N) +0(2?/a0,s°) 
=I 
N.MB M,”)[0.1025(z ay,s*) ee } 


End-to-End Distance 


Putting i=0O and 7=N in Eq. (31), we can im- 
mediately obtain the mean square end-to-end distance 
(R*), but in this case we evaluate the coefficient of the 
linear term in ¢ to the triple contact approximation. 
The result reads 


R®) = Na’ag?(1—2Ic-+++), 


where 


ao"= 1 t qos, 


I; ( N,.MB M7) [oi(z ao’) — 00; + 20) (2 


ao) 


18) 


Sx] } Xt | L?— x") 1 


x[(L2- Lx 


XE i + S—%1—41) (Xx TV i “11 re *dLdSdx, ly}. 19) 
The integrals o1, o21, and oz correspond to the Bz, 
By(a), and Bz(b) types of contact in Fig. 1 of the 


! The numerical coefficient of (z/ao,,") in Eq. (43) is correctly 


$/3465) (1028 x 2}— 1365). 
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work cited in footnote 8. The variables x; (for molecule 
1) and y; (for molecule 2) have the same meaning as in 
the integrals y; to ys except that segments 7 and j are 
not concerned in the present case, and the sums 
(aj+ae++++) and (yi+yot+++) are replaced by L 
and S, respectively, in each group.” The numerical 
values for these integrals are obtained as follows, 


o,= (8/315) (76 2'— 103) =0.1138, 


(1/27) (224—697) =0.2678, 


ow =0.202, (50) 
where og was evaluated graphically after the reduction 
to a single integral. Hence, /; leads to 


I= (VoMB/M¢?) (0.1138 (s/a*) —0.672 (2/a*)?+ ++ |. 


Discussion 


Since the equations derived here are given as a form 
of a double-power series in z and c, their applicability, 
of course, will be limited to the very narrow region 
of the vicinity of the © temperature and of low con- 
centrations. However, it is possible to get some infor- 
mation about the general behavior of polymer chains 
at finite concentrations from these equations. As is 
easily seen from Eqs. (43) and (51), the coefficients 
AK, and /; become zero at the 0 temperature at which 8 
vanishes, and take the positive values at the other 
temperatures provided z is small. Hence Eqs. (41) and 
(44) predict that the polymer chain dimension is inde- 
pendent of concentration at 7=0 as expected from 
Eqs. (20) and (21), whereas it decreases with increasing 
concentration at 7#0 provided z is small. We may 
expect from this fact that the linear expansion factor a 
as a function of ¢ approaches unity with c and the chain 
tends to behave asymptotically as an unperturbed 
chain. It is obvious that this is due to the mutual can- 
cellation of intramolecular and intermolecular volume 
effects. Furthermore, by a comparison of Eq. (43) with 
(51), J; is seen to be greater than Ky, and hence the 
end-to-end distance decreases more rapidly with con- 
centration than the radius of gyration does. It is already 
known that the linear expansion factor at zero concen- 
tration for the former is greater than that for the latter 
above the © temperature.’ Therefore, the non- 
Gaussian character of a chain will disappear with con- 
centration. This seems to be a reasonable aspect. On the 
other hand, below the © temperature, the polymer chain 
dimension still decreases and moreover the non- 
Gaussian character becomes remarkable with concen- 
tration. 


At this stage, let us recall the pressure correction 
pointed out in Sec. II. As is shown in Appendix A, this 
correction following the McMillan and Mayer theory” 


3B. H. Zimm, W. H. Stockmayer, and M. Fixman, J. Chem. 
Phys. 21, 1716 (1953). See also Eqs. (42) and (45). 
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leads to the introduction of an additional term A,* or 
/,* into the coefficient of the linear term in c, where 
K,* and /,* may be expressed in terms of a binary 
cluster integral 6* between the polymer segment and 
solvent molecule.* If 8* vanishes simultaneously with 
8 at the © temperature, the above statement remains 
unchanged; otherwise, the polymer chain dimension 
will depend, to some extent, on concentration even at 
the 0 temperature. In general, however, K,* is a mag- 
nitude of the order of K,/N? at any other temperature, 
and similarly J;*, of J;/N*. Hence the pressure correc- 
tion may be neglected except at the 9 temperature pro- 
vided the polymer molecular weight is very high, and 
further discussion is still based upon Eqs. (41) and 
(44) with (43) and (51). 

Now we turn to the problem of writing A; and /; in 
appropriate closed forms. For convenience, we first 
consider the latter. As is seen from Eq. (20), 7; may 
be split into two parts: 


h=( N MB, 2M,") [i (z ay’) —A(z ay’) ] 
with 
hy (2/a0*) = 1—2.637 (2, a) + 8.38 (2/a0*)?— +++ 


h(z/a0*) = 1—2.865 (2/e#) +9.73(z/an8)?—+++. (54) 
Here h(z/ao*) is a z series appearing in the expression 
for the second virial coefficient.**”* According to 
Stockmayer (S),”* Orofino and Flory (OF),** and 
Casassa and Markovitz (CM),® h(z/ao) may be 
written in the closed forms® 


h(z/a0*) 8=1/ (1+2.8652a0~*) (55) 


5 


h(z/ae*)°F = In(1+5.732a9*) /5.732a0*, (56) 


4 


h(s/ao) ©" =[1—exp(—5.732ae*) |/5.732ac*. (57) 
Comparing the two z series (53) and (54), we suggest 
that M(z/ao*) may be written in similar closed forms 
differing from Eqs. (55) to (57) only in the corre- 
sponding numerical coefficients. Thus, although the 
procedure is somewhat artificial, we obtain for the 
closed expression for J; 

i= 


AoMe(s/a0*), (58) 


with 


¢(2/ao*) = hy (2/a0*) /h(2/ao*) —1, (59) 


which, corresponding to Eqs. (55) to (57), may be 


‘3 In Mayer’s treatment of ionic solutions, the pressure correc- 
tion has been made thermodynamically for the activity coefficient. 
See J. E. Mayer, J. Chem. Phys. 18, 1426 (1950). 

% T. A. Orofino and P. J. Flory, J. Chem. Phys. 26, 1067 (1957). 

% FE. F. Casassa and H. Markovitz, J. Chem. Phys. 29, 493 
(1958). 

% The constant 5.73 in Eqs. (56) and (57) has been chosen so 
that the expansion coefficients of the linear term in (z/ao*) may 
coincide with the correct value 2.865 in Eq. (54). 
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Fic. 1. The coefficients ¢ as functions of 2/ao*. Full curves: for 
the mean square end-to-end distance. Broken curve: for the 
mean square radius of gyration. Heavy curve: the rigorous ex 
pansion (63). 


written as 


¢(2/ao*) S=0.2276za9?/ (1+2.637 209%), 


— In(1+5.274za9*) 
1.086- —| 


n(1+5.730zag*) 


vo (2/ay*) OF = 


ad _ 1—exp(—5.2742a9-*) : 

¢(z/ao*) ©M = 1.086- — ——1, (62) 
1—exp(—5.730za0~*) 

These three functions are plotted in Fig. 1 for positive 
values of z/ao’. They are seen to be monotonically in- 
creasing functions of z/ao*. For comparison, in the 
figure is also given the rigorous expansion derived from 
Eqs. (52) to (54) and (58) 


¢(2/ac*) =0.2276(z/a0*)[1—3.04(z/an*) +++]. (63) 


On the present basis, it is clear that K, takes a form 
analogous to Eq. (58) with (60), (61), or (62). For 
example, by adjusting the numerical coefficients, 
¢(2/ao,s°)® is obtained, from Eq. (43), as follows, 


¢(2/apo,s”) §=0.20502a0,5~*/ (1+2.6602a0,5*), (64) 


which is also plotted in Fig. 1. 

In addition, it can be easily shown that the above 
closed expressions for g(z/ao*) and ¢(2/ao,s*) have the 
following asymptotic values, irrespective of their types, 


lim g(z/ao*) =0, 


zag 90 


lim ¢(2/ao*?) =0.0863, 


zag 340 


(65) 


¢(z/ao,s*) =0.0771. 
boa 


lim 


249.8 


lim g(2/ao.s*) =0, 


zay,g ° 0 


(66) 


In this connection, we discuss the asymptotic behavior 
of y(z/ac*) for large z from a more rigorous standpoint. 
Albrecht® has exactly evaluated the contribution of a 
special type of intermolecular clusters to the z series 
h(z/ao®) and given a semiquantitative discussion of the 
asymptotic behavior of the second virial coefficient. 
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Similar consideration is possible for the new z series 
hy(2/a*) in Eq. (52) or (59). That is, the two z series 
may be written in the forms, 


h(z) = )52C,(—s) 1, (67) 
k=1 


In(z) = 22D,(—2) "1. 


k=1 


(68) 


Here, the factor ao’ has been dropped for simplicity. 
The coefficients C;, and D;, result from a ladder type of 
clusters, such as Bop, Bzo(a), Bio(a), etc. in Fig. 1 of 
the work cited in footnote 8, only, and are given by 


k—1 
c [. . | (1—L)(1-—S)] [C(xity,) dx dy; |dLdS 
i=l 


L 1 
vi=SS1 


(69) 


i=] 


k-1 
D, = fof G-DG-S\1-14 Lewiecty) 1] 


<Iri—=LS1 
0S 2yi=SS1 


k—1 
X [[f(ait+-y,) “dx dy,JdLds, (70) 
i=] 


where the meaning of the variables is the same as in 
Eqs. (47) to (49). As is shown in Appendix B, replacing 
C;, and D, by the respective asymptotic values C,* and 
D,* for large k, we find 


lim ¢*(z/a?) =0.1457. 
zag~*>00 


(71) 


Although the individual asymptotic values of 4(z) and 
h,(z) so obtained are not reliable, the above value for 
¢(z) itself might be nearly correct because of the can- 
cellation of errors for h(z) and /,(z). It is of interest 
that the values in Eqs. (65) and (71) are not so far 
from each other. In either case, the coefficient J; may 
be expected to be at most of the order of one-tenth of 
A»M. Thus we may conclude that. the initial concen- 
tration dependence of the polymer chain dimension is 
of the lower order, though not negligible, than that of 
the reduced osmotic pressure (tM/RTc). 

Finally we make a brief comparison of the present 
theory with Krigbaum’s.? On rewriting his result with 
the equation” ao'—ay*’= (%)z, his ¢ function may be 
expressed as 


¢(2/a0°) k= 42a */ (3+ 10za9*). 


For the treatment of the viscosity, Kawai? has made a 
modification of the Krigbaum theory.® In this case, the 
¢ function may be written as 


o(2/a?) EK = 31 — (14+-$2a0*) 4]. 


37 W. H. Stockmayer, J. Polymer Sci. 15, 595 (1955). 
38 See Eq. (3) of the work cited in footnote 2. 


(73) 
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It is easily seen that Eqs. (72) and (73) take the 
asymptotic values 0.4 and 0.667 for large z, respec- 
tively. The intermediate values of these functions are 
plotted in Fig. 2, where the result by the present theory 
(61) is also shown for the sake of comparison. It follows 
from this that the initial concentration dependence has 
been overestimated in the Krigbaum theory. In Sec. V, 
we shall refer again to this point in connection with the 
viscosity. 


IV. APPLICATION TO LIGHT SCATTERING 


There exist no available experimental data which are 
to be compared with the present theory. This seems to 
be due to the fact that the method for the determination 
of the polymer chain dimension at finite concentrations 
by light scattering measurements has not yet been 
established. In this section, we consider this problem. 
Before doing so, we show that the second virial term in 
the reciprocal intensity function depends on scattering 
angle 6 owing to the concentration dependence of the 
intramolecular scattering function as well as to the 
intermolecular correlation introduced by Albrecht!® 
and Flory and Bueche.” 

For the present purpose, the intensity I(c, 0) of 
excess scattering at angle # per unit volume from a 
solution of concentration ¢ must be written as 


Ke/I(c, 0)=1/M Py(c, 0) +2A.02(0)c++++, (74) 
where K is a constant and Q.(8) is the intermolecular 
correlation function.”:'® The intramolecular intensity 
function at concentration c, P:(c, 8) may be expressed 


as 


Py(6,)=N* Df P(e, Ran) exp(S-Rai Ravn 
41,71 
(75) 
S=2zis/X, 

where § is the difference between unit vectors in the 
directions of the incident and scattered lights and X is 
the wave length of the light in the medium. It is easily 
seen from Eq. (75) that Pi(c, @) can readily be obtained 
by using (Rj4,;,?") at concentration c in the currently 
used P,(0, 6). Therefore, remembering that" 


P,(0, 0) =1—4u+-<>, 
u=2n’s*Naay,s*/3X’, 


and using Eqs. (40) and (41), we obtain for P;(c, @) 
at small c and @ 


Py(c, 0) = Py (0, 0) +2 Kiyuc+---, (78) 
Equation (74) may then be rewritten as 


Ke/I(c, 0) =1/M P,(0, 0)+2A.0(0)c++++, (79) 
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Fic. 2. Comparison of the present theory (61) with Krigbaum’s. 


where 


Q(8) =Q2(8) —Qi(4), 

QO; (8) = Ky, (3 AsM+0(1) 

= 0.0683u(2/ao,s*) +++. (81) 

The second line of Eq. (81) has been obtained by the 
substitution of Eq. (43); Q1(@) is a new function which 
represents the effect of intramolecular interference on 


the second virial term, and vanishes on letting @ ap- 
proach zero. On the other hand, Q2(6) is given by®-® 


(80) 


Q2(0) = P2(8)/P:7(0, 8) (82) 


with 


> fot, 2) exp(S-Ras)d(1, 2) 


tite 


P2(0) = 





(83) 
ve fs 1, 2)d(A, 2) 


and has already been evaluated as" 


Q2(8) =1 —0.296u(z/a0,s*) fees (84) 


to the same model and approximation as in the present 
treatment. Therefore, we obtain, from Eqs. (80), 
(81), and (84), 


QO(@) = 1—0.364u(z ‘awo,s°) eos, (85) 


The effect of intramolecular interference is seen to make 
a contribution of about 20% to the linear term of Q(@). 
This is not negligible. 

Now we consider the problem of separating Q;(6) 
and Q2(6). To do this, we first attempt to write the 
coefficients of u in Q,(@) and Q2(0), which are expressed 
as a series expansion in z, in closed forms. This may 
readily be done for the former through K,; 


Q1(0) = ue (z/a0,s*) /3, (86) 
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where ¢(z/ao,s*) is given by closed expressions like 
Eqs. (60) to (62), e.g., by Eq. (64). Similar treatment 
is possible for Q2(@). To do this, expanding the g func- 
tion as in Sec. II we rewrite P2(@) in the form 


P2(6) =h-(z/c10 3°) E fo > Pe 


1, te 


> FiO i 


> a ers 


xXexp(S-R,,;, dR isin, 87) 


where Psi(Oksie, Oris, ***, Rayic) jrjg are the condi- 
tional probabilities similar to functions defined by 
Eq. (24), and h(z/ao,s*) is given by Eq. (54). If we 
expand the exponential in Eq. (87), the integral of the 
first term just gives /(s/ao,s*). Therefore, Eq. (87) 
leads to 
P.(0 > PRi2 


t1,i9 


(88) 


term ot s 


Albrecht,'® Ex * 88 


up to the . On using the results obtained by 


may be written as 


P2(6 1—2uhe(2/ao.s*) /3h(2/a0.s 


(89) 


1—2.421(2/a0,5*) +°°°. (90) 


The ho(z/ao.s*) is a second new function similar to 
hand hy. 

Thus, an alternative form for Q2(@) is obtained, from 
Eqs. (76), (82), and (89), as follows, 


O2(8) 1—2u(z ay.s’) 4 a fe (91) 


V(s/a0.s ho(z/ao.s*)/h(s/ao.s°) —1. (92) 
Following the same procedure as that used on going 
from Eq. (59) to Eq. (60), (61), or (62), we can find 
closed expressions for ¥(z/ao,s*). For example, in the 
case of the Orofino and Flory type, this reads 


In(1+4.842za,s7*) 


In(1+5.730zao,5~*) 


j 


5/ao.s )OF 1.184 —1, 


(93) 
which takes the asymptotic value 0.1836 for large z. 


Finally, we rewrite Eq. (79), by using Eqs. (86) and 
(91), in the form 
Ke I c, 9) 


=M— (1+ 3u(1—2K, fo 
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where 
f= o(s ao.s°) [o(z ays’) “+ 2W (2/a,s*) I. 


The factor f, as a function of ¢/ao,s* can be calculated 
by using the appropriate closed forms for ¢ and y given 
above. As is easily seen from Eq. (94), we can estimate 
the quantity (1—2Kif,-'c) and hence 2A, f.~'c from 
the slope of the curve of Kc/I vs sin*(6/2) by the 
angular variation method in light scattering measure- 
ments. On the other hand, if the values of z and ay,s 
are known, the value of f, is determined. Therefore, 
when multiplied by this factor, the quantity 2K, f.~'c 
so obtained, just yields the concentration-dependent 
term in the mean square radius of gyration. Of course, 
the radius of gyration at zero concentration can be 
estimated by the usual method. Thus, the evaluation of 
the polymer chain dimension at finite concentrations 
would be experimentally possible. 

The method presented here is limited to the evalua- 
tion up to the linear term in concentration, and more- 
over is incomplete even in this limited region inasmuch 
as the factor f; given by Eq. (95) is not exact and its 
choice is not unique. However, the theoretical procedure 
itself is consistent with the chain statistics developed 
in the preceding sections. In this sense, we shall else- 
where attempt the actual analysis of experimental data. 


(95) 


V. APPLICATION TO VISCOSITY 


The viscosity coefficient n(c) of the polymer solution 
of concentration ¢ may be expressed as a power series 
in ¢ 


, 


n(O)[1-+En ket eC 


n(c) nPe++++], (96) 


where [7 ] is the intrinsic viscosity and k’ is the Huggins 
constant.” As already mentioned, the k’ constant de- 
pends on various kinds of intermolecular interaction. 
In the present treatment, we concern ourselves only 
with the two factors: the intermolecular hydrodynamic 
interaction and the concentration dependence of 
polymer chain dimensions. As to the former, a number 
of attempts along the hydrodynamic theory has already 
been presented.'*- As has been pointed out by 
Saito," however, the calculation of k’ based on the 
Stokes approximation in hydrodynamics is always 
followed by an improper integral which is evaluated to 
be of different values according to different ways of 
integration. This is physically unreasonable and the 
values of k’ so obtained“ have no great significance. 
Therefore, we must await the calculation to the Oseen 
approximation instead of the Stokes one“#—a very 
troublesome task. Thus, apart from the rigorous hy- 
drodynamic consideration, we attempt a phenomeno- 


*® FE. Guth and R. Simha, Kolloid-Z. 74, 266 (1936). 

© R. Simha, J. Research Natl. Bur. Standards 42, 409 

'N. Saito, J. Phys. Soc. Japan 5, 4 (1950). 

® N. Saito, J. Phys. Soc. Japan 7, 447 (1952). 

88 For example, Riseman and Ullman'® have obtained the 
value 0.6 for k’ in the case of chain polymer solutions. 


1949). 
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logical treatment equivalent to the procedure proposed 
by Brinkman.“ 

Now we consider the intrinsic viscosity [| at con- 
centration c, which may be well defined as the relative 
increase of the viscosity per unit concentration on add- 
ing the solute polymers to the solution of concentra- 
tion c. It satisfies the differential equation, 


dn(c) dc=n(c)[n ke. 


In the limit of c=0, Eq. (97) is nothing but the equa- 
tion defining [7]. It may be expected that ['y |, is pro- 
portional to the effective hydrodynamic volume of the 
polymer at concentration c provided c is small. For 
convenience, we assume, therefore, that [ny]. is pro- 
portional to the third power of the radius of gyration 
at concentration c. It may then be written, by using 
Eq. (41), in the form 


(n]e=[n](1—-2Kic+--+)! 
=[n](1-3Kic++++). (98) 


Integrating Eq. (97) after the substitution of Eq. (98), 
we obtain 


(97) 


n(c)=n(0) expLInc—$Kit+-++)], (99) 
which is expanded as follows, 

n(o)=n(0) [1+ Enke+ ME F-SKin e+ +++) 
Comparing Eq. (100) with (96), we find® 


k’ =3(1—3K,/[n)) 
==} 1—3(A.M/[n])¢(z ay,s’) ]. 


{ 100) 


(101) 


The first and second terms on the right-hand side of 
Eq. (101) result from the hydrodynamic interaction 
and the concentration dependence of polymer chain 
dimensions, respectively. 

Since the second term in Eq. (101) vanishes at 
z=0, the k’ constant takes a value near 0.5 for small z 
(poor solvent system). On the other hand, it is known 
that the dimensionless quantity AM/[n] takes a 
value of about 1.5 for large 2. Further, as has been 
shown in Sec. III, the asymptotic value of ¢ for large 
z is 0.0771 if closed forms such as Eq. (64) for ¢ are 
assumed, or 0.1457 if the evaluation is carried out by 
considering a special type of clusters. Hence, the k’ 
constant takes a value of about 0.2+0.1 for large z 
(good solvent system). In other words, k’ would vary 
from 0.5 to 0.2 with increasing solvent power. This 
prediction is in semiquantitative agreement with the 
experimental results, and also consistent with the 


4H. C. Brinkman, J. Chem. Phys. 20, 571 (1952). See also 
N. Saito, High Polymer Physics (in Japanese; Shokabo, Tokyo, 
1958), Chap. 6. 

% If we start at a difference-equation“ in place of the differen- 
tial equation (97) , an additional term v2/{y ] appears in the bracket 
of Eq. (101), where 2% is the specific volume of the polymer. This 
term is negligible compared to others. 
© See, for example, Table IT of the work cited in footnote 34. 
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equation derived recently by Bhatnagar e¢ al.“ on the 
basis of the theory of rate processes. 

In this connection, we must refer to the anomalous 
viscosity behavior. On adopting the asymptotic value 
of ¢ derived by Krigbaum? [Eq. (72) or (73) ], it is 
quite likely that the k’ constant takes a negative value. 
This means that the reduced viscosity decreases ini- 
tially with increasing concentration, and indeed may 
serve to explain the anomalous viscosity behavior. Such 
an apparently favorable situation, of course, comes 
from the overestimation of Krigbaum’s ¢ itself; and, 
according to the present theory, k’ is always positive. 
Hence, it seems unlikely that the change of polymer 
chain dimensions with concentration may well inter- 
prete the anomalous viscosity behavior. 


VI. CONCLUDING REMARKS 


We have investigated theoretically the concentration 
dependence of various properties of chain polymer 
solutions, i.e., the two-body problems except the 
second virial coefficient on the basis of the theory of 
fluids and of the fashion prevailing in the statistical 
treatment of dilute polymer solutions. 

The essential problem is to deal as well with the 
segment distribution functions as with the case of the 
second virial coefficient. This has been done to give a 
rigorous series expansion in the parameter z on the 
assumption of the random flight model, the step length 
of which is modified by the linear expansion factor at 
zero concentration. As has already been discussed, the 
modified random flight model, i.e., the uniform expan- 
sion model, fails to explain the properties of an isolated 
molecule such as the intrinsic viscosity on account of 
the non-Gaussian character of a chain.®’* It is in- 
correct also in the case of the two-body problems, 
because the linear expansion factor of each of two 
molecules in contact is somewhat different from ap for 
an isolated molecule.*:* However, the behavior of the z 
series appearing in A», J;, Ki, etc. is mainly governed 
by the way by which the segment distribution func- 
tions are approximately factorized,®** but is not 
greatly affected by introducing the present model. 
It seems quite natural that the intramolecular volume 
exclusion has only indirect influence on the two- body 
problems. Indeed, this statement may be manifested 
by examining the expansion coefficients of Ag, e.g., the 
triple contact term. If we use ap, that is, the uniform 
expansion model, the Flory and Krigbaum model 
yields 2.7042? for the triple contact term, and for the 
rigorous random flight model, 15.462”. If we take into 
account the correlation between the intramolecular 
and intermolecular contacts, the latter yields 18.512’. 
Therefore, the present assumption wouid be acceptable 
as a first approximation. It must be noted, however, 


“H. L. Bhatnagar, A. B. Biswas, and M. K. Gharpurey, 
J. Chem. Phys. 28, 88 (1958). 
8 See Eqs. (B. 28), (B. 31b), and (B. 32) 


of the work cited in 
footnote 8. 
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TABLE I. Numerical values of the integral Jy. 


Tp 
Eq. Eq. 
(B4) (B6) 


.2929 
.1427 


.02657 


Eq. 
(B7) 


(B6) (B7) 


2973 
1451 
02702 
.01653 
.004172 
.002693 


3031 Kes 3.5 
.1459 }. Re 


.02679 i 8 
.01637 : 6 
.004125 i 3 
.002664 

.0007477 

0004948 

.0001482 0.0001468 


.01627 
.004112 
.002657 
.0007465 
.0004941 
.0001467 


.0007557 
.0005001 


that the error caused by this approximation may be 
diminished by using ag in place of a» according to 
Casassa.”* 

The closed expressions for the z series presented here 
may be expected to give good approximations for good 
solvent systems, though the derivation is very arbi- 
trary. On the contrary, however, it is difficult to obtain 
the closed expression for the ¢ series. A more detailed 
discussion of the behavior of polymer chains at finite 
concentrations would have to await the evaluation of 
the next higher term in c, and hence of the third virial 
coefficient which has not thoroughly been investigated 
the three-body problem. It must be remarked here that 
the third virial term, derived by Zimm" and Flory and 
Bueche,” in the reciprocal intensity function is still 
incomplete inasmuch as they have ignored the concen- 
tration dependence of the distribution function F;(1) 
which is involved in both of P:(@) and go(1, 2). 

A confirmation of the present theory will become 
possible by a comparison of Eq. (41) with the observed 
value obtained by the procedure proposed in Sec. IV. 
The validity of approximate closed expressions for A» 
has already been shown by comparison with experi- 
ment.*:”3: The closed expressions for /,(z) and /(z) 
introduced here must still be checked experimentally, 
since it is impossible mathematically. In this connec- 
tion, the light-scattering measurement is now in pro- 
gress in Kyoto. 

It must be repeated that the concentration depend- 
ence of polymer chain dimensions serves to explain 
the effect of solvent power on the Huggins constant, 
but not the anomalous viscosity behavior as_ has 
recently been discussed by Claesson.* The interpreta- 
tion of the anomalous viscosity behavior itself is be- 
yond the scope of the present paper, and hence we have 
left it untouched. 

Finally it must be stated that work on the concentra- 
tion dependence of the end-to-end distance along similar 
lines has recently been carried out by Kotin.* His 


LL. Kotin, Doctoral thesis, Harvard University (1960). 
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leading term corresponding to the first power of c 
agrees with the first term of Eq. (51) aside from the 
omission of the symmetry factor of two. The qualita- 
tive conclusions concerning the concentration effect are 
quite similar to those of the present work. 
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APPENDIX A 
Pressure Correction for the Chain Dimension 


For convenience, we consider only the case of the 
end-to-end distance. According to the McMillan and 
Mayer theory," the extra term Fy,*(1), which is to 
be added to the coefficient /;,(1) in Eq. (6) on account 
of the pressure correction, may be written in the form 


Fy*(1) = (No ‘M ){ Birs—In (1) J, (A1) 


with 


Biys=V {CRA 1,) —F:(1) Fi(1,) W(A, 14), (A2) 
hias(1) = Fro 1) [crs 


Here, the suffix s indicates the quantities for the 
solvent; Biz, is the second virial coefficient between the 
polymer and solvent molecules. 

Hence, the corresponding additional term P,;*(R) 
in the distribution function P(c, R) may be written, 
with taking into account F;(1,) =1, as 


1, 1,) —Fi(1) F:(1,) 1d(1,). 


(A3) 


P,*(R) = P(R) (No/VM) [crea 1,) —F,(1) Jd(1, 1,) 


(Ns vm) [Cr 1,) —F (1) WA, 1,)/dR. (A4) 


Expanding the integrands just as in P,(R,;) and per- 
forming the integrations over the coordinates, we obtain 


P,*(R) =o— (Nob* ‘M,) 


X {B*N- > Pi(0,;, R) —P1(0;;) POR) }+°++}, (AS) 


i<j 


where 8* is a binary cluster integral between the 
polymer segment and solvent molecule, and the func- 
tions P;(0;;, R) and P;(0;;) are conditional proba- 
bilities similar to those used in text. 
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Finally we can easily obtain for the corrected mean Roughly speaking, J;* is a magnitude of the order of 
square end-to-end distance in place of Eq. (44) one-N*th of J; except at vanishing z. Therefore, the 


‘ er , former may be neglected compared to the latter in 
(R?)=Ne@ae(1—2(+h*)ct++-], (A6) general, provided M is large. 


where 
APPENDIX B 


I,*= —(2Na@a’)™ i R’P;*(R)dR Asymptotic Behavior of the Function ¢ for Large z 


_ eae Te ay The integral (69) has been evaluated by Albrecht.” 
(NeB*/2M [8 (s°/a0") + on Similarly the integral (70) can be evaluated. The 
2* = B*(3/2ma?) iN}. (A8) _ results read 


Cy 22D (R243) Ty_a— (R—-1) 2-27 (RA) (R43) (R/2), 
Dy = 29 ® 2) (b+ 128+ 50K +42+77) [ya 


— (k—1) (R®+12k?+55k+16) 2-4)? )/3k(R+1) (R+3) (R+5) 0 (R/2), 
where 
1/4 
L= | sin"6d6. 
0 


The integral J, is evaluated to 


(2p) 1! yk (2p—2r-D) 
2p+1= ——1 1-24 a PP 
er (2p+1) 1! p» (2p—2r) !! 


—" 


a § (2p—2r—2) 1! | 


(2p)!! 14 Sf (2p—2r—1) 1" 
as n is odd or even, where 

(2m) !!= (2m) (2m—2) ++ +4+2, 
(2m+1) !!= (2m+1) (2m—1)+-++3-1. 


Now we consider the asymptotic forms of C, and D, for large k by introducing an approximate formula for /,. 
As is seen from Eqs. (69) and (70), C;, and D, must satisfy the inequality, 


C.>D,>0 forall k. B5) 
Approximating /, by the equation, 
Tee (n+ 1) 22-2) Ant) | (B6) 


Albrecht has derived the asymptotic form of C;. However, the approximation (B6) is unavailable for the present 
problem, because it breaks down the condition (B5) in the asymptotic limit of large k. Thus, we must use a better 
approximation for /, than Eq. (B6). It was found to be 

T= (n+1)—12-? exp[—2/(2n+11) ]. (B7) 
For the sake of comparison, the errors by Eqs. (B6) and (B7) are tabulated together with the correct and ap- 
proximate values of J, for several in Table I. 

Then substituting Eq. (B7) into Eqs. (B1) and (B2) and letting & become sufficiently large, we find 
422m RI? 143-28(2ar) #2 


aI(k/2+3) 48e0'(k/2+4)’ 
337-23(2a)k/2 1909-24 (ar) #2 a 

is ; = ee ( ) 
144eT(k/2+3) 576xT(R/2+4) 


The values of 2C,* and 2D,* are 3.068 and 2.988, respectively, whereas the respective correct values are 2.865 and 
2.637. The agreement is surprisingly good even for small k. 
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We discuss the asymptotic behavior of the function g by replacing C;, and D, by C,* and D,*. The series (67) 
and (68) then become 


x 


5) = 52C,*(—3)! A. (B10) 


1 


In*(z) = )52D,*(—2) 1. 311) 
k=1 


(B9), Eqs. (B10) and (B11) may be rewritten in the form 


h* (zs) = 169 S, (x) — (143/12) a S2(x), (B12) 


(2 


(s) = (337/36) 97S, (x) + (1909/144) #73 S. (x) (B13) 


]).* 
fil 


So(x) = D> (—x)F1/T(k/2+4), 


\1 


x= (29) 3z, 
are absolutely convergent. It can be shown that the series S; and S; have the sums, 


Si(x) = dat — (4/3) eta a3 — 2 a+ (1 — Erficx+ exp?) , (B15) 


1 


v) = da! — (8/15) woh + ba (4/3) tart 8 — a te 7 (1 — Erfcx-expx’), (B16) 
yr isa complementary error function. The $,(«) and S:(«) are seen to have the asymptotic forms, 
Si (x) = $a71+0(277), (B17) 
So(x) = hax +0(a7) (B18) 
Therefore, we find 


lim A*(z) =433/72-2)az, (B19) 


lim /y*(s) =5953/864- 2)1z, (B20) 


lim o*(z) =0.1457. (B21) 


ice we have considered only a special type of clusters and further replaced the coefficients C; and D, by their 
mptotic forms, the values given by Eqs. (B19) and (B20) are of course inexact. However, the value given by 
1) may be expected to be near the true one because of the cancellation of approximations for h(z) and 
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The absorption of carbon dioxide-nitrogen mixtures at4.404 was examined over a temperature range of 1200 
to 2100°K for optical densities of 0.10 to 0.40 atm-cm. The test gas was elevated to desired temperatures by 
shock compression. Properties of the test gas were determined by measurement of initial concentrations and 
shock wave velocities. Absorption was observed as a diminution of source beam intensity monitored with a 
rapid response infrared detector and displayed on an oscilloscope. Beer’s law was found to be applicable 
over the range of temperature and concentration studied. Absorption coefficients calculated from Beer’s 
law plots reached a maximum of 3.0 atm™! cm™! at about 1400°K, and were independent of total pressure 
from 0.26 to 1.05 atm. The absorption was also measured over a wavelength interval of 4.37 to 4.6 uw. The 
results of this investigation are compared to the existing theoretical and experimentally determined absorp- 


tion data, 


INTRODUCTION 


P gpectatye= the infrared absorption spectrum of 
carbon dioxide has been fairly extensively investi- 
gated at ordinary temperatures, few measurements of 
high temperature absorptivities have been made. With 
increasing temperature and population of higher 
vibrational states the number of possible transitions 
in absorption and the complexity of the absorption 
increase markedly. Some determinations of infrared 
absorption have been carried out in furnaces and furnace 
heated jets at temperatures up to 1390°K.'7 The use 
of flames to study carbon dioxide optical properties at 
still higher temperatures suffers from thermal and 
concentration gradients, possible lack of thermodynamic 
equilibrium, and interference by bands of other species. 

In a study of the oxidation of carbon monoxide 
behind shock waves we have had occasion to measure 
the absorption of carbon dioxide-nitrogen mixtures at 
4.40 u at temperatures up to 2100°K. The shock tube 
permits the ready attainment of higher temperatures 
than can be readily reached in furnaces, without the 
disadvantages of flames. The recent development of 
sensitive rapid-response infrared detectors now permits 
the application of the shock tube to the study of infra- 
red absorptivities and emissivities of hot gases. 


EXPERIMENTAL 
Shock Tube 


The gas mixtures used in the study were heated by 
shock compression in a simple, uniform-bore shock 


* This research was sponsored by the Aeronautical Research 
Laboratories of the Air Force Research Division. 

1E. F. Daly and G. B. B. M. Sutherland, Third Symposium on 
Combustion and Flame and Explosion Phenomena (Williams & 
Wilkins, Baltimore, Maryland, 1949), p. 530. 

2J. H. Taylor, W. S. Benedict, and J. Strong, J. Chem. Phys. 
20, 528 (1952). 

3R. H. Tourin, J. Chem. Phys. 20, 1651 (1952); Natl. Bur. of 
Standards (U. S.) Circ. No. 523, 87 (1954). 

4J. H. Taylor, W. S. Benedict, and J. Strong, J. Chem. Phys. 
20, 1884 (1952). 

5R. H. Tourin, Technical Report No. 258 (The Warner and 
Swasey Company, May, 1954). 

®6R. H. Tourin, and P. M. Henry, AFCRC~TR-60-203 (The 
Warner and Swasey Company, December, 1959). 

7D. K. Edwards, J. Opt. Soc. Am. 50, 617 (1960). 


tube. The tube is constructed of 3 in. i.d. seamless steel 
tubing, and has a honed and chrome plated bore. A 
5-ft driver section rides on tracks to facilitate opening 
and closing the tube. The test chamber is 15 ft long 
and is composed of two 5-ft, one 3-ft, and one 2-ft 
flanged sections. All flanged joints are sealed with O 
rings. Cellulose acetate or aluminum diaphragms are 
clamped between the driver and test sections to 
separate the driver and test gases. Diaphragms are 
ruptured by a spring-actuated needle which runs the 
length of the driver section. A pair of flat calcium 
fluoride windows 0.50 in. in diam and 0.375 in. thick are 
mounted tangent to the bore of the tube 2 ft from the 
downstream end on opposite sides of the test chamber. 
The window ports are also sealed with O rings. 

Both chambers are evacuated to a few microns Hg 
with a mechanical pump. The test section is further 
evacuated to about 10-* mm Hg with a consolidated 
MCF-300 oil-diffusion pump. Low pressures are 
measured with a Consolidated Pirani gauge and a 
Miller cold-cathode ionization gauge. 

Helium is used as the driver gas at initial pressures 
up to 800 psig. Mixtures of carbon dioxide and nitrogen 
are prepared and stored in 50-liter Pyrex flasks. 
Matheson “bone-dry grade” carbon dioxide (99.8% 
minimum purity) is condensed at —195°C and the 
bulb is evacuated to remove noncondensable impurities. 
The bulb temperature is then raised to —78.5°C and 
the carbon dioxide is distilled into the storage flask to 
the desired partial pressure. Nitrogen for the mixture 
is passed through a trap at —195°C to remove con- 
densable impurities. A Wallace and Tiernan 0-60 mm 
Hg differential pressure gauge (model FA-141) and 
0-760 mm Hg dial manometer (model FA-145) are 
used to measure pressures of the synthetic mixtures 
and initial test gas pressure in the shock tube. The 
gauges were periodically checked against a mercury 
manometer. The gas mixtures were allowed to stand at 
least 24 hr before use to ensure complete mixing. 

Upon diaphragm rupture, high-pressure helium ex- 
pands into the test section generating a shock wave 
which compresses and the dioxide- 
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Fic. 1. Optical system. G=globar source, M = mirror, S=sector 
wheel, H=chopper housing, W=window, T=shock tube, P= 
monochromator, D = detector. 


nitrogen mixtures. The temperature 72 and pressure 
P, developed behind the shock is dependent on the 
initial pressure P; in the test section and the pressure 
ratio across the diaphragm. The initial temperature is 
about 298°K. Because of the nonideality of diaphragm 
rupture, shock velocities were measured to accurately 
determine the conditions behind the shock waves. 
Using the conservation relations for mass, momentum, 
and energy, 72 and P2 are readily calculated from P,, 
T,, the shock velocity, and the heat capacity of the test 
gas. The theory and use of the shock tube has been 
adequately treated and will not be repeated here.*” 


Shock Velocity 


Shock velocities are determined from measurements 
of shock transit time between two velocity stations 
using thin film platinum gauges to sense shock pas- 
0.11 The gauges are located 375 and 750 mm 
upstream of the windows. Narrow films of Hanovia 
bright platinum No. 5 were painted and fired on glass 
blanks between hermetically sealed electrical contacts 
in the surface. The gauges were sealed flush with the 
shock tube wall. The films, about 1 mm wide and 5 mm 
long, had resistances of about 70 ohms. A constant 
current of about 40 ma was passed through the film. 
On shock passage over the film the temperature and 
resistance increase and fast rise outputs of a few milli- 
volts are amplified 1000 and used to start and stop 
a Berkeley model 7260 microsecond time interval meter. 
Shock velocities over the 375-mm interval can be 
measured with a $% accuracy corresponding to about a 
1% uncertainty in the temperature behind the shock. 


sage. 


Optical System 


The spectrophotometer system for absorption meas- 
urements behind the shock waves is drawn in Fig. 1. 


SE. L. Resler, S$. C. Lin, and A. Kantrowitz, J. Appl. Phys. 
23, 1390 (1952). 

9S. S. Penner, F. Harshbarger, and V. Vali, in Combustion Re- 
searches and Reviews (Butterworths Scientific Publications, Ltd., 
London, 1957), p. 134. 

10 A. J. Chabai and R. J. Emrich, J. Appl. Phys. 26, 779 (1955). 

1 J. Rabinowicz, M. E. Jessey, and C. A. Bartsch, J. Appl. 
Phys. 27, 97 (1956). 
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The drawing attempts to show a plan view. Light from 
the globar source is focused via mirrors M,_3; on the 
slits of a high-speed chopper in a protective aluminum 
housing. The chopper is used to modulate the trans- 
mitted beam at about 50 kc/sec so as to allow absorption 
measurements in the presence of emission from the hot 
carbon dioxide. The sector wheel, 4 in. in diam with 
120 slots 1 mm wide and 1 cm deep, is made of a high- 
tensile aluminum alloy. The wheel is driven in a 
horizontal plane at about 25 000 rpm by an air motor 
(Onsrud, 3 hp). Helium is flushed through the chopper 
housing to reduce air drag which would slow the chopper 
to about 14000 rpm. 

Mirror 3 passes the beam down through the sector 
wheel to M, below the wheel. The slits on the sector are 
imaged at the center of the shock tube via M,_;. 
Vertical slits, 2 mm wide, on the shock-tube windows 
limit the beam width and time resolution behind the 
shocks. The transmitted light along with the emitted 
light is brought to focus via Ms_1o on the inlet slit of a 
Perkin-Elmer model 98 monochromator with a CaF, 
prism. The output from the monochromator is focused 
on the detector via My. The detector is a Texas 
Instrument M-2035 indium atimonide photovoltaic 
cell, sealed in a Dewar for operation at — 195°C. The 
cell has an active area of 0.0177 cm?, a noise equivalent 
input of 1.3X10-° w/cm’, with a maximum time con- 
stant of 0.2 usec. The detector linearity was checked up 
to flux densities of 2 mw/cm? which includes the range 
used in the study. The amplitude of the modulated 
signal was independent of chopping rate up to the 
maximum of 50 ke, indicating that the response time of 
the detector was adequate for the study. 

A toroidal transformer having a band pass from 10 ke 
to 1 Mc is used to amplify the 50-kc modulated signal 
and suppress the relatively slowly varying thermal- 
emission signal. The output from the transformer is 
amplified (100X) with a Tektronix 121 amplifier and 
displayed on a Tektronix 545 oscilloscope. Traces are 
recorded with a DuMont 2620 oscilloscope camera. 
The amplified output of one of the velocity gauges 
triggers a time delay in the oscilloscope. The delay is 
set to start the sweep a short time before shock arrival 
at the window so as to allow transmission measurements 
slightly before shock compression. 


RESULTS 


The object of the study was to obtain absorption 
coefficients of CO, at high temperatures which could 
then be used to monitor CO: concentrations behind 
shock waves. Some absorption measurements were 
made on cold CO (5% COz in Nz) at 4.26 uw in the shock 
tube. With no COs in the shock tube and a spectral slit 
width of 0.054 yu, atmospheric CO, absorption attenu- 
ated source intensity by 75%. Taking a value of 0.026% 
for the atmospheric CO, concentration” the optical * 


2R. M. Goody, The Physics of the Stratosphere (Cambridge 
University Press, New York, 1954). 





ABSORPTION OF 


density of CO, in the 300-cm optical path external to 
the shock tube was about 0.078 atm cm. Measurements 
of absorption at room temperature by total optical 
depths up to 0.25 atm cm in the tube plus atmosphere 
showed departures from a linear Beers law plot below 
0.078 atm cm. At elevated temperatures the 4.3 u 
band extends to longer wavelengths. In order to avoid 
the complication introduced by atmospheric CO, 
absorption measurements were initiated at 4.40 w just 
outside of the atmospheric absorption band. 

The absorption of CO, at 4.40 u was determined over 
a temperature range of 1200 to 2100°K for CO, partial 
pressures of 10 to 40 mm Hg behind the shocks. A 5% 
mixture of CO, in Ny was used for the study. The 
absorption path through the shock tube is 7.62 cm. The 
optical densities varied from 0.10 to 0.40 atm cm with 
total pressures ranging from 0.26 to 1.05 atm. The 
monochromator slit width was 0.5 mm corresponding 
to a spectral slit width of 0.054 uw. Figure 2 is a typical 
oscilloscope trace. The amplitude of the modulated 
signal is proportional to the transmitted intensity. The 
bottom envelope of the trace would be a measure of the 
emission intensity from the hot gas were it not for the 
toroidal transformer. The amplitude of the modulated 
signal before shock compression is a measure of the 
incident intensity Ip since cold CO, in the tube or atmos- 
phere does not absorb at 4.40 yu. The amplitude after 
shock compression is a measure of the transmitted 
intensity I. On shock arrival at the window section the 
CO, is heated and the amplitude decreased to a new 
level. The constancy of the transmitted intensity be- 
hind the shock is evidence for the attainment of 
equilibrium. 

Some shocks were passed through nitrogen and air 
to check for 4.40-y absorption by possible impurities in 
the hot shocked gas. The transmission signal remained 
unchanged on shock passage. The possible effect of the 
heated sector wheel contributing to the modulation of 
the transmission signal was also checked. The light 
from the globar was suddenly interrupted and the 
amplitude of the modulated transmission signal went 
to zero. 

Absorption was determined as a function of CO, 
pressure at several temperatures. As it was not possible 
to produce repeatedly a given temperature behind the 
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Fic. 2. Oscilloscope trace of transmitted intensity. Shock 
velocity =1.96 mm/sec through 5.0% mixture of CO» in No. 


P;=16.0 mm Hg, P2=576 mm Hg, 72=1880°K. Sweep time= 
50 usec/cm. 
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Fic. 3. Beer’s law plots for CO. absorption at 4.40 uw and 7,= 
1230, 1570, 1780, and 1920°K. 


shock waves, a spread of as much as +25°K was ob- 
tained in some of the series about the central tempera- 
ture. The results were examined by plotting In I)/I 
against CO, partial pressures in the hot shocked gas. 
Some representative plots are given in Fig. 3. The data 
in all cases is fit by straight lines through the origin 
indicating the applicability of Beer’s law, 


[=Iy exp(—kpL), 


where & is the average absorption coefficient over the 
spectral slit width in atm cm™, p the CO, partial 
pressure in atmospheres, and L the path length (7.62 
cm). The absorption coefficients along with their 
standard deviations o;, obtained by a least-square 
treatment of the data, are given in Table I. 

The variation of absorption coefficient with tempera- 
ture is shown in Fig. 4. The variation of absorption 
with wavelength was determined at 1220°+30°K over 
the range from 4.37 to 4.46 » (Fig. 5). The absorption 
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rAaBLeE I. Absorption coefficients of hot COs. 


atm7! cm) o; (atm cm™) 


91 0.09 
06 0.17 
92 0.08 
80 0.07 
98 0.10 


-2 


i3 0.16 
41 0.10 
27 0.06 
14 0.05 
19 0.09 


coefficient at 4.37 u is essentially the same as at 4.40 p 
and then decreases with increasing wavelength. 

The effect of slit width on the apparent absorption 
coefficients was determined at 4.40 » and 1520+20°K 
for an optical density of 0.28 atm cm. The results are 
listed in Table I]. The decrease in the calculated ab- 
sorption coefficient with the 1.00-mm slit is consistent 
with the variation of the absorption coefficient with 
wavelength shown in Fig. 5. 


DISCUSSION 


The absorption coefficients reported above are 
average values over the spectral bandwidth. From 
Table IL it can be seen that absorption coefficient 
measurements at 4.40 yw are independent of spectral 
slit width below 0.054 y. At the temperatures employed 
here there is considerable overlapping of lines in the 
CO, vibrational-rotational spectrum. Neill® found the 
absorption of continuum radiation by hot CO, at 
2000°K was approximately the same as the absorption 
of radiation from CO, at the same temperature as the 
absorbing sample. Tourin and Henry report that the 
4.40-y absorption by 1.67 atm cm of CO, at 1273°K and 
a total pressure of 100 mm Hg is essentially independent 
of spectral slit width from 0.008 to 0.021 u.° They fur- 
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Fic. 4. Absorption coefficients of hot COs at 4.40 u. 
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Fic. 5. Absorption coefficients of CO, at 1220°K 


ther show the 4.40-y absorption by 0.84 atm cm of CO, 
at 1273°K is approximately independent of total 
pressure above 0.2 atm. Thus it appears that the 
spectral absorption coefficient of hot CO, is a slowly 
varying function of wavelength and may be approxi- 
mated at 4.40 w by the average values reported here. 

There are few data with which the present results can 
be directly compared. Tourin measured the absorption 
of COs in a furnace from 300 to 1273°K.°* He obtained 
a coefficient of about 1.0 atm~' cm™! from a Beers law 
plot for 4.40-u absorption at 1273°K which compares 
with a value of 2.9 atm~' cm™ in the present study. 
Tourin worked at densities above 0.8 atm cm. How- 
ever, this does not account for the discrepancy be- 
tween the measurements. In the present study the 
temperature and density are constant along the optical 
path except for a cool thin boundary layer on the shock 
tube wall and windows. Under the conditions of the 
study the boundary layer is less than 0.12 cm thick," 
small compared with the 7.62-cm path through the 
tube. The temperature profile in the furnace meas- 
urements was not reported. The experimental system 
and procedure in the current study has been care- 
fully reexamined and measurements have been re- 
peated under various conditions that might conceiv- 
ably account for the discrepancy. Checks of test gas 
purity, possible leaks, stray light, detector linearity, 
wavelength calibration, and possible errors in deter- 


TABLE IT. Effect of slit width on absorption measurements. 


Slit width (mm) 0.3 0.5 


0.033 


1.00 


Spectral slit width () 0.054 0.105 


k(atm™ cm) 2.864 .02 2.894+.07 2.72+.04 


4H. Mirels, National Advisory Committee for Aeronautics, 
Report TN-3712, May, 1956. 
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mination of temperature and density all confirm the 
present data. 

Plass® has recently calculated the spectral emis- 
sivity of CO, over the 4.3-4 band from 300° to 2400°K. 
The conditions of the present study correspond to his 
weak line approximation in which 


e=1— exp(— Su/d), 


where € is the spectral emissivity, S is the line strength, 
d is the line spacing, and w= pL is the optical density. 
Thus we see that S/d=k. Experimental and theoretical 
absorption coefficients are listed in Table II. 

Plass’ calculated value for S/d is in good agreement 
with the experimental data at 1200°K. He also pre- 
dicts a maximum in the 4.40-y absorption at about 
1400°K which is confirmed by the experimental results. 
However, the calculated values of S/d fall off rapidly 
with increasing temperature above 1400°K and there 


6G. N. Plass, J. Opt. Soc. Am. 49, 821 (1959). 
6G. N. Plass, J. Opt. Soc. Am. 50, 868 (1960). 
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TaBLe III. Comparison of experimental and theoretical 
absorption coefficients at 4.40 u. 





k S/d 
atm~ cm7! atm7!cm~! 


2.90 Bid 


2.70 0.5 


is poor agreement between the experimental and 
theoretical results at 1800°K. Plass used the har- 
monic oscillator approximation to find the electric 
moment matrix elements necessary for the calculation 
of line strengths. The validity of the approximation 
decreases with increasing temperature and population 
of higher vibrational states. 
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Reflectance Spectra of Terbium Oxides in the Range Tb.O; to Tb,O,7 


F. VRatNy* 
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Phe diffuse reflectance spectra of terbium oxides (TbO,) have been studied in the composition range 
1.5<¢x<¢1.75 from 300 to 1500 mu. An ultraviolet cutoff was observed at about 325 mu. A general decrease 
in reflectance was observed for an increase in the oxygen to metal ratio. A band was also noted in the 380 


to 400-my region. 


HE reflectance spectra of terbium oxides have been 

studied as part of a general program involving the 
nonstoichiometric properties of metallic oxides. A pre- 
vious paper in the series' has considered the spectra of 
the praseodymium oxide system, PrO, in the composi- 
tion range 1.5<*<1.83. In the present investigation, 
information is presented for the terbium oxide system 
TbO,, where x may be in the composition range 1.50< 
x<1.75. This oxide system has received very little at- 
tention; however, it may be speculated by comparison 
to the praseodymium oxide system that these oxides 
may exhibit rather interesting solid-state properties. 


EXPERIMENTAL 


The terbium oxide used in this study was obtained 
from the Lindsay Chemical Company and had a purity 

* Present address: Bell Telephone Laboratories, Murray Hill, 
New Jersey. 

+ This work was supported by the Lincoln Laboratories, an 
organization of the Massachusetts Institute of Technology, with 
the joint support of the Army, Navy, and Air Force. , 

1. Vratny, J. Inorg. & Nuclear Chem. (to be published). 


of greater than 99.9%. The nonstoichiometric compo- 
sitions were prepared by heating Tb,O; under various 
conditions of pressure, temperature, and time. The 
composition TbO,.;; (Tb,sO;) was obtained by the air 
oxidation of terbia. The sample was heated to 750°C 
for 1 hr and then cooled slowly to room temperature. 
The composition TbO;;; was obtained at a tempera- 
ture of 800°C and a pressure of ~1X10-? mm Hg 
within a 15-min period. The lower oxides were obtained 
within periods of 3 to 20 hr at a pressure of ~1X10~° 
mm Hg and a temperature of 980°C. The sesquioxide 
TbO,.50 was obtained by reduction in hydrogen at 
980°C. In all cases, the final composition was estab- 
lished by means of a previously described technique.’ 
The compositions thus obtained are accurate for the 
lower oxides to about 0.002 stoichiometric units, and 
to about 0.005 for the higher oxides. In general, the 
method of sample preparation should preclude the 
possibility of large inhomogeneities within the oxide 


a F. Vratny, Anal. Chim. Acta 21, 579-83 (1959); Anal. Chim. 
Acta, (to be published, 1961). 
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Fic. 1. Reflectance spectra of TbO, in the region 300 to 1500 
mu, ordinate: my, abscissa: ©% R. 


sample. However, microscopic composition variation 
could exist in excess of the above figures of accuracy. 
The powdered samples, as obtained from the prepara- 
tion were immediately pressed in aluminum planchets 
and the spectra observed by means of a Beckman DU 
spectrophotometer with a reflectance attachment. The 
intensities were referred to magnesium carbonate 
U.S.P. as a reference standard. A photomultiplier tube 
was used in the visible region of the spectrum. The 
measurement technique has otherwise been previously 
described.’ From previous experience it is felt that the 
reflectance intensities are accurate to about 1%.*-4 


100 


RESULTS AND DISCUSSION 


The reflectance spectra of the terbium oxides are re- 
produced in Figs. 1 and 2. From these figures, it may 
be seen that terbia exhibits a rather pronounced ultra- 
violet cutoff at 320 mu. A reflectance band is also evi- 
dent at ~380 my, with lesser bands at 410 and 480 
mu. Further, the reflectance of terbia decreases most 
rapidly in the composition range TbO,,; to TbO;.53 and 
then declines until the stable phase TbO,.75 is reached, 
see Fig. 3. This change is most apparent in the lower- 
wavelength region. It should also be noted that the 
spectra of terbia may be analyzed in terms of segments 
having a discrete slope. The most pronounced, as 
mentioned above, is the extremely sharp ultraviolet 
cutoff at ~ 380 mu. The next slope occurs in the region 
from 400 to 600 my with yet another slope in the re- 
gion from 600 to 1100 mu. The latter family of slopes 
breaks up into two slopes for the higher oxide TbO,.;;. 

In the reflectance spectra of single crystals, it is pos- 
sible to employ this type of information to obtain the 
variation of n and k as a function of the wavelength. 
This may be accomplished if one realizes that if | R |}, 
the absolute value of the square root of the reflected 
intensity, and @ the phase of the intensity, are known as 
a function of the frequency, then m and k may be ob- 
tained. Due to the Kramers-Kronig relation, one can 
obtain r, the complex amplitude of reflection, from the 
absolute value of the reflectance amplitude | 7 |, and @ 
the phase.* The phase @ can be obtained from a know|- 
edge of |r| as a function of frequency.*” 

For powdered samples, however, a number of diffi- 
culties are encountered in using this tvpe of approach 
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Fic. 2. Reflectance spectra of 
TbO, in the region 300 to 600 mz, 
ordinate: mp, abscissa: % R. X in 
TbO, (a) 1.500, (b) 1.5019, (c) 
1.5025, (d) 1.5058, (e) 1.5062, (f) 
1.5089, (g) 1.5314, (h) 1.75 
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3 R. B. Fisher and F. Vratny, Anal. Chim. Acta 13, 588 (1955). 

““Spectrophotometry, 200 to 2000 my,” Natl. Bur. Standards (U. S.) Cire. No. 484. 
°T. S. Moss, Optical Properties of Semiconductors (Butterworths Scientific Publications, Ltd., London, 1959), p. 25. 
6 F. C. Johoda, Phys. Rev. 107, 1261 (1957). 


7H. W. Bode, Network Analysis and Feedback Amplifier Design (D. Van Nostrand Company, Inc., Princeton, New Jersey, 1957) 
Chap. 15. 
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to obtain m and k&. A number of these difficulties are 
discussed by Johnson* who found that m and & are 
interdependent functions of the particle size of the 
powder. In a limited range he was able to analytically 
obtain & if R, n and d, the diameter of the particle were 
known. Although the data presented here are not di- 
rectly amenable to this type of interpretation in terms 
of n and k, it is possible to indicate as a result of the 
above type of analysis the approximate positions of 
maxima in k. Such maxima will occur on the low- 
wavelength side, or slightly before the center of a given 
line segment. The exact position is dependent upon the 
phase contribution from other regions of the spectrum. 
In general, the greater the slope, the smaller the rela- 
tive contribution from other regions of the spectrum 
and thus, the nearer the maximum in & will appear at 
the midpoint of the slope segment. The data presented 
below are based on this midpoint approximation. 

In Fig. 4, data are presented for the change in energy 
at the midpoint of a given slope segment as a function 
of composition of TbO,. It is to be noted that the 
ultraviolet cutoff in the 325-my region remained con- 
stant within experimental limits of 3.74+0.01 ev 
throughout the composition range up to TbOy.53. At a 
composition of TbO;.5; the slope segment was no longer 
noted. 

The second line segment (Band II) in the 400-600 
mu region was observed to have a changing midpoint 
with composition from about 3.4 to 2.2 ev. For the 
composition TbO;.7;, this band was nearly unobserv- 
able. The third line segment (Band IIT) found in the 
600- to 1100-my region was noted to change regularly 
from 1.8 to 1.4 ev for the composition progression 
TbO,,, to TbO;.75. For the higher oxide, TbO,.75 it was 
found that this segment consisted of two discrete slopes 
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Fic. 3. Change in the reflectance of TbO, at various wave- 
lengths: O —400 my, A—500 mu, X —700 mu, @—1200 mz, 
ordinate: X in TbO,, abscissa: “¢ R. 


§ P. D. Johnson, J. Opt. Soc. Am. 42, 978 (1952). 
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Fic. 4. Change in the position of & maximum (midpoint ap- 
proximation) as a function of composition Band II (400-600 
mu), and Band III (600-1100 mu). Ordinate: X in TbO-, ab- 
scissa: left—position of Band III in ev; right—position of Band 
II in ev; X for Band II, O for Band ITI. 


with a & maximum at ~ 1.63 and 1.17 ev, respectively. 
The lower energy spectrum was not investigated. 

Although conclusive x-ray data are not available for 
the terbium oxide system, it has been reported that re- 
duction of terbia in an atmosphere of hydrogen leads 
to cubic terbium sesquioxide.’ The similarity of terbia 
to the praseodymium oxide system would lead one to 
speculate on the structural properties of terbia on the 
basis of that of praseodymia. In this regard, it should 
be noted that both a cubic and a hexagonal sesquioxide 
exist at room temperature. Further, a pronounced 
phase change occurs at the composition PrO;.5; and 
must result in a significant alteration in the band 
structure of the oxide. The similarity is most evident 
in the spectra of the two oxides which exhibit an ex- 
treme alteration in the spectral characteristics in this 
composition range. 

A number of significant dissimilarities are to be 
noted between the two oxide systems; inner electron 
transitions are most prominent in praseodymia and are 
not observed in terbia. Terbia does not seem to exhibit 
low energy band characteristics as does praseodymia 
which exhibits a reflectance band at ~1 ev. Finally, 
the alteration in the maxima in & in terbia appears to 
progress from higher to lower energy as a function of 
increasing oxygen stoichiometry with an energy gap of 
~3.74 ev for the sesquioxide, and changing interband 
transitions for the nonstoichiometric compositions. 
This picture is further complicated for the higher oxide 
TbO,.75 with the occurrence of additional bands at 
~ 1.63 and 1.17 ev. 


®*D. M. Gruen, W. C. Koehler, and J. J. Katz, J. Am. Chem. 
Soc. 73, 1475 (1951). 
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Cubic-Field Splitting and Cubic-Symmetry Orthonormal Sets of Wave Functions for 
J Manifolds (J Half-Integer) 


R. PAPPALARDO 


Bell Telephone Laboratories, Inc., Murray Hili, New Jersey 
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Energy level splittings of manifolds characterized by half-integer values of J have been derived in the 
case of a cubic crystal potential containing fourth- and sixth-order terms. Orthonormal sets of wave func- 
tions in cubic symmetry are tabulated for the same manifolds. 


1. INTRODUCTION 


HE absorption spectrum of single crystals of 

yttrium gallium garnet doped with erbium has been 
studied at room temperature, at 78°K, and at 4.2°K. 
This material is suitable for maser operation in the 
7-mm region. The experimental results and the discus- 
sion of the spectrum will be reported soon. In general, a 
good agreement was found between the predicted 
position of the multiplet components of the free ion and 
the experimental position of the various groups of 
lines. In particular, the ‘Jis,2 multiplet component 
predicted by Wybourne! at 6775 cm™ (and never 
reported before, as far as we know) has been found 
centered at 6700 cm™. 

In order to interpret the fine structure of each 
multiplet component of Er**, we calculated the splitting 
of the various J manifolds (J half-integer) due to a 
crystalline potential of cubic symmetry and containing 
fourth- and sixth-order terms in the f-electron coordi- 
nates. Crystal field mixing of levels with different J 
has been neglected in the present calculation. 


2. OUTLINES OF CALCULATIONS 


(a) The axial matrix elements of the crystal poten- 
tial have been tabulated by Stevens,? using the for- 
malism of the operator equivalents. The matrix element 
of the nonaxial component of the crystal potential can 
be obtained using Wigner’s three-vector product 
formula.’ A correlation between the results of the two 
different methods can be obtained evaluating some of 
the matrix elements using both methods. The relevant 
secular equations for J manifolds (J =15/2 to J=5/2) 
have been constructed and can be solved analytically 
without too much toil. From Bethe’s work® one knows 
the degeneracy of the roots of the secular equations to 
be expected for the various manifolds. This gives a good 
check on the correctness of the results obtained 
besides the obvious check of the diagonal-sum rule. 


IR.G. Wybourne, J. Chem. Phys. 32, 573 (1960). 


2K. W. H. 
1952). 

’B. L. Van der Waerden, Gruppentheorelischen Methode in der 
Quantenmechanik S. 70 (Springer-Verlag, Berlin, 1932). 

4R. Pappalardo and D. L. Wood, J. Chem. Phys. 33, 1734 
(1960). 

*R. Pappalardo and D. L. Wood, J. Chem. Phys. 33, 1734 
(1960). 

‘> H. Bethe, Ann. Physik 3, 133 (1929). 


Stevens, Proc. Phys. Soc. (London) A65, 209 


Furthermore the results of the analytical solution of 
the various secular equations have been checked 
constructing appropriate orthonormal bases (in cubic 
symmetry) for the various J manifolds and evaluating 
directly the crystal field splittings using these ‘“zero- 
order” wave functions. 

(b) In the absence of strong crystal-field mixing of 
levels with different J, orthonormal sets of wave func- 
tions labeled by J and transforming according to the 
double-valued representations of the cubic group, can 


_be obtained using suitable transformation matrices. 


The coefficients of such matrices are given by® 

D” ({oBy}) mom 

= (-1) C(J+M) \(J-—M)\(J+M’)\(J—M’) 1} 
on (J—M’— x) (J+M—x) 'x!(x+M’—M)! 


, 4 —Ml— . ee a. 
Keil a cos7 t+! M x38 sin2xt+™ M4 GeiM e: 


(1) 


where a, 8, and y are the three Euler angles defining 
each cubic group operation. In the derivation of this 
formula Wigner’ uses a left-hand coordinate system and 
Euler angles characterizing rotations around the Z, 
X', Z” axes. A modification of this formula for the 
choice of a right-handed coordinate system and for the 
rotational sequence Z, Y’, Z”’ is given, e.g., by Rose.’ 
One can easily prove that in the particular case of 
cubic symmetry and for double-valued representations, 
the results obtained for the appropriate linear combina- 
tions of ¥y,w, functions [Table VI(b) and following 
tables ] are identical, either using a left-handed coordi- 
nate system and the rotational sequence Z, X’, 2” 
or using the right-handed coordinate system, both with 
the choice of rotations Z, X’, Z’’ or with the sequence 
| Pas ae ot 

(c) Analogous sets of wave functions for J manifolds, 
(J integer), have been given by Satten and Margolis.* 
When a given J manifold contains a certain represen- 
tation [; of the cubic group only once, then the basis 
wave functions obtained will have universal validity, 
because they simply depend on the transformation 

®E. Wigner, Gruppentheorie und ihre Anwendung auf die 
Quantenmechanik der Atomspektren (Friedrich Vieweg und Sohn, 
Brauschweig, Germany, 1931). 

™. E. Rose, Elementary Theory of Angular Momentum 
(John Wiley & Sons, Inc., New York, 1957). 


8R. A. Satten and J. S. Margolis, J. 
(1960). 
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TABLE I. Matrix elements of the cubic potential (3) for a J=15/2 manifold. 





(15/2 | VOAV6® | 415/2)=273ri5/2+65 15/2 (15/2 | Vat4+Vo** | 47/2) = (713 15)# (Ais /2— Sprisye 

(2413/2 | VO+Veo | 13/2) = —91i52— 1175/2 (13/2 | Vit#+Vo** | +5/2)= (713 15)# (Ats/2—3yuis/e) 

(11/2 | VOAV 6? | 411/2) = —221di52— 39 p15/2 (+:11/2 | Vit#+ Vet | 43/2) = (11 39)8(Sdi52— 75/2) 
+9/2)= —201Xi5/2+ 59p15/2 (+9/2 | Vatt+ Ve | 41/2) = (77)4(15dt52—3yse) 

(47/2 | VP+V 0 | 47/2) = —101d15/2+ 7 6p15/2 ( 2 | Vat*+ Vert | 1/2) = (3X 77)4(10A15/2-+6p15/2) 

(45/2 | VP+V | £5/2)=23ri52+45 15/2 5/2 | Vet*+Ve*F* | 3/2) = (15)# (420452 4+42 15/2) 

(43/2 | VO+V® | 43/2)=129Xj52—25p15/2 

(41/2 | VO+V 6 | +1/2)=189 52-75 p15/2 

Nise = GOL (7/18) (Ze'a./ R®) \Bisy2 (r' 

Mise = 13860 ( Zea,’ /9 R*) y15/2 (r*) 


In the particular case of Er?* (4752) and for L— S coupling,* 
Bisie= 2/ (1115273) =0.445-10-* 


vinig=8/(7X9X 121 X 169) =0.621-10-% 





® See footnote 2. 


TABLE II. Matrix elements of the cubic potential (3) for a J=13/2 manifold. 





(+13/2 | Vit! Vet* | &5/2)= (5X11 13)! (Aiz2— 21 13/2) 
(11/2 | ViPtVee | 11/2) = — 7732 — 319 13/2 (11/2!) Vt*#+ Ve** | 43/2)= (11)8(15d132— 161 13/2) 


+13/2 | V+ Vo | +13/2)= 143Aj3/2+ 143,132 


(49/2 | VO+V6® | 49/2) = —132rr32— 1 Luise (49/2 | Vett+ Vee | 41/2)= (22)4015d1s2— (91/2) pia/2) J 
(7/2 | VO+Ve | 7/2) = —92Xis2 +227 13/2 (7/2 | Veet Vet | 61/2) = (6) 35d1a/0-+ (147/2) wise] 
+5/2 | VP+V 6? | 45/2) = — 1313/24 185 p12/2 45/2 | Vet Vet | 3/2) — (5)4(4DViar0-+ 196 ,rars) 
(43/2 | VO+-Ve | 43/2) =63rr2/2— 2513/2 

(1/2 | Vio4-Vo? | 41/2) = 108dij3/2 — 200k13/2 

Arse= 60 (7/18) (Zeax,/ R®) Br a2 (r*) 

p13/2= 2160( Zea,’ /9 RR’) ¥35/2 (* 


TABLE III. Matrix elements of the cubic potential (3) fora J=11/2 manifold. 








(11/2 | VP+V 6? | 11/2) = 6612 +22p112 (11/2 | Vitt+ Ve** | +3/2)= (11X30)! (At2— Tune) 
(+9 /2 | Ve + Ve? +9 2 =_=— 54X12 — 62y112 (+9/2 | V+ Ve* | +1 /2)= (42)4(SAu2— 1311/2) 


(47/2 | Vo+Ve? | £7/2)= —66d2+22u2 (7/2 | Ve+ Vee | 1/2) = (210)4(3dn2+un) 
(45/2 | VO+V6 | £5/2)= —26rn2+50pn (45/2 | Vet Vo | 3/2) = v2 (35d. +63pnr/2) 
(3/2 | VO+V6 | +3/2)=24dn2t+8yun 

(21/2 | VP+Ve | £1/2)=S5Od12—40 p12 

Aun=60[ (7/18) (Zera,/ R®) WBrre (r*) 

wun =3780[ (1/9) (Zeta! / R?) Fru () 








properties of the manifold. If this does not happen, equation to be solved is 
the wave functions belonging to the same representa- ib = 

: . Z : re 2 | Ha—AnwE;|| =0, 

tions will mix and the modality of mixing will depend 

on the detailed values of the matrix elements of the i, k=1, 2,3, +++, (where m is the number of times a 
crystal potential. In that case, in order to obtain a given representation I’; is contained in the manifold in 
suitable orthonormal set for the given J manifold, it question; Hy are the matrix elements of the crystal 
will be necessary to use standard perturbation calcula- potential between states defined by the wave functions 
tion methods for degenerate levels. The reduced secular which transform according to Tj; Aw are the overlap 
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TABLE IV. Matrix elements of the cubic potential (3) for a J=9/2 manifold. 








(49/2 | VO+Ve | +9/2)=[(7X18) /5 Troe +24 p02 
(7/2 | VO+Ve | +7/2)=—[ (7X22) /STroe—88uo/2 


(+5/2 | VP+Veo | +5/2)= —£(7X17) /5Ag2+80p9 2 


(+3/2 | VP+Veo | +3/2)=[ (3X7) /5ro2+48p9/2 
(1/2 | Vo+VE | £1/2)=[(7X18) /5 Troe —O4yo/2 
Aove = 60[ (7, 18) (Zea, ! RS) Boje (r' ) 


Mo = 630 (Zea,' 9 R’) Yo9/2 (r) 


(4+9/2 | Vet*+- Vet | +1/2)= (14)4(3ro/2— 60 p92) 
(47/2 | Vat*+ Vo*# | 51/2) = (14)#(Sdro/2— 1292) 
(+5/2 | V t+ Vet +3/2)= (21)4(5ro9/2+-32p9/2) 











TABLE V.* Matrix elements of the cubic potential (3) for manifold with J=7/2 and J=5/2. 














J=7/2 





J=5/2 





(7/2 | Vo+Ve? | £7/2)=7ri2+ Orie 

(5/2 | VP+Ve | +5/2)= —13A72—30p2/2 
(+3/2 | VP+Vee | 3/2) = —3drr2+54y7/2 
(41/2 | VO+VE | £1/2)=912—30urn 

(47/2 | V+ Vor | 1/2)= (35)* Ara— 18 p22) 
(5/2 | Vet*+ Vo** | 3/2) =V3 (5dr +-42yr2) 
Are= 60[ (7/18) (Zeae/ RS) 1822 (r') 

pre = 210 (Zea,’ /9 R") yii2 (r*) 


(25/2 | Vo+Ve® | &5/2)=Asve 
(43/2 | VP+Vee | +3/2)= —3rs2 
(1/2 | VP+Ve? | +1/2)=2rse 


(25/2 | Vat Ve** | 3/2) = (5) tAsve 


Nee = 60 (7/18) (Zea, / R®) JBs72 (r*) 


Mo = 0 








* See also R. Pappalardo and D. L. Wood, J. Chem. Phys. 33, 1734 (1960). 


integrals for these same wave functions and £; the 
eigenvalues of the crystal potential. The E; values 
obtained from Eq. (2) should coincide with the roots 
of the (2J+1) X(2J+1) secular equation. After that 
the determination of the mixing coefficients is straight- 
forward. 


3. CHOICE OF THE CRYSTAL POTENTIAL 


The crystal field potential of cubic symmetry for 
eightfold coordination of point charges (which is the 
rare-earth ion coordination in the garnets’ can be 
written ast 8-10 
Vous = ViP+ (Vat Va) + Veo t+ (Veit Ve) 

— V cab ot V cab" 


witl 


“[3524— 302%r?+ 3r4 | 


2 / 
[2312°— 315922?+ 105r42?— 57°] 


2 


Zeon! 
= S116" (40/13) Vr (6) 
OR’ 


~ 9S, Geller and M. A. Gilleo, J. Chem. Phys. Solids 3, 30 (1957) ; 
Phys. Rev. 110, 73 (1958). 
10 W. Low, Phys. Rev. 109, 265 (1959). 


e+e" 


Zea, 
OR’ 


=)>> [—22(112?—9?) { (x+-iy)4+ (a—iy) 4} J 
Zero 4e/13)'8(14)4( Yet Yet) 
QR? (49/13) ?8(14)?*( Vet Ye)’, 


=>) - 


where Ze is the charge on the nearest neighbors, a, 
and a,’ are screening constants, R is the distance of the 
nearest neighbors, and >> is the sum over the f elec- 
trons. The matrix elements of the potential (3) are 
given in the following tables in terms of the splitting fac- 
tors Ay and wy, which are related, via multiplicative con- 
stants, to the Stevens-Judd*"" operators By and yy 
(or (SLJ||8||SLI) and (SLJ||y||SLJ)). These 
operator equivalents are the transformation coefficients 
from the LSJMy, scheme to the “zero-order” scheme 
nlmym, and are accordingly the only quantities affected 
by any breakdown of the L—S coupling. Their de- 
tailed values will depend on the parentage of the particu- 
lar J manifold considered. In particular, in Russell- 
Saunders coupling, if the values of the Stevens-Judd 
operator equivalents are known for a given value of J, 
then the corresponding values pertaining to the re- 
maining components J’ of the same multiplet can be 


1B. R. Judd, Proc. Roy. Soc. (London) A241, 414 (1957); 
J. P. Elliott, B. R. Judd, and W. A. Runciman, ibid. A240, 509 
(1957). 
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TABLE VI(a). An orthonormal set of “zero-order” wave functions for a cubic-symmetry potential is given by the following linear 
combinations of wave functions yy, belonging to the J=15/2 manifold. See text for relative phase of T', and Ty (also I’. and Tg). 








r (1/24) [ (13 X 15) bas/o+3 (7) 22 +3 (33) Ayre t (21) 4y_o/2 ] 
(1/24) [ (13 X 15) by15/2+3 (7) Ay_1/2+3 (33) i/o (21) Wore] 


(1/24) [— (337) Wisie— (5X39) Msre+3 (13) bps (33) bys ‘| 


& @| /24)C— (33 x7) ty 13/2 — (5 « 39) ty_se +3 ( 13) 4Ysje+ (33) Yu 2 | 


2) + dail — (21/86) byisie+ (65/86) 47/2 ]+ asi — (33/40) Ya/2+ (7/40) aye)” 


+ same, with M->—M --- 


32+ (39/50) bp_sr/e]+-boiL (1/8) asye+ (7/8) Wanye ]+-daiL (3/8) Wse+ (5/8) 4y_s/2 J 





+ same, with W—-—M --- 


In the particular case of Er** (*7;5;2) 
a= —0.1624 a= —1.5351 di3= — 1.3093 
ao,=0.4881 d= —0.4625 adx3,=0.5012 
a3, = —0,8958 32 = 0.5136 33 =0.8952 
by, =0. 1437 b= —0.3171 b3= —0.9249 
bo, = — 1.9548 bes = 2.148 bys = —0. 8848 
by = 1.3054 bro = —0. 2565 bsg = 0.3518 


For the sixth-order component of the potential (6) and (7), one obtains: 
ay,= —0.0248 a2= 1.3291 =().4627 
an = 1.0295 @n= —0.464 23 = — 0.4437 
a3, = —0.0807 ay = —0.9225 33= —1.534 
by =0.9139 by = — 1.1153 =1.1871 
by = — 1.9968 bog = 1.1487 03 = —0. 5653 


bs, = —0.8518 bs. = — 1.4906 33 = — 0.1839 





( Tea) 


lw) 


(Ts) 
(T'sa) 


the following values of the constants are obtained, for the fourth-order potential (4) and (5): 


TaBLe VI(b). Energy level splitting for J=15/2, using the zero-order wave functions of Table VI(a), and the matrix elements of 


Table I. 











(T's | Veuw | Ps) = 296A15/2— 40 p52 
(V7 | Veuw | P27) = —2OAg2— 31 Quis 
Veun | I's )= 266. 26ri52 Corresponding coefficients ay; and by 
| Veun | I's® )= —141.44rise Corresponding coefficients a2; and be; 
| Veun™ | P's )= —258.86A15/2 Corresponding coefficients a3; and bs; 
Veun®™ | P's” ) = 274. 15 ps2 Corresponding coefficients a); and }); 
| Veun® | P's?” )= 64.003 yis/2 Corresponding coefficients a2; and by; 


(Ts | Voun® | P'g°?)= — 162 .O1pisye Corresponding coefficients a3; and bs; 








® A correlation between the (i) label splittings and the (s’) label splittings can only be made on the basis of the similarity of the set of coefficients agg (and d,i) 


of Table VI(a). 
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PasLe VII(a). Orthonormal basis for J =13/2 in cubic symmetry. For the T'; and I’s species, linear combinations of the expressions 
in square brackets must be taken. The values of the coefficients in the particular case of the potential (3) are given. 








WV 


+ same, with VW 


ot+7y_s 7} +-dio{ [1 2(: 


+ same, with /—> 





£1/(14)4]0—v3yoe4 


* same, with M 








*** same, with 


f the coeflicient the fourth-order component of the potential (3), namely, Veu, = é ‘+ v4"! are given by: 
a,;=0,.982 ay=0.265 
by, = —0.1668 by.=0.97 
Cu= —0.2158 C2 =1.455 
d;,=0.061 dig= —0.9927 
éu=—1.187 P19 4868 


1=3,1603 '2=0.123 





=().392 2=0.9596 
= —0,929 »=0.290 
C= — 1.0804 2=1.052 

d,\,=0.7636 6942 

6; = 0.5388 2 =0.5927 


f= —0.6508 >= 0.7204 
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TABLE VII(b). Energy level splittings for J = 13/2, using the appropriate “zero-order” set of wave functions.* 














V's | Veub | Pe= — 162Ai3/24+- 8013/2 
(Ty | Vous | Pe )=125rrs2 

(T, V cut ) | 7, = — 55r13/2 

(T's? Veun™ Pr, )=— 109Aj3/2 

ls | Veun™ | I's )=155A13/2 

Tz! | Veup® | P70? )= —837. 8713/2 
(P37? | Veur® | P7? )= 885.43 ps2 
Ts?” ) = —377 . 83/2 


I's?” ) = 313. 8y13/2 








® See footnote a of Table VI(b). 


TaBLe VIII(a). Orthonormal basis for J=11/2 in cubic symmetry. 








r (1/4v3) £(7) ore — (6) Ware + (35) ya | 


_(1/4V3) (7) bp—972 — (6) aie + (35) aie) 


(1/43) [— (15) Ware + (22) are (11) ty s72 J 


15)4y_s » ji 


buf[1/(13)91C (6) Moe (7 5) Monty 








du {L1/(13)*]0 (6) ore (7) Ware} die {(1/ (6) IL — (5) Yorn +22 


-M—--M- 











Values of the coefficients for Veuy'? of the potential (3): 
a4,= —0.8826 271 
buy =1.2657 694 
Cu =0.9212 12 .120 
dy=1.071 dy,=0.120 





Same, for Veur®: 
a= —1.265 dy.,=0.9001 


by, = —0.9008 by.=0.1482 
cu =0.154 ¢1=0.8971 
dy =0.9011 y= 1.2661 
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TABLE VIII(b). Energy level splitting for J=11/2, using the “zero-order” set of wave functions of Table VIIT(a). 





(Ts | Veun | M6)= —84Ai124+ 16p11/2 

(V7 | Veuw | P'7)=44An2+ 176112 
Veuvn™ 

Veun™ 


Veun™ | Ps@” ) = — 136. 552 


Veur® | Ps? )=40. S5yn2 


raBie IX (a). Orthonormal basis for J =9/2 in cubic symmetry. 


12 ]} tre{L1/(10)4]( —Yoet+3y 





a eee 


14)4Y_+0 J} +d {[1/(10)4] 


t 








Y ae 


Values of the coefficients, for V.4), of the potential (3). 
@),=0.4889 ay.=0.872 
by =1.5397 big = 2.494 
n= —0.872 cu =0.4885 


dj.=0.1586 


Same, for Veur: 


1=0.7443 6675 
= —2.4665 2 .412 
= —(). 6677 ° .7446 


1=0.3773 6426 


raBLe IX(b). Energy level splitting for J=9/2 using the “zero-order” set of wave functions. 


‘cub | P'¢)=32.9dg2— 256p9/2 
ls )=17.04rg/2 
) = —36. 7roso 
211. 5/2 


— 83 . 5Sy9/2 





CUBIC WAVE 


obtained using the relations": 
(SLJ'||B|| SLI’) 
= By =(—1)7-9'(2)' +1) /(2I +1) 
fae 1(2J+5) |Z LF he: a) 
(2J'+5)!(2J—4)!| W(LILJ; S4) 
(SLJ||B\| SLI). 


=(—1)4-4’"(2)'+1)/(2J+1) 


(2J'—6)+(2J+7) }} W(LJ'LJ'; S6) 
(2J'+7)+(2J-6) | W(LILJ; S6) 


X (SLJ || y|| SLJ), (8) 
where W(LJLJ; Sk) are Racah’s coefficients.” 
4. RESULTS 


(a) In Tables 1-V the matrix elements of the poten- 
tial (3) and the energy level splitting of the various 
manifolds are listed in terms of the splitting factors Ay 
and wy. The manifolds with J= 3 and J=} have been 
omitted, since they are not affected in first order by 
cubic-symmetry potentials. Also the orthonormal sets 
of wave functions to be used as ‘“‘zero-order’’ sets in 
perturbation calculations, are given in Tables VI(a) 
X(b). For the sake of brevity we omitted the label J 
in the expression of the matrix elements of the poten- 
tial (J, My|Veu | J, My’) and also in writing the linear 
combinations of Yy,., functions. 

We may remark that the knowledge of the actual 
form of the crystal-field eigenfunctions is useful in the 
interpretations of the spectrum of the rare-earth ions 
in garnets, especially if one introduces rhombic-sym- 
metry components of the potential as perturbations 
on a predominant cubic potential. 

A pair of wave functions (1°, and [',) pertains to each 
I's and I’; representation of the cubic group. Each T, 
function is obtained from the corresponding I, by 
changing in the Yy,~ the M values into —M. This 
satisfies the group requirements but leaves undefined 
the relative phase of [, and Ty. A convenient phase 
relationship can be fixed using’ an operation of the 
group to generate I’, from Ty. Such operation is the 
reflection ¢ on the (x3) plane. Then" 


os w=(—1)" J+ Zin) y u- (9) 


In general the phase factor will depend on the / values 
and on the number of electrons (in the present consider- 
ation such number is odd). For this reason the phase 
factor has been omitted in the tables for the sake of 
generality, but it will be useful to express it in the de- 


2G. Racah, Phys. Rev. 62, 438 (1942). 

'S A. D. Liehr, J. Phys. Chem. 64, 43 (1960). 

4 E. Fick and G. Joos, Handbuch der Physik, edited by S. Fugge 
(Springer-Verlag, Berlin, 1957), Vol. 28, 234. 


FUNCTIONS 


TABLE X(a). Orthonormal basis for J = 


FOR J HALF-INTEGER 1387 


7/2 and 5/2 in cubic 
symmetry.* 








T 3 (V3y5/2—Y-s/2) 
eeeer! 


% 12)! {Wr2—[5/(35)4 y-12} 
(7/12) {W_72—[5/(35)4 Wy1/2} 
§ (Ws/2+-V3p_s/2) 


La (y 5/2 + V3W2/2) 





(5/12) 4 {Yre+L7 neon 


L[5/12)! {¥—22+(7/(35) Mave} 


~(1/(6)* }Lps2— (5) ty_ae 
(1/(6)9 Toy s— 
Yue 
Y-12 
[1/(6)¥JC(5)4ysr 
[1/6910 (5) Wve 











® See footnotes 4 and 15. 
> See footnotes 4 and 13. 


TABLE X(b). Energy level splitting* for J=7/2 and J 





J=7/2: 
Vz | Veun | P'7)= —18Aq2—72y7/2 
(T's | Veun | P's) =2A7/2+-96p7/2 


(Ts Venti 14d; - fie 120; 2 


rz | Vou 
I's Veub 


® See footnote 4 


tailed treatment of 
symmetry." 

Similar considerations will apply to the two pairs of 
wave functions I’,, [ and I’., 'y pertaining to each I's 
representation. 

(b) The formalism used in the present case for a po- 
tential of the form (3) can easily be adapted to the case 
of octahedral and tetrahedral symmetry, simply by 


tetragonal and orthorhombic 


8 C, Kittel and J. M. Luttinger, Phys. Rev. 73, 172 (1948). 
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altering the multiplicative constants present in the 
expression of the potential and implicitly contained in 
dy and py. 

An analogous procedure will apply when the potential 
is due not to point-charges, but to electric dipole 
moments (e€.g., in aquocomplexes). 
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Derivation of Interelectronic Screening Parameters from Statistical Considerations* 
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A model for helium and two-electron ions has been found in which assumptions similar to that of the 
Bohr model for the hydrogen atom lead to ionization energies and atomic radii in agreement with observed 
values and values calculated by the Hartree-Fock method, respectively. An effective screening potential is 
found by quasi-classical statistical arguments. The angular momentum of each electron is fixed at one unit 
and the two electrons constrained to move on the same sphere. The interelectronic distance is assumed to 
follow an exponential distribution expressed in terms of the Coulombic repulsion. When the distance between 
electrons is then fixed at its most probable value according to this distribution function, no adjustable 
parameters remain. The method can be extended to excited states. 


HE Bohr model for the hydrogen atom was an 

important early breakthrough in attempts to 
understand matter at the submicroscopic level. Al- 
though it failed to provide quantitative answers for 
atoms with more than one electron, and has subse- 
quently been superseded by the methods of quantum 
mechanics, it did provide a picture that most workers 
still find helpful and has strongly influenced subsequent 
discussions of atomic structure. It seems possible that 
an extension of the Bohr model to atoms with more 
than one electron might provide some additional 
insight into atomic structure and methods of calculat- 
ing atomic properties. 


I. EMPIRICAL REGULARITIES 


The periodicity of ionization energies, in agreement 
with the Periodic Table, is generally recognized and 
often cited. Also, the drop in ionization energy with 
increasing atomic number for each group (e.g., Li, 
Na, K, etc.) is easily explained in terms of the in- 
creasing size of the atom. Not so easily explained is the 
nearly linear dependence of the ionization energies on 
the “effective nuclear charge,” or “kernel charge. 
Consideration of this regularity, explained in greater 
detail below, suggested that a suitable first-approxima- 
tion treatment of polyelectron atoms might be found 
that could give a more physical picture of the cause of 


” 


* From a thesis by James P. Considine submitted in partial 
fulfillment of requirements for the degree of Doctor of Philosophy 
at the Polytechnic Institute of Brooklyn. 

+ National Science Foundation Predoctoral Fellow, 1958-1960. 


this simple relationship. The goal of calculating ioniza- 
tion energies for atoms with several electrons has not 
yet been reached, but the two-electron system has 
yielded to a modified Bohr-type calculation. 

In Fig. 1, ionization energies are plotted against 
atomic number. It will be observed that the value for 
helium is slightly less (by 2.6 ev) than twice the value 
for hydrogen. If the lithium atom and beryllium atom 
are considered as one-electron and two-electron systems 
with “kernels” of charge one and two, respectively, 
then it seems reasonable that the ionization energy 
for beryllium also should be slightly less (by 1.5 ev) 
than twice that of lithium. This is continued for each 
pair of elements of the first and second groups. It will be 
noted that the deviation from linearity is essentially 
that found in most ions (and molecules) when elec- 
trons move from equivalent orbitals into the same 
orbital, that is, about 1 to 3 ev. 

The electrons added to form the atoms boron, carbon, 
and nitrogen go into separate orbitals and follow an 
exactly linear dependence on atomic number. Extrapola- 
tion of this line indicates an apparent effective kernel 
charge of about 2.6 for boron, indicating that the 
screening of 2s electrons for 2 electrons is less effective 
than that of 1s electrons for 2s and 2 electrons. The 
ionization energies for oxygen, fluorine, and neon also 
fall on a straight line but this is displaced downward, as 
might be expected on the grounds that these electrons 
are going into occupied orbitals. The patterns described 
are repeated up to the transition elements. For these a 
charge is added to the nucleus and a compensating 
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charge is added to the inner electronic shell, giving 
little or no change in the ionization energy for the 
outermost electron. 

Second and third ionization energies follow a pat- 
tern which is equivalent to that for first ionization 
energies (see Fig. 2). The relatively high values ob- 
tained for the effective kernel charge for p electrons 
could be interpreted as poor shielding of these from the 
nucleus by the inner s electrons or as an indication of 
the existence of a linear correction term that should be 
applied to all p electrons. 

The difficulty in calculating ionization energies lies, 
of course, in the uncertain value to be assigned to the 
electron-electron repulsion energies, or screening con- 
stants. If such repulsion energies could be ignored, 
ionization energies would be proportional to the square 
of the atomic number; if shielding were “perfect,” 
the ionization energy would be constant, independent 
of atomic number. The nearly linear dependence is 
apparently inexplicable in terms of present models 
and approximations. 


II. MODEL FOR HELIUM GROUND STATE 


In selecting a model for the helium atom it was felt 
important that only quantities that could be given a 
direct physical interpretation be employed. The Bohr 


atom was selected as the most promising starting point 
for satisfying this criterion. Accordingly, each electron 


Was constrained to move at a fixed distance r from the 
nucleus and the angular momentum of each electron 
was fixed at the value 4/27. The total potential energy 
of the atom is written 


—V=2Ze/r—e*/Br, (1) 


where 8 is a parameter relating the interelectronic 
distance to the nucleus-electron distance. Equation (1) 
is meant to signify that the two electrons move on the 
circle with radius r in unison, separated by the distance 
Br; but the equation can also be interpreted as assuming 
the screening charge (1/28) for both electrons. The object 
of the present investigation is the theoretical derivation 
of a value for 8 by introducing certain quasi-classical 


statistical arguments which serve to substitute for 


ONIZATION ENERGY (Ew) 
. es = 


FIRST 
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1. First ionization energies plotted against atomic number. 
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LON ENERGY (EV. 


cat 


SECOND ON 








Fic. 2. Second ionization energies plotted against atomic number. 


certain aspects of the wave character of quantum 
mechanics. 
From the virial theorem 


E=-T=17 


2 
and from the restriction on the angular momentum 
P=mur=h, 
one can write for each electron, 
$mv* = P?/2mr? = h?/2mr? = e?ao/2r’, 
and for the atom 


T= a)/r? =e r=—iV 


(2Z—1/8) 


r= do( 


Z—1/2£), (5) 


where do is the Bohr radius, h?/me*. The 
energy can therefore be expressed as 


LE. =[4(2Z—1/8)?—2Z? Je?/2ao 
=[2(ao/r)?—Z* Je?/2ao, (6) 


since the ionization energy is the difference between 
the total energy of the two-electron atom and that of the 
one-electron atom, the latter being just — Ze?/2ap. 

The parameter 8 may be specified in terms of the 
angle 6 formed by the radius vectors to the two elec- 
trons, as indicated in Fig. 3. If the electrons were at 
opposite poles of the sphere, 8 would be 2. If there were 
no repulsive energy, the average value of 1/d would be 
1/r and thus 8 would be unity. The actual value of 8 
must fall between these limits. (A value of 1.8660 
would give an ionization energy for helium twice that 
for hydrogen.) 

One can imagine the quantities r and @ to be subject 
to small variations about their most probable values. 
The variables r, @, and @ may then be considered as 
almost independent, or “nearly closed.’ The prdba- 


ionization 


Addison- 
Massachusetts, 1958), 


1L. D. Landau and E. M. Lifshitz, Statistical Physics ( 
Wesley Publishing Company, Boston, 
pp. 2-7, 110-111. 
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Fic. 3. Definition of angle 6 between vectors r; and ro. 
bility for any set of values is the product of probabili- 
ties, or the log of the probability is the sum of logs 
of the individual probabilities and must be a linear 
function® of the energy [which is uniquely related to 
the angular momentum through Eq. (4) ]. These con- 
ditions lead to an exponential distribution function. 
That is, the value of the angle 6 should follow a distri- 
bution function of the form 


(e*/rL2(1— cos) }] 
=i — ) T, 


Vo 


F(@ 


where the “volume element” dr is the element of 
surface area 2rr* sinédé. The most probable value of 6 
is found by differentiating this distribution function 
and @ is then assumed fixed at this most probable 
value 6. The quantity Vo is taken as the most probable 
potential energy of interaction e?/8r where B=[2(1— 
cos6) }. Then 


(e?/r[2(1— cos) }! 
{ [ ts Pyar? sind 
le rL2(1-— cos6) }} 


(0) = exp— (8) 


sin?@2(1— cos@) }'] 
[2( 1- cos0) |! 


—(1-— cos) } 
Xx exp (9) 
(1— cos@)? 


f 

9} 

= 2rr° ) cosO— 
| 


TABLE I. Ground-state energies and radii. 


r/ao cale r/do lit ». obs 


0.592 .592 25.46 24.58 
0.372 = 5 5.6 
0.271 


0.115 


If the problem is nearly separable, then the total energy is 
the sum of the energies associated with the various coordinates, 
whereas the probability is the product of the respective proba- 
bilities, L. D. Landau and E. M. Lifshitz, Statistical Physics 
Addison-Wesley Publishing Company, Boston, Massachusetts, 
1958), pp. 10-13. See also E. B. Wilson, Ann. Math. 10, 129-166 

1909). 


AND 


i. © -CONSTDINE 


and, letting cos#=y, F’(6) =0, one obtains 


3y’— 2y—1=0. (10) 


Under these assumptions the value of 8 is calculated 
to be (8/3)!=1.632, corresponding to cosé=—}. This 
value of 8 can be inserted into Eq. (6) to find the 
ionization energy, or into Eq. (5) to find the radius r. 
Values obtained for the ground states of He, Lit, Be* *, 
and F*? are shown in Table I, along with the observed 
ionization energies’ and the radii calculated from 
Hartree-Fock equations or by the approximation of 
Morse, Young, and Haurwitz.® 














Fic. 4. Loci of solutions to Eqs. (13) and (15) for Z=2 


III. MODEL FOR EXCITED STATES 


An excited state for the helium atom is obtained 
from the model given for the ground state by allowing 
the radii of the orbits of the two electrons to take on 
different values, determined by the conditions that for 
each electron the angular momentum is nh where 
is the integer representing the principal quantum 
number of that electron. 

It is convenient to introduce the following notation. 
The radii of the circular orbits are designated r; and 
ro, With r; re; the interelectronic distance is d=ars= 
yr:. The kinetic energy for each electron is 


T »=3m0?2= P2/2mrZ=nZh?/Qmr? 
=n 7e?do/2r;. 
The potential energy for each electron is 
V ;=—Ze*/r +e? /2d. ig 
Since each electron moves, with fixed T and V, in the 


field of the nucleus and the other electron, one can 


3C. E. Moore, “Atomic Energy Levels,’”’ Natl. Bur. Standards 
U.S. Ann. Rept. Circ. 467, 1949 

‘W.S. Wilson and R. B. Lindsay, Phys. Rev. 47, 681 (1935 

5P. M. Morse, L. A. Young, and E. S$. Haurwitz, Phys. Rev. 
48, 948 (1935). 
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apply the virial theorem for each electron. This gives 

the condition, when the equations for the two electrons 

are combined, 

y/a= (n/n?) {[Z— (2) /[Z— (2a) ]}. (13) 

The distribution function takes the form 

je, ni[it(y/a)*—2(y/a) cosé}| 

|e rif 1+ (y/a)?—2(y/a) cos }|" 
(14) 


D(@)~ siné exp— 


Setting 0D/d@=0 one obtains, after algebraic manipula- 
tion, 


at+-y!+3aty!— 4e2y!—day?—2o’y?=0. (15) 

The locus of points satisfying this equation is shown 
in Fig. 4. If a similar plot is made for Eq. (13), for 
given values of Z, m, and m2, the intersections of these 
curves give the solutions. For example, if m=mn2 Eq. 
(13) gives the straight line a=y and the only inter- 
section is at the point a=y=(8/3)! as found above. 
Calculated values for radii and ionization energies 
are shown in Table II, compared with observed ioniza- 
tion energies* and radii calculated by 
tion of Morse, Young, and Haurwitz.® 


the approxima- 


IV. DISCUSSION 


The model described can have no more validity than 
the Bohr model for the hydrogen atom, with which it 


SCREENING 


PARAMETERS 


TABLE II. Excited-state energies and radii. 





1s (r/ao) 2p(r/ao) 


cale lit calc 


.500 


334 
.250 
113 0.111 


220.6 216.1 


has certain features in common.® On the other hand, 
the results appear too consistently close to the true 
values to be attributed to coincidence or lack of sen- 
sitivity of the calculations. Certain very obvious 
difficulties exist, as in the simplest Bohr picture, which 
could probably be removed by considering precessing 
elliptical orbits with relativistic (spin) corrections. 

The primary value in the model is not concerned 
with the ultimate accuracy that might be achieved for 
simple problems that have been or can be calculated 
quite exactly by current methods, but rather with the 
possibility that such a classical representation may 
suggest better first-order approximations for poly- 
electron systems to be treated by quantum mechanics. 
6 A statistical model based on very different assumptions, ap- 
plicable to heavy atoms, has been described by L. H. Thomas, 
Proc. Cambridge Phil. Soc. 23, 542 (1927) and E. Fermi, Z. 
Physik 48, 73 (1928), and recently extended by S. Golden, Phys. 
Rev. 110, 1349 (1958). 
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rhe pressure dependence of the fluorescence spectra of molecules in the gas phase is calculated for two 
models; one involving a strong collision mechanism for transferring vibrational energy, the other involving 
a stepwise collision mechanism. The fluorescence spectra of the two models show very marked differences at 
pressures between the low pressure region of resonance fluorescence and the high pressure limit 


I, INTRODUCTION 

HE currently accepted qualitative explanation of 

the pressure dependence of unimolecular reactions 
was proposed almost 40 years ago by Christiansen! 
and Lindemann.” A short time earlier, Stern and Volmer 
introduced the presently accepted mechanism account- 
ing for the pressure dependence of fluorescence and of 
quantum yields.’ Both of these theories involve the 
idea that energy is transferred to and from the internal] 
degrees of freedom of the reactant molecules by colli- 
sions of these molecules with a “heat-bath” of gas 
molecules, either reactants or reactants, and added 
inert gases. Subsequent work has emphasized the 
importance of vibrational energy in these processes. 

The details of the energy transfer process are there- 
fore of some interest in the analysis of fluorescence 
spectra and of rate data on photochemical and uni- 
molecular reactions. One might have expected that the 
nature of this collisional activation and deactivation 
mechanism could be at least qualitatively elucidated 
by studying the pressure dependence of unimolecular 
rate constants. It was found that such was most de- 
finitely not the case; collisional vibrational transition 
probabilities of widely differing functional form led to 
log-log plots of rate constant vs pressure which were 
experimentally indistinguishable.*® All of the details of 
the collisional processes are washed out in the averaging 
which occurs when one studies a unimolecular decompo- 
sition under conventional conditions. 

We felt that perhaps the dependence of photochemi- 
cal quantum yields on pressure might be helpful in 
gaining insight into these collision processes, which 
involve molecules in high vibrational energy states. 
However, the recent calculations of Porter and Connelly’ 
demonstrate most convincingly that, to quote these 


‘J. A. Christiansen, thesis, Reaktion-Kinetiske Studier, 
Copenhagen (1921). 
2. A. Lindemann, Trans. Faraday Soc. 17, 598 (1922). 
Q. Stern and M. Volmer, Physik Z. 80, 183 (1919). 
F. P. Buff and D. J. Wilson, J. Chem. Phys. 32, 677 (1960). 
°>D. J. Wilson, J. Phys. Chem. 64, 323 (1960). See this paper 
for earlier references on the problem of energy transfer in uni 
molecular reactions. 
6G. B. Porter and B. T. 
1960 


Connelly, J. Chem. Phys. 33, 81 


authors, ‘To decide whether or not unimolecular theory 
can be used to interpret photodissociation requires 
very precise experimental data, more precise than is 
available at present.” 

The emphasis placed by many photochemists on the 
study of fluorescence’ in connection with photochemical 
work led us to think about the pressure dependence of 
fluorescence spectra, originally considered by Stern 
and Volmer.* We considered two quite different sets of 
collisional vibrational transition probabilities, and 
calculated the intensities of the lines of the fluorescence 
spectra of these models as functions of pressure. This 
paper includes a brief discussion of mechanism and 
notation, descriptions of the two models used, a word 
on the computer program employed, and conclusions. 


Il. MECHANISM 


The probable steps in photochemical processes in 
gases have been discussed in detail by Noyes, Porter, 
and Jolley.’? The computational requirements for solv- 
ing the general equations were beyond the capacities 
of the budget and computer available, so we simplified 
the mechanism as much as possible without destroying 
the salient features of the pressure dependences of the 
fluorescence spectra. In particular, we considered only 
a single excited electronic state with its associated 
vibrational levels; we thereby neglected the possibility 
of singlet-triplet transitions. We also neglected internal 
conversion, by means of which levels of the excited 
electronic state are depopulated by some process which 
results in neither fluorescence nor chemical reaction. 
(This last restriction could be removed without diffi- 
culty.) 

The mechanism considered is the following: 


A,—A,* tos 
A,*+M—A,,*+M dim 
Am*—Products Cm 


Owe; (4) 


* 
4 | m <A at hime 


? See, for example, W. A. Noyes, Jr., G. B. Porter, and J. E. 


Jolley, Chem. Revs. 56, 49 (1956), and many of the references 


cited therein. 
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A, represents a reactant molecule in the rth vibrational 
level of the ground electronic state; A,* represents 
a reactant molecule in the ith vibrational level of the 
excited electronic state; Jpn is the number of quanta of 
light absorbed per unit volume per unit time which 
induce the transition (1); M represents a heat-bath 
molecule, assumed to be in thermal equilibrium’; aim, 
Cm, and dmg are the microscopic rate constants for 
the processes with which they are associated; Ymg is the 
frequency of the light emitted in step (4); and A is 
Planck’s constant. 

The concentrations of reactant 
various vibrational levels of the 


molecules in the 
excited electronic 


state are then given by the following set of linear 
differential equations 


dl An* /dt= >I pm+ > OumLM JC A,*] 


1 
om A Yamal M ]+6m+ 2 hed Aah (5) 
n q 


(We assume that the concentration of electronically 
excited reactant is negligible compared to [M ].) 

If the illumination is steady and of moderate intensity 
(i.e., we exclude flash photolysis, chopped light, or 
steady illumination of extremely high intensity), the 
first summation in (5) depends only on the reactant 











°3 


Fic. 1. Strong and weak collision mechanisms, s=1, Jos=1, 8 
levels, p=0.3. Vertical scale is fluorescence intensity, horizontal 
scale is reduced pressure. 


*H. S. Johnston, J. Chem. Phys. 20,41103] (1952). 
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Fic. 2. Strong and weak collision mechanisms, s=3; other 
parameters are the same as in Fig. 1. 


studied, the temperature, and the light source used; it 
will be essentially constant for reactions run to only a 
small percent conversion of reactants to products. 
Under these conditions we can also make the steady- 
state approximation that d[4,*]/dt=0.4° Equations 
(5) are thereby reduced to a set of linear algebraic 
equations which can readily be solved by standard 
methods, 
Ill. MODELS 

The quantities 7pm were given the value zero for all 
transitions except Ap—A,*; by linear combination of 
solutions obtained for various values of v, one can ob- 
tain the solution for any distribution of the Ipm. The 
Cm Were computed by Kassel theory® as ¢,=c+g.(m— 
i*)/g,(m), where g,(k) =(k+s—1)!/k!(s—1)! is the 
degeneracy of the &th energy level of the set of s identi- 
cal, coupled harmonic oscillators used to represent a 
reactant molecule, and i* is the lowest vibrational level 
for which chemical reaction can occur. The vibrational 
energy levels of the model were assumed equally 
spaced, with a Boltzmann factor p= exp(—/vyin/kT). 
The quantities dg were assumed independent of m and 
given the value dd, where 


6o=1, g=0 
=0, g#0. 


9L.S. Kassel, Kinetics of Homogeneous Gas Reactions (Chemical 
Catalog Company, New York, 1932). 
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Fic. 3. Strong and weak collision mechanisms, 


parameters are the same as in Fig. 1. 


that of 


This assumption is_ essentially 
uniformly distributed; there is, of course, nothing to 
preclude the insertion of better values should they 
become available. 

For the first model, the collisional vibrational transi- 
tion rate constants dm m—% Were set equal to a constant a; 


ignorance, 


the @mm4. are then defined by the requirement of 
microscopic reversibility as dm,m44=ags(m+k) p*/g,(m). 
This corresponds to a “‘strongly coupled’’ collisional 
mechanism similar to that used by Kassel,’ Slater,!° 
and others." 

The @m, used in the second model were those used by 
Buff and Wilson earliert; they are a generalization to 
s-oscillator systems of the Landau-Teller transition 
probabilities used by Montroll, Shuler, Nikitin, 
Mahan, and others.'* These dm, are defined as 


;=aen 


=(), k¥n+1. 


N. B. Slater, Theory of Unimolecular Reactions (Cornell 
University Press, Ithaca, New York, 1959). 
1! See, for example, H. S. Johnston and J. R. White, J. Chem 
Phys. 22, 1969 (1954). 
2. Landau and E. 
1926). 
See the work cited in footnote 5 for a listing of these papers. 


Teller, Physik. Z. Sowjetunion 10, 34 
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This corresponds to a weakly coupled collision mechan- 
ism in which vibrational activation and deactivation 
are a stepwise process involving the transfer of no more 
than one vibrational quantum per collision. 

We felt that these two types of collisional vibrational 
transition rates should bracket those actually occurring 
in physical systems. If the fluorescence spectra ob- 
tained from these two models differed sufficiently from 
each other, one might attempt to get high-resolution 
fluorescence spectra at quite low pressures, from which 
information about collisional vibrational transition 
rates of highly excited levels could be obtained. 


IV. COMPUTATIONAL DETAILS 


A computer program capable of handling up to 20 
vibrational levels in the excited electronic state was 
written for the IBM 650 computer of the University 
of Rochester Computing Center. The program was 
designed to handle both models, and permitted us to 
vary the relative contributions from steps (3) and 
(4) over the entire range from fluorescence only to 
photochemical decomposition only. The linear alge- 
braic equations resulting from Eqs. (5) were solved 
by the method of successive elimination; rounding-off 
errors were negligible in: all the results considered 
here, but this method cannot be extended to systems 
involving many more than 20 levels. 

The quantity /o, was set equal to one in all runs, and 
calculations were made in terms of a reduced pressure, 
a[.M ]/d, which was varied by powers of ten from 10~* 
to 10%. The ratio c/d was defined as y, so that y=0 
corresponds to pure fluorescence; large y together with 
large values for the range of the reduced pressure 
correspond to essentially pure decomposition. 


V. RESULTS AND CONCLUSIONS 


The results for systems in which fluorescence alone 
occurs are shown in Figs. 1 through 5. The quantum 
yields of fluorescence’ involving transitions from the 
various vibrational levels of the excited electronic 
state to the single vibrational level of the ground state 
are plotted as functions of the reduced pressure, aM ]/d. 
Dotted lines correspond to the weak, stepwise collision 
mechanism; solid lines, to the strong collision mechan- 
ism. It is apparent that, if the molecules are excited to 
moderately high-lying vibrational levels, the pressure 
dependences of the spectra of the two models are quite 
different; this is particularly well demonstrated in 
Fig. 5. In general, the transition region between 
resonance fluorescence (at low pressures) and fluores- 
cence from an equilibrium distribution of the vibra- 
tional levels of the electronically excited molecules (at 
high pressures) is considerably broader for the stepwise 
deactivation model. If excitation is to a low-lying vibra- 
tional level, the differences between the two models are 
less marked. (Compare Figs. 2 and 4.) Both of these 
conclusions are qualitatively what one would intui- 
tively expect. A comparison of Figs. 1 through 3 in- 
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dicates that variation in molecular complexity’ (deter- 
mined by s) does not affect these conclusions ap- 
preciably. 

In connection with the appearance of these curves, 
it should be noted that, in contradiction to a state- 
ment by Porter and Connelly," the distribution of 
molecules among the vibrational levels of the excited 
electronic state approaches that at equilibrium as the 
pressure increases. This will be true even if chemical 
reaction, singlet-triplet conversion, internal conver- 
sion, or any other pressure-independent processes are 
considered in addition to those analyzed here. A simple 
proof follows. 

Let a be the matrix of collisional vibrational transi- 
tion rate constants; ¢ the matrix of fluorescence rate 
constants dg;, reaction rate constants ¢;, etc., So that 
Cic=dyitc;++++; A, the vector representing the 
concentrations [A,*]; [MJ], the heat-bath molecule 
concentration; and Y the vector representing the 
J,;. Then, with the steady-state assumption, we have 
(a[M]+c)A=Y, so that (a+e/[M])A=Y/(M }. 
As [M] becomes large, this equation approaches the 
form aA=0, for which the only physically pertinent 
solution is the equilibrium distribution. 

The work of Boudart and Dubois on the fluores- 
cence yield of 8-naphthylamine vapor in the presence 

















Fic. 4. Strong and weak collision mechanisms, s=3, /o:=1, 
other parameters are the same as in Fig. 1. 


\' See p. 82 of work cited in footnote 6. 
‘6 M. Boudart and J. T. Dubois, J. Chem. Phys. 23, 223 (1955). 
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Fic. 5. Strong and weak collision mechanisms, s=3 
20 levels, p=0.3. 
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of foreign gases’® suggests rather strongly that a step- 
wise collisional deactivation of vibrational energy levels 
is operative in this system. It should be noted, how- 
ever, that the collisional mechanism proposed by these 
authors is correct only in the limit as the temperature 
approaches absolute zero; elsewhere it violates micro- 
scopic reversibility. The expression they used for the 
rate constant for a unimolecular process (internal 
conversion) taking place in a molecule having a speci- 
fied internal energy is in agreement with the expressions 
derived by Kassel’ and Slater" only over a rather limited 
range of vibrational energies. These facts may cast some 
doubt on the authors’ subsequent interpretation. (The 
use of microscopic rate constants developed to de- 
scribe decomposition of vibrationally activated mole- 
cules to describe internal conversion is highly specula- 
tive at the present time, we believe.) 

The same comments can be made with regard to 
Dubois’ recent paper on the photolysis of biacety]."” 
In addition, his statement that “when a molecule 
contains very little or no excess (over thermal) vibra- 
tional energy in its excited state, as is achieved by 
exciting near the 0-0 transition, the pressure effect on 
the primary quantum yield ¢ is negligible...’ is in 
'6 The fluorescence of this compound in the vapor phase was 


first reported by Neporent; see B. S. Neporent, Zhur. Fiz. Khim 
24, 1219 (1950). 


"J. T. Dubois, J. Chem. Phys. 33, 229 (1960). 
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general incorrect; unless no vibrational 
necessary for the reaction to occur, @ will increase with 
increasing pressure under these circumstances, since 
collisional activation is now required in order for reac- 
tion to occur. 

It is interesting to note that Boudart and Dubois 
find support for a stepwise deactivation process in p- 
naphthylamine (a conclusion with which we are in- 
clined to agree), while Rabinovitch and his co-workers" 
find what we regard as equally strong evidence for a 
strong collisional deactivation mechanism for “‘hot”’ 


energy is 


sec-butyl radicals. 


Runs made with y=1.0 and 10.0 reafhiirmed the 


findings of Porter and Connelly that the pressure de- 
pendence of quantum yields is not a useful source of 
information about collisional activation and deactiva- 
tion; plots of quantum yield vs pressure were very 


BR. E Rabinovitch, and M. R. Hoare, 


J. Chen 


Harrington, B. S 
Phys. 33, 744 (1900 
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similar ‘in shape for the two types of collisional mecha- 
nism. 

These results indicate that attempts to obtain 
fluorescence spectra of extremely high resolution at low 
pressures would, if successful, prove most instructive in 
determining the nature of collisional vibrational energy 
transfer processes involving highly excited vibrational 
energy levels. The difficulties of making such measure- 
ments are formidable, and we know of no data currently 
available of sufficient resolution and taken at sufficiently 
low pressures to be compared with our findings." 
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The lowest-energy transition 


n—>»n*) of the nitrate ion was found to shift in energy and intensity in a 


systematic way over the series of molten alkali nitrates from LiNO; through CsNOs. The energy E of the 
band maximum varied in a linear way with the cationic radius. At 365°C (extrapolated for CsNO3) £E in 
electron volts was given by (3.81+0.33/ro), where ro is the cationic radius (Ahrens) in A. The temperature 
dependence dE/dT was of the order of —10~4 ev/deg and increased in magnitude with increasing cationic 
1/ro. The f number (oscillator strength) decreased steadily along the series of alkali nitrates from 4.1 10™ 
for LiNO; down to 0.86 10~ for RbNOs; and then rose again to 1.0 10~4 for CsNO;. The thermal coefh- 
cient (1/f) (df/dT) was in the range of 10~* to 10-* deg. The bandwidth changed by only a small amount 
for changes either in cation or in temperature. The origin of the observed shifts was considered in terms of 
interionic cohesive forces by application of the Franck-Condon and conservation of energy principles to a 
localized transition in a classical ionic melt. Digital computer procedures for profile analysis were described 
whereby an absorption band may be separated from an overlapping absorption edge. 


I. INTRODUCTION 


N electronic molecular transition frequently occurs 

at a somewhat different energy when the molecule 

is dissolved in different solvents as, for example, in 
the well-known ‘solvent shifts” of n—7r 
transitions. Presumably this effect of solvent on the 
absorption spectrum of a solute arises because of a 
change in the interaction between the solute molecules 
and their solvent environment in going from the ground 
Some of the importance of 


and 7-7 


state to the excited state. 


* Presented in part at the 11th Annual Summer Symposium of 
the Division of Analytical Chemistry of the American Chemical 
Society in Schenectady, New York, June, 1958. 

* + Operated by the Union Carbide Corporation for the U. S. 
\tomic Energy Commission. 


this phenomenon lies in the expectation that, when it is 
better understood, it may become a tool for making 
direct measurements of intermolecular interactions. 
In systems of importance to chemistry and _ allied 
sciences, solute-solvent interactions are commonly too 
complex for a priori quantum mechanical analysis and 
significant theoretical understanding rests to a great 
extent on initial experimental disclosure of the relative 
importance of different molecular parameters. In the 
case of spectral “solvent shifts”, the limited theoretical 
progress stems largely from the experimental discovery 
of instances in which the transition energy of a solute 
changes in a systematic way when certain molecular 
properties of the solvent are changed in a systematic 
way. However, examples of such systematic changes 
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are of limited variety so that further empirical dis- 
closures of systematic behavior are an essential prelude 
to theoretical advances. 

The preponderance of work on the spectral shifts of 
internal molecular transitions (as distinguished, for 
example, from charge transfer to solvent and d—d 
transitions) has been done with organic molecules and 
has been attributed in different instances to permanent 
dipole forces, dispersion forces, hydrogen bonding, and 
repulsive overlap forces. 

The present work is an extension of the solvent-shift 
type of phenomenon to ion-ion interactions in molten 
salts, and reports a systematic shift in transition energy 
for an internal transition of a molecule anion which 
accompanies a systematic change from one cation to 
another. Other spectral parameters were also checked 
for systematic changes and interesting results are 
described for the oscillator strength. 

The lowest-energy transition of the nitrate ion gives 
rise to a weak absorption band in the neighborhood 
of 300 my which has been assigned to the excitation of a 
lone-pair, nonbonding electron ( orbital) on oxygen 
into an antibonding m orbital (#* orbital) of the ni- 
trate ion, that is, an m—7* transition. This is a char- 
acteristic transition for ortho-oxyanions.! 

Spectral profiles of the molten alkali nitrates were 
measured at several temperatures over a wavelength 
range of approx 250 to 360 my. The lowest-energy 
band was found to be overlapped by the edge of a 
much stronger band and the amount of this overlap 
was deduced through a quantitative analysis of the 
shape of the spectrum. From this analysis the param- 
eters of the lowest-energy band were computed. The 
band energy and the f number were found to change 
from one alkali nitrate to another in a way which was 
systematic and which could be correlated with differ- 
ences in cation size. This behavior is attributed to the 
effect which cation force fields have on the change in 
electron distribution which is characteristic of an 
n—n* transition. The shift in band energy is empirically 
analogous to the ‘‘blue-shift”’ effect which polar sol- 
vents have on the n—* transition in organic solutes.” 


Il. EXPERIMENTAL 
A. Materials 


The lithium, sodium, and potassium nitrates were 
reagent grade. The best obtainable rubidium and 
cesium nitrates were supplied by the Fairmount 
Chemical Company and the Maywood Chemical 
Works, respectively. All of the nitrates were first 
recrystallized and then oven dried at 140°C. The optical 
cells were loaded in air with approx 5 g of material. 
Since these compounds do not react readily with small 
amounts of water, it was possible to carry out the final 
dehydration in the optical cells by bubbling dry argon 
through the melt for about 1 hr. 


1S. P. McGlynn and M. Kasha, J. Chem. Phys. 24, 481 (1956). 
2 J. W. Sidman, Chem. Rev. 58, 689 (1950). 
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NITRATE MELTS 


B. Apparatus 


The spectrophotometer used in this work was a Cary 
model 11MS modified for high-temperature work. The 
instrumentation for the measurement and control of 
temperature was more than adequate to ensure an 
accuracy and control within 0.5°C. Melts were kept 
under an argon atmosphere. Short path lengths were 
obtained by use of precision, fused-silica inserts. The 
spectrophotometer and cells have been described.* 
The various misalignment errors usually associated 
with the use of inserts in work with aqueous solutions 
were studied by forcing an insert into positions of 
misalignment with a fused nitrate in the cell and then 
measuring the absorbance curve. Such errors were very 
small, presumably, because geometric restrictions 
limited considerably the amount of misalignment and 
because the fused nitrates have refractive indexes*® 
close to that of fused silica. 


C. Path Length 


The spectral profiles which are reported here were 
obtained at two path lengths for each nitrate except 
RbNOs;. One path length was chosen so that band 
maxima lay in the absorbance range of 1.5 to 2.7. The 
other path length was shorter by a factor of 2 to 3.5 
and was used to extend the spectra along a terminal 
absorption edge. This extension was not considered 
necessary for RbNO;. The path lengths were as follows: 
19.1 and 60.4 uw for LiINOs, 60.4 and 115 u for NaNOs, 
60.4 and 212 u for both KNO3 and CsNOs, and 212 u 
for RbNOs. Additional data were obtained at other 
path lengths for the purpose of estimating errors in the 
extinction coefficient. 

The well-known difficulties of determining such short 
path lengths with useful accuracy are tersely sum- 
marized by Kelly and Svensson.° In the present work, 
path-length calibrations were made mechanically by 
measuring the thickness of the insert and the inside 
dimensions of the cell (at several points) by means of 
several different precision micrometer devices, each 
involving different sources of error, and by absorption 
measurements using the Bouguer-Lambert Law. The 
results fell within a precision of 1%. 

The absorption measurements for calibration pur- 
poses were made at 370.0 my using KeCrQO, solutions 
up to 0.06M in 0.05N aqueous KOH. The extinction 
coefficients for somewhat less concentrated K2CrO, 
in aqueous NaOH solutions (rather than KOH) are 
known to be slightly concentration dependent.’ How- 
ever, the authors made measurements at 7 to 13 path 
lengths for each of four solutions ranging from 0.004339 


3 C. R. Boston and G. P. Smith, J. Phys. Chem. 62, 409 (1958). 
*H. Bloom and D. C. Rhodes, J. Phys. Chem. 60, 791 (1956). 
5O. H. Wagner, Z. physik. Chem. 131, 409 (1928). 

6 J. W. Kelly and G. Svensson, J. Phys. Chem. 62, 1076 (1958). 
7G. Kortiim, Z. physik. Chem. B33, 243 (1936). 
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precision of the measurements (about 0.5%), no 
significant trend was found and the average extinction 
coefficient of 4842 liters/mole-cm at 370.0 my was 
only 0.6% greater than the value reported by Gibson‘ 


for 0.0002060M KoCrO, in 0.05 V KOH. 


D. Nitrite Interference 


Special attention was given to the possibility of spec- 
tral interference from the nitrite ion, since this sub- 
stance, a product of the thermal decomposition of the 
nitrate ion, absorbs in the near ultraviolet. The nitrite 
ion in fused nitrate solution was found to have an 
absorption minimum in the neighborhood of the 
lowest-energy nitrate band and an absorption maximum 
at approx 360 my where the fused nitrates are substan- 
tially transparent. Thus, inasmuch as all spectral 
measurements included the 360 my region, it was pos- 
sible to detect the presence of nitrite ions before they 
became concentrated enough to affect appreciably the 
nitrate spectrum. 

Nitrate melts were subjected to thermal treatments 
which were more severe than those involved in the 
spectral measurements. These melts were then cooled, 
dissolved in water, and analyzed for nitrite by a colori- 
metric method which involved the formation of an 
aminoazo complex. The concentration of nitrite ions 
in these melts was found to be only a few parts per 
million which is well below anything of spectral signi- 
ficance. 


E. Correction for Light Losses 


The quantity which was measured was log(I/J2), 
where J; was the intensity incident on the absorption 
cell and J, was the intensity transmitted through the 
absorption cell. In order to obtain the internal absorb- 
ance A; of the molten nitrate layers it was necessary 
to correct for light losses due to reflections at inter- 
faces and due to absorption by the silica in the cell 
walls and insert. A detailed numerical computation of 
the magnitudes of these light losses, together with 
auxiliary measurements, showed that the necessary 
corrections could be made accurately by using as a 
reference a silica plate at the same temperature as the 
sample and of a thickness equal to the combined 
thicknesses of the two cell walls and insert. This simple 
method of correction was made possible by the fortui- 
tous closeness of the refractive indexes of silica and the 
fused nitrates.4° The corrections were small (about 0.03 
absorbance units at 300 mu) and varied only slightly 
with temperature. Computations for reflective losses 
at a single interface were based on the Cauchy-Beer 
formula. Of the several infinite series required to 
describe first-order multiple reflections from a system 
of six successive interfaces, only one, that for the two 
air-silica interfaces, gave a sensible correction. 


SK. S. Gibson, National Bureau of Standards Circular 484 


U. S. Government Printing Office, Washington, 1949). 


AD CC. Re 


BOSTON 


F. Molar Extinction Coefficient 


Spectra were obtained as chart recordings which were 
corrected for light losses, as discussed above, to give 
the internal absorbance A ,(A) as a continuous function 
of wavelength. Light absorption was attributed to the 
nitrate ion and, hence, the molar extinction coefficient 
e(A) was obtained from the relation e(A) = A;(A)/M8, 
where b is the path length in centimeters and M the 
concentration of nitrate ions in moles per liter. 

Molar concentrations were determined from the 
following empirical equations in which ¢ is the tempera- 
ture in °C and the units of M are moles per liter: 
M (LiNOs) =27.88—0.00806/, © M(NaNOs;) =25.00— 
0.008251, M(KNOs;) =20.87—0.00725t, M(RbNO;) = 
18.86—0.00658/, M(CsNO;) =16.82—0.0058/. These 
equations are based on extensive, precision density 
measurements made by G. F. Petersen of this Labora- 
tory. 

The reproducibility of A,(A) was about 0.3% or 
else 0.003 absorbance units, whichever was greater. 
Absolute values of € at band maxima were to within 
about 5% with the primary uncertainty residing in the 
path length. 


Ill. GENERAL CHARACTERISTICS OF MOLTEN 
NITRATE SPECTRA 


Figure 1 shows typical molten-nitrate spectra plotted 
as loge vs \. The points marked off at 2 my intervals 
represent data used in a numerical profile analysis 
described below. The spectra in Fig. 1 are for LiNO; 
at 273°C, represented by circles; NaNO; at 314°C, 
represented by triangles; and CsNO; at 425°C, repre- 
sented by squares. The shaded symbols represent data 
taken with the short path length cells which are re- 
ferred to above. 

In keeping with the notation of Rhodes and 
Ubbelohde’ the band whose maximum is shown in Fig. 1 
will be numbered II. This is the lowest-energy elec- 
tronic band. The next band, of which only the absorp- 
tion edge appears in Fig. 1, will be numbered I. 

The spectra shown in Fig. 1 are mild variations of 
the characteristic spectrum of the nitrate ion in non- 
fused-salt media. The maximum of band II has gener- 
ally been found in the neighborhood of 300 my with 
an extinction coefficient between 6 and 12 liters/mole- 
cm depending on the solvent composition. The maxi- 
mum of band I has not often been measured, but in 
dilute aqueous solutions it has been reported’" at 
approx 200 my with an extinction coefficient of 12 000 
liters/mole-cm, and in crystalline potassium nitrate" 
at between 200 and 220 my with an absorption constant 
only 20 times greater than that of band IT. 

Some characteristic features of molten nitrate 
spectra are listed in Table I. The coordinates of the 


®E. Rhodes and A. R. Ubbelohde, Proc. Roy. Soc. (London) 
A251, 156 (1959). 

10 G. Scheibe, Ber. deut. chem. Ges. 59, 1321 (1926). 

T, Maslakowez, Z. Physik 51, 696 (1928). 
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ay ee LINO, AT 273°C 
—t--- NaNO, AT 314°C 


—o-0-0- CsNO, AT 425°C 


~ 300 


(my) 


Fic. 1. Typical spectra of molten alkali nitrates in the neigh- 
borhood of the lowest-energy absorption band. The logarithm of 
the molar extinction coefficient (liters/mole-cm) is plotted on a 
linear wavelength scale with the corresponding photon energy in 
ev shown at the top of the graph. The spectra shown are for 
LINO; at 273°C, represented by circles; NaNO; at 314°C, repre 
sented by triangles; and CsNO; at 425°C, represented by squares. 
The open symbols represent data taken with “long” path length 
cells while the filled symbols represent data taken with “short” 
path length cells. The sizes of long and short path length cells, 
which were different for different nitrates, are specified in the 
text. 


maximum of band IT are stipulated by émax and Xmax- 
The positions of the long wavelength edges of bands 
I and II are given, respectively, by the wavelength \, 
at which e(A) for band I equals émax, and by the wave- 
length Ayr at which e(A) for band IT equals é€max/2. 

The spectral range over which precise e(A) values 
could be determined are given under \ Range and the 
molar extinction coefficient at the short wavelength 
end of this range is denoted e*. Table I, together with 
Fig. 1, provides a survey of the influence which cation 
and temperature have on the grosser features of the 
nitrate spectrum. 

The wavelength of the maximum of band II was 
determined as the limit at the maximum of the mid- 
points of a sequence of chords drawn across the band 
parallel to the wavelength axis. The precision was 0.1 
to 0.2 mu (order of 107% ev). 

All available data on Emax are collected in Fig. 2. 
It will be seen that the temperature dependence of 
Emax is so small that it can be ascertained only in a 
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very approximate way. The trend is such that dEmax/ 
dT is negative, very roughly of the magnitude of —10™ 
ev/deg (—2 cal/deg) and becomes a smaller negative 
number over the series from LiNO; to CsNO3. The 
data for CsNO; are particularly limited and the formal 
extrapolation to 365°C, which is shown by a dashed line 
in Fig. 2 and used later, could be in error by 0.005 ev 
or more. 

Differences in melting points and differences in rates 
of decomposition among the nitrates at higher tempera- 
tures preclude the possibility of measuring precise 
spectra for all of the nitrates over substantially the 
same temperature range. 


IV. PREVIOUSLY MEASURED SPECTRA OF 
MOLTEN ALKALI NITRATES 


In 1916, Schaefer determined the ultraviolet spec- 
trum of molten KNO; with results which compare well 
with those described here. (The “log mm” scale used 
by Schaefer equals —loge plus an unknown constant. ) 
In 1957, Sakai!* reported wavelength values for ab- 
sorption edges of RbNO;, CsNOs;, and NHsNO; from 
room temperature to above their melting points. His 
values for molten RbNO; and CsNO; correspond to the 
energy values of the edge of band I given in Table I. 
This is in accord with the very short path length of 
0.5 u which he used. Sundheim and Greenberg" meas- 
ured absorption edges of a large number of fused salts 
including the nitrates of lithium and potassium. The 
wavelength values which they report for these nitrates 
lie far out on the low-energy side of band II as will be 
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Fic. 2. Effect of temperature on the energy of the maximum 
of band IT, Emax. The dashed line extrapolates the data for 
CsNO; to 365°C. 


2K. Schaefer, Z. anorg. allgem Chem. 97, 285 (1916). 

3K. Sakai, J. Phys. Chem. 61, 1131 (1957). 

4B. R. Sundheim and J. Greenberg, J. Chem. Phys. 28, 439 
(1958). 





GS. (Ps 3S ba a 


END Ci ®: 


TABLE I. Characteristics of selected spectra. 
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Melt liter /mole-cm) 





LiNO 7: 17.30 
3 .70 

NaNO 

KNO 

RbNO: 


CsNO. 





seen by a comparison of their Ao values with the Ay 
values in Table I. This agrees with the fact that they 
worked at a path length of 2000 uw. Rhodes and 
Ubbelohde® measured ultraviolet spectra of thin films 
of LiNO;, NaNO;, and KNO; in both the crystalline 
and molten states. From their plots, the coordinates of 
the maximum of band IT may be estimated fairly well 
for a melt of LiNOs and rather roughly. for a melt of 
NaNO. Assuming that they calculated the “‘absorption 
constant” as A,/d rather than the frequently used 
quantity 2.303 A;/d, we estimate that their values for 
the maximum of band II agree approximately with 
those reported here in Table I. 

The profile analysis which will be described requires 
that band I be much stronger than band IT. The data of 
Rhodes and Ubbelohde support this requirement for 
melts of NaNO; and KNO; but not for melts of LiNOs. 
They report that band I for molten LiNO; at 264°C 
peaks at about 740 cm™ which is only a little higher 
than the maximum of band II. In contrast with this, 
the measurements described here followed the absorp- 
tion edge of band I at 273°C up to an A ;/d of about 
1600 cm~ (see e* in Table I) and at this point the edge 
was rising at a rate which was only a little slower than 
exponential. (See the following sections. ) 


V. PROFILE ANALYSIS 


A. Profile Models 


Inasmuch as band II is overlapped by band I, it was 
necessary to devise a procedure for separating the bands 
in the region of overlap in order to specify the spectral 
parameters of the transition associated with band II. 
The procedure which was followed was to construct 
numerical models of e(A) functions and to adjust 
parameters in these models so as to obtain a “best” 
fit with the experimentally measured e(A) functions. 
The models were chosen to be the sum of two functions, 
one of which could be identified with band I and the 
other with band IT. In order to permit the use of numer- 
ical methods, the continuous experimental e(A) func- 
tions were digitized at 2 my intervals so as to obtain 





Range "y 
(mp) (liter/mole-cm) 











approx 50 points per spectrum. Such digitized points 
are shown in Fig. 1. 

It will be necessary to discuss extinction coefficient 
functions both on a J scale and on an E scale. For 
simplicity the following notation will be used. If e( £) 
is a profile model on a uniform E scale, then the same 
model on a uniform X scale, that is, €(1240/A), will be 
designated é(A). 

A qualitative examination of plots of loge vs F or 
vs A, such as shown in Fig. 1, provides clues to a proper 
choice of profile models. For all of the nitrates, the 
long-\ edge of band II is essentially parabolic so that 
the band shape is essentially Gaussian. This is to be 
expected from previous studies of the profiles of bands 
without significant overlap.” On the other hand, the 
edge of band I, beyond the range within which overlap 
affects it, is almost linear with a very slight curvature. 
Thus, whatever the complete shape of band I may be, 
the segment of it which was measured can be approxi- 
mated quite well by an exponential function. These 
qualitative considerations lead one to seek a suitable 
Gaussian function to represent band II combined with 
a suitable exponential function to represent band I. 

Two models were selected for close study. Each 
consisted of the sum of a Gaussian function ezy, identi- 
fied with band II, and an exponential function er, 
identified with the edge of band I. The first model, to 
be referred to as the Kuhn-Braun model,’® was of the 
form 


e(E) =e exp{—[( E— Ey) /0P}+ exp(aE—b), (1) 


and the second, to be referred to as the Lowry-Hudson 
model,!” was of the form 


€(X) =€) EXP} — (A—Ao/o)?} + exp(w— A). (2) 


In these models, €9 and /» or Ag are the coordinates of 
the maximum of e7; and are to be distinguished from 
€max aNd Emax, the coordinates of the maximum of the 
composite function e(#). The constants @ and o are 

C.K. Jorgensen, Acta Chem. Scand. 8, 1495 (1954). 

6 W. Kuhn and E. Braun, Z. physik. Chem. B8, 281 (1930). 


7 'T. M. Lowry and H. Hudson, Phil. Trans. Roy. Soc. London 
A232, 117 (1933). 
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€0 Xo 
(liters/mole-cm) (mp) 


o 
(mp) 

24.34 
26.14 


23.62 
24.09 
24. 


23. 
24. 
24.57 


aks 
23:3: 
23.8: 


310.2 24. 


286.2 
288. 
298. 
298.: 
298. 
ey 2 305. 
78 305. 
81 306. 


RbNO 41 306. 
46 307 .3 
41 307 


CsNO 5.07 


17.29 
16.56 


8.33 
8.32 
8.32 


bandwidth constants, although each has a different 
physical significance because @ is on an E scale and o 
is on aX scale. The constants (a, 6) and (w, v) describe 
the exponential extrapolation of band I on E and d 
scales, respectively. 

The digitized data were fitted to these profile models 
so as to minimize the sum of the squares of the residuals 
by methods developed by Dr. D. A. Gardiner and 
coded for digital computer by Mrs. G. J. Atta. (Both 
are members of the Mathematics Panel of this Labora- 
tory.) Two methods of fitting were tested. 

First was the generalized Newton method. The model 
was expanded in a Taylor’s series about initial guesses 
of the parameters. Then the model was linearized by 
dropping second-order and higher terms. The experi- 
mental values (about 50 points in all cases) were 
substituted into the linearized model and a least- 
squares solution obtained. This gave corrections to the 
initial guesses of the parameters. The resultant first- 
corrected parameters were used for an iteration. This 
procedure was continued until successive iterations 
gave sums of the squares of the residuals which differed 
by no more than a few parts in 108. Convergence was 
tested over the series of iterations and was always 
satisfactory. 

Second was Garwood’s method.* This differed from 
the generalized Newton method in that the model was 
linearized by expanding its first derivative about 
initial guesses of the parameters and dropping terms 
above first order. Computations which used Garwood’s 
method proved to be slower than those which used the 
generalized Newton method and did not lead to better 
estimates of the parameters. 

The same computing procedures were used on profile 
models which consisted of the sum of two Gauss 
functions. However, the calculations did not converge 
in a satisfactory way and such models were abandoned. 
This behavior is presumed to have arisen from the 
fact that the edge of band I departed from an exponen- 
tial function by only a slight amount. 


18 F, Garwood, Biometrika 32, 48 (1941). 
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TABLE II. Profile analysis with Lowry-Hudson model. 


v w 6 


\ Range 
(mp7) (liters/mole-cm) 


(mp) 
0.1829 0.048 
0.1568 .& 0.076 
0.1587 3.22 0.048 
0.1521 .053 
0.1493 .057 


0.1515 .037 
0.1450 038 
0.1394 O41 


0.1524 .038 
0.1503 035 
0.1427 .032 


0.1307 


248-348 
252-352 


256-360 
258-360 
258-360 


258-360 
258-360 
262-360 


262-360 
264-360 
266-360 


262-348 


.039 


Profile studies also were made in which the shape of 
e(£) was estimated by the functions proposed by 
Mead" and Jérgensen.” Mead’s function did not give 
much better results than the Kuhn-Braun model, while 
Jérgensen’s function gave results comparable with the 
Lowry-Hudson model. 

Intensity considerations for a band are conveniently 
presented in terms of an integrated photon cross sec- 
tion. The empirical f number (oscillator strength) is 
used here for this purpose as defined by the relation 


f=2.303X10" (mm /wehN,) / e( E)dE 


= 3.483 X 10 fe E)dE, (3) 


where m and @€ are, respectively, the mass and charge 
of the electron, #4 is Plank’s constant, Vo is Avogadro’s 
number, and the integration is taken over all sensible 
intensity of band IT. When e71(£) functions from Eqs. 
(1) and (2) are substituted into Eq. (3) one obtains 
for the Kuhn-Braun model 


f=6.173 X 10° Be, (4) 


and for the Lowry-Hudson model 
i2.*] 


f =0.07653 (a /No?) >> (0/ 2X0) "L( 2-1) !/r]. 


r=() 


(5) 


Convergence of the series in Eq. (5) depends on the ratio 
of o to 2X. For the spectra reported here, this ratio was 
always in the neighborhood of 0.04 and the series 
converged very rapidly. 


B. Results of Profile Analysis 


Twelve spectra were fitted to both the Lowry- 
Hudson and the Kuhn-Braun profile models. Results 
for the Lowry-Hudson model are listed in Table II 
and a representative selection of results for the Kuhn- 
Braun model are listed in Table III. Both tables give 


'9 A. Mead, Trans. Faraday Soc. 30, 1052 (1934). 
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TABLE IIT. Profile analysis with Kuhn-Braun model. 


Temp €0 Eo 
Melt c) liters/mole-cm ev) 


LiNO 73 17 4.340 


NaNO Busi 4.159 


KNO 4.066 


RbNO $043 


CsNO 4.002 


values for the five parameters in the models, the stand- 
ard deviation 6 of the residuals, and the f number. Both 
models were fitted over the same wavelength ranges 
and these are listed in Table II. 

The Lowry-Hudson model gives a significantly better 
fit than the Kuhn-Braun model. For all of the spectra, 
the standard deviation for the Kuhn-Braun model was 
1.6 to 5.8 times as great as that for the Lowry-Hudson 
model. A correspondingly large divergence was found 
for the 95% confidence limits on the parameters for 
band II and on the f number. Values of the f number 
estimated by the Lowry-Hudson model are from 4-10% 
(average approx. 6%) above those estimated by the 
Kuhn-Braun model and will be taken as being more 
nearly correct. Values of Amax, Av, and Azz in Table I 
differ from those obtained from the Lowry-Hudson 
model by no more than 0.6 my and generally by much 
less. Values of €max in Table I differ by no more than the 
standard deviation from those computed by substitut- 
ing Ao for \ in the Lowry-Hudson model. 

An important consequence of fitting a linearized 
model to the data by the least-squares criterion is that 
the model lies first above and then below the data in a 
cyclic fashion. Because of this cycling, the least-squares 
criterion causes even a moderately poor model, such 
as the Kuhn-Braun profile, to give a moderately good 
fit. 

The profile analyses show that band IT has a Gaussian 
shape which is skewed toward higher energies. It is now 
generally recognized that smooth electronic bands 
nearly always have a near-Gaussian shape. Although 
it is often assumed that the Gaussian is symmetrical 
on an E scale, a skewness of the magnitude and direc- 
tion reported here has been found for other electronic 
bands.'** The Lowry-Hudson band profile is an ap- 
proximate representation of the positive skewness 

on an £ scale) of band IT and has the advantage over 
Jérgensen’s function for curve fitting purposes of hav- 
ing a minimum number of parameters to be adjusted. 
It should be emphasized that no special meaning is 
attached to the fact that this profile is symmetrical on 
a wavelength scale. 


VI. EMPIRICAL REGULARITIES 


The primary facts to be deduced from the experimen- 
tal data incorporated in Fig. 2 and Table II are the 


.3056 


. 2900 
. 3034 


a b 6 
(ev!) (liters/mole-cm) 


0.28 

0.11 630 
0.08 903 
0.08 808 


0.06 .942 


influence which temperature at the 600°K level and a 
molten-salt environment free of complex-forming ca- 
tions have on the lowest-energy transition of the ni- 
trate ion. A cursory scan of the data reveals that the 
effect which a 10% change in absolute temperature 
has on the parameters of band II is in every instance 
so small that it can be ascertained only in a rather 
approximate way. In contrast, the effect of changing 
from one alkali nitrate to another is substantial in all 
but a few instances. Of these environmental effects, the 
most striking is the systematic way in which the energy 
of the maximum of band IT decreases over the series 
from LiNO; through CsNQOs. 

It has long been recognized that very high concentra- 
tions (the order of 2 to 10M) of cations of noble-gas 
electron configurations will shift the lowest-energy 
band of the nitrate ion relative to its position in dilute 
aqueous solution.” The ratio of water molecules to 
cations in such solutions is sufficiently small to ensure 
that there will be many cation-anion pairs separated by 
no more than a single water molecule. Katzin*! used 
t-butyl alcohol as a solvent so as to produce a high 
degree of ion clustering and thereby obtain direct 
cation-anion contact. He found that polyvalent cations 
of noble-gas configurations, such as Al*+ were more 
effective than Li* in shifting band II to higher energies 
and pointed out that the shift was “a function of 
electrostatic charge and effective ionic radius.” 

In a molten alkali nitrate, two simple forms of struc- 
tural order can be recognized. First, the nitrate ion does 
not depart greatly from the Ds, symmetry of the 
isolated ion. The most convincing evidence for this 
comes from Raman measurements on molten nitrates.”?:% 
Thus, it is possible to regard the spectral effects pro- 
duced by changing from one alkali nitrate to another as 
perturbations of the molten-salt environment on the 
properties of an isolated nitrate ion. Second, the ni- 
trate ion is surrounded by a “‘cage” or nearest-neighbor 
shell of alkali cations, which is deeply penetrated by 
nitrate anions because of their large relative size. 
That is, the alkali nitrates behave like ‘‘normal’’ ionic 


* H. v. Halban and J. Eisenbrand, Z. physik. Chem. 132, 401 
(1928). 

*1L. I. Katzin, J. Chem. Phys. 18, 789 (1950). 

=. F. Gross and V. A. Kolesova, Akad. Nauk 
Pamyati S. I. Vavilova 1952, 231. 

*°W. Bues, Z. physik. Chem. 10, 1 (1957). 
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melts for the usual reasons of coulombic attraction 
and repulsion. Furthermore, radial distribution func- 
tions obtained from x-ray scattering measurements™ 
on molten NaNO; and KNO; show that crystal radii 
persist in the melt. Thus, the cationic crystal radius is 
a meaningful parameter in the melt despite the fact 
that the precise distribution of cation-anion distances 
is unknown. 

The correlation between the transition energy of 
band II and the reciprocal of the cation radius proves 
to be quantitatively simple as illustrated by Fig. 3. 
Of the various energy parameters which were deter- 
mined, Emax (see Table I and Fig. 2) gives the best 
estimate of the mean transition energy of band II for 
two reasons. First, Emax may be determined with greater 
precision than the profile analysis parameter Ep; 
and, second, Ey,.x intrinsically differs from the energy 
of the maximum of band II by a very small amount 
because the slope of er( £) is very small at Emax. 

The values of Emax in Fig. 3 are chosen at 365°C 
from Fig. 2. All of the nitrates except CsNOs were stud- 
ied at a temperature near 365°C. The data for CsNO; 
were extrapolated to 365°C along the dashed line 
shown in Fig. 2. Values of the ionic radii in A are the 
crystal radii given by Ahrens.” 

The correlation between Eyyax and 1/79, shown in Fig. 
3, is represented with fair accuracy by a straight line. 
The quantitative simplicity of this correlation is 
somewhat surprising since the crystal radii of the 
cations are only an approximate measure of their 
“effective” size in a melt. The straight line which is 
shown in Fig. 3 is given by the relation Emax =3.81+ 
0.33/ro where ro is in A. The effect of temperature on 
Emax is Shown in Fig. 2 and was discussed: above. In 
brief, d-max/dT corresponds to small thermal motions 
(—2 cal/deg), and an increase in temperature de- 
creases the effect which cations have in shifting the 
band energy. 

The f number of band IT increases as a smoothly 
accelerating function of 1/ro for all of the nitrates 
except CsNOs, as shown in Table II. The f number for 
CsNO; lies slightly above the f numbers for RbNO; and 
KNO;. The thermal coefficient (1/f) (df/d7T) amounts 
to about 10~ to 10-* deg in all cases. 

The width of band II is notable for its relative in- 
sensitivity to change from one alkali nitrate to another 
except for a small increase in going from NaNO, to 
LiNOs. The bandwidth on an E scale is conveniently 
measured by the ratio of the f number to €. This ratio 
is in the range of 1.9 to 2.110~ at all temperatures 
for all of the alkali nitrates except LiNOs. For LiNO; 
the ratio is about 2.4X10~. For each nitrate the band- 
width increases by a small amount with increasing 
temperature. This thermal broadening is almost 
universal for smooth electronic bands at elevated 


*V. I. Danilov and S. Ia. Krasnitskii, Doklady Akad. Nauk. 
S.S.S.R. 101, 661 (1955). 
2% L. H. Ahrens, Geochim. et Cosmochim. Acta. 2, 155 (1952). 
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Fic. 3. The energy of the maximum of band II, Emax, at 
365°C as a function of the reciprocal of the cationic radius, ro. 
Values of ro are the crystal radii of Ahrens. The value of Emax 
for CsNO; is extrapolated to 365°C from measurements at higher 
temperatures. 


temperatures and undoubtedly arises from phonon- 
photon interactions. 


VII. DISCUSSION OF RESULTS 


A. Band-Energy Considerations 

The electronic assignment of the lowest-energy 
nitrate band in terms of the linear combination of 
atomic orbitals (LCAO) molecular-orbital treatment 
has been discussed by Walsh,?> McGlynn and Kasha,! 
Friend and Lyons,” and Sayre.’ These treatments 
agree on the origin of the excited electron as an essen- 
tially lone-pair, nonbonding orbital on oxygen (w- 
type orbital) and on its destination as an antibonding 
7 orbital spread over the molecule ion (#* type orbital), 
that is, an n—2* type of transition. There were several 
points of disagreement among these authors, one of 
which was the choice of electronic symmetry species 
for the excited state. In terms of the Dx, point-group 
symmetry of the isolated, nonvibrating ion, Sayre 

* A. D. Walsh, J. Chem. Soc. 1953, 2301. 


27 J. A. Friend and L. E. Lyons, J. Chem. Soc. 1959, 1572 
*° E. V. Sayre, J. Chem. Phys. 31, 73 (1959). 
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assigned the transition as A; E’, which is symmetry 
allowed, while the other authors assigned the transition 
as A,’+Ay”, which is symmetry forbidden. 

An empirical regularity which characterizes n—7* 
transitions in organic molecules is the effect which sol- 
vents of progressively increasing polarity have in 
progressively shifting an n—* band for a solute mole- 
cule toward higher energies.” Superficially, this polar- 
solvent ‘‘blue-shift” effect appears to be paralleled by 
the blue-shift effect which cations of progressively 
increasing 1/ro have on the n—7* transition for the 
ritrate ion in molten salts. However, many of the 
known polar-solvent blue shifts occur in hydroxylic 
media where the band-shifting mechanism involves 
stabilization of m type electrons in the ground state by 
hydrogen bonding.” Clearly, this mechanism does not 
apply to alkali nitrate melts. 

The nitrate ion blue-shift must arise from ion-ion 
interaction forces. The dominant forces are overlap 
repulsion and coulomb forces. As will be pointed out 
in more detail, overlap repulsion may well be an 
important factor in the blue-shift mechanism; how- 
ever, the dependence of blue-shift on cationic 1/r9 or, 
including Katzin’s observations, on cationic charge- 
to-radius ratio Z/ro suggests that Coulomb forces play a 
dominant role in shifting the transition energy. Working 
from existing data, one cannot distinguish separate 
contributions of overlap and Coulomb forces, but one 
can set up a model in which these forces occur in separ- 
ate, additive terms and thereby examine from a 
theoretical view the way in which atomic parameters 
are involved in the Coulomb contribution alone. 

The melt will be regarded as a classical ionic medium 
in the sense that its cohesive energy® U is assumed to 
arise from pairwise ion-ion interactions. That is, for a 
melt consisting of ions numbered 1 through m, 


=3 >To ii( 8s, Fi) +yii(s, ¥5) J, (6) 


wh is the summation over all 7 and 7 from one 
through m but excluding terms for which i=/; $j; is 
the coulomb potential energy between the 7th and jth 
ions, a function of the vector coordinates r; and fr; over 
the spaces of the ith and jth ions, respectively, and 
y;; is the overlap potential energy between the ith and 
jth ions. The electronic polarization of one ion by its 
neighbors will be neglected so that the electronic 
* will be regarded as localized on 
individual nitrate ions. 


transition w—7 


Let the melt, containing m ions, be irradiated with a 
pulse of photons over the bandwidth of the n—7* 
transition so as to excite m’ nitrate ions into the Franck- 


Condon, metastable excited state with the absorption 
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of a total photon energy m’E. Number the excited 
nitrate ions 1 through m’. Denote the cohesive energy 
of the melt with these ions in the excited state as U’ 
and the corresponding Coulomb and overlap terms as 
¢;;/ and y;;’, respectively. From the Franck-Condon 
principle plus the restriction on electronic polarization, 
it follows that (@;;’—@,;) and (yi;’—y.i;) are zero 
when neither 7 nor 7 equals one through m’. Thus, the 
change in cohesive energy which accompanies light 
absorption is 


U’-U=)0 "(i — biti —7ii); (7) 
i=l 7=1 


where the asterisk * signifies that terms for which 7 is 
1 through m’ are divided by 2 and terms for which 


j equals i are excluded. 


The Coulomb potential energy 


6: 


? 


due to the interaction of the ith excited nitrate ion with 
the rest of the ions in the melt is given more explicitly 
by the relation 


> 6) (8, r)=efoi(r)Vi(riddos (8) 
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where e is the unit of electronic charge, p,’ is the charge- 
density function over the ith excited nitrate ion, V; 
is the Coulomb potential which all of the other ions 
exert over the space of the ith ion, dv; is a volume ele- 
ment in the ith ion, and the integration is over the 
space of the ith ion. The charge-density function p,’ 
may be expressed as the sum of four delta functions for 
the nuclear charges minus the electron-density function 
ly,’ |?, where y,’ is the total electronic eigenfunction 
of the ith excited ion. The Coulomb potential V; is 
given by the relation 


m (f;) 
V (r;) =de/D) f <bhd Laer” 
j=l r 


me 


where D is an effective dielectric constant, p; is the 
charge-density function for the jth ion, and the volume 
integral is taken over the space of the jth ion. 

The ground-state term ob, in Eq. (7) is expressed 
by an equation like Eq. (8) in which p,’ is replaced by 
the ground-state charge-density function p,; which 
contains the ground-state electron-density function 

y;|2. The Coulomb potential V ; for the ground state is 
slightly different from that for the excited state since 
the latter contains the charge-density functions of 
m’—1 excited nitrate ions. However, this will be ignored 
because the total number of nitrate ions m/2 is enorm- 
ously greater than m’. 
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It is convenient to introduce the notation 


Ao= >> >>*(¢:;'—¢53), 


i=l j=l 


(10a) 


m’' om 


Ar= 0 (viii); 


wl j7=1 


(10b) 


where A® is, by definition, the total change in Coulomb 
potential energy which accompanies the transition and 
AT is the corresponding total change in overlap energy. 
Substituting Eq. (8) for the excited-state terms and a 
like expression for the ground-state terms into Eq. 
(10a) and applying the Franck-Condon principle, one 
obtains 


ab=-eb [i ly (rs) |?— |Wi(rs) | YViCrdo; (11) 
i=! 

If one does an energy balance on the photon-absorb- 
ing process which was described above and neglects a 
small change in thermal energy, then one obtains for 
m’'E the total photon energy absorbed, 


m'’ E=U'—U+m'E., (12) 


where m E.. 18 the transition energy of m nitrate lons 
separated to infinity. Combining Eqs. (8), (11), and 
(12), and defining E=m’E/m’, one obtains 


F— E,,=(1/m’') (A®+AP), (13) 


where E—£,, must be regarded as an average over a 
distribution of configurational states. Now, consider 
two alkali nitrates each with a different species of 
cation Cy* and C,*, respectively. Denoting the energy 
terms for each nitrate by appropriate superscripts and 
recognizing that E., is the same for both nitrates, one 
obtains from Eq. (13) 


E® — E® =(1/m')[Ab® —Ab®+Ar@—Ar@], (14) 


A qualitative statement of the experimental observation 
is that if ro and ro are the ionic radii of Cy+ and Cs*, 
respectively, then the experimental shift £®— E® 
has the same sign as 1/ro6—1/ro. Equation (14) 
relates this observation to the average change in inter- 
action energy between the melt and the nitrate ions, 
and Eqs. (9) and (11) relate the Coulomb part of this 
change to atomic parameters. 

From this point onward one should deal with the 
difference A®Y —Ab® of Eq. (14) rather than the 
“absolute” A® of Eq. (13) because certain terms which 
occur in A®, and which are difficult to evaluate, approx- 
imately cancel in Ab — Ab®, However, the remaining 
discussion is very qualitative and much is gained in 
notational simplicity by dealing directly with A®. 

The qualitative dependence of A® on the cationic 
charge-to-radius ratio Z/ro follows from Eq. (9). 
[Equations (8) and (9) involve no special assumptions 
as to the net charges on the ions. ] The contribution 
made by a shell of ions about the ith nitrate ion to the 
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gradient in V; decays very rapidly as the diameter of 
the ‘shell of ions increases. Consequently, the major 
contribution comes from the nearest-neighbor shell, 
and as one changes from one nitrate to another the 
major change in the nearest-neighbor shell is the change 
in the species of cation. The Coulomb potential due to a 
cation of rare-gas configuration is essentially the same 
as that of a point charge so that the integral in Eq. 
(9) may be replaced by Z/|rj;—r;|, where r; is the 
fixed vector to the cation nucleus and r; ranges over 
the volume of the nitrate ion. It follows that the poten- 
tial close to a cation is approximately scaled according 
to Z/ro. It is a maximum at cation nuclei and passes 
through minima along lines which interconnect cation 
nuclei. The presence of intervening neighbor anions 
suppresses these minima. The net potential V; has an 
average positive value because nitrate is negative. 

The n—n* transition shifts charge density from the 
neighborhood of oxygens to the neighborhood of nitro- 
gens with a conservation of total charge. Consequently, 
it is possible to divide the space of a nitrate ion into two 
regions, one around nitrogen and the other around 
oxygens such that the volume integral of y,’ °— |p; |? 
has some positive value a over the space around nitrogen 
and has the corresponding negative value —a@ over the 
space around oxygens. Thus, for purposes of qualitative 
discussion, choose |p,’ |?— |p, |? to be a step function 
with the value @ over a region around nitrogen and the 
value —a over a region around oxygens. In like manner 
choose V; to be a similar step function with the value 
V © over the region around oxygens and VS) over 
the region around nitrogen. Substituting 
tions into Eq. (11) one obtains 


these func- 


(15) 


A®/m! = — (ea/m’) LV — Ve]. 
=| 


According to this expression the relative magnitudes 
of V“&® and V,©* determine whether the Coulomb 
forces of the melt contribute toward a blue shift (A® 
positive) or toward a red shift (A® negative). The 
experiments say that A® is positive. 

Elementary electronic considerations®* are sufh- 
cient to show that nitrogen-oxygen bonds on the ni- 
trate ion in its ground state are polarized in such a 
direction that the charge around oxygens (electrons 
plus nuclei) is more negative than the charge around 
nitrogen. Therefore, the lowest-energy melt configura- 
tions will tend to be those in which nitrogen-oxygen 
bonds lie along directions in which V ;©* is greater than 
V. According to Eq. (15), this is the condition for a 
coulomb contribution to a blue shift. At a sufficiently 
low temperature such configurations will predominate. 
In a melt, of course, there will be configurations which 
are not energetically favorable and their increasing 
prevalence with increasing temperature will be manifest 


311. Pauling, The Nature of the Chemical Bond (Cornell Uni- 
versity Press, Ithaca, N. Y., 1945), 2nd ed., p. 346. 
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in band broadening and in a decreasing contribution of 
the Coulomb potential to a blue shift. The obsetved 
thermal shift for all nitrates is of the order of —10~ 
ev/deg (—2 cal/deg) which corresponds to the energy 
of small thermal motions. 

The foregoing considerations describe in terms of a 
classical model the way in which Coulomb interaction 
forces in a simple melt can contribute to a localized 
anion transition. The application of the model to alkali 
nitrate melts involves uncertainties concerning the 
direction of the external Coulomb field. However, a 
possible basis is suggested for supposing that this 
direction is such as to correlate the contribution of the 
Coulomb interaction forces with the observed influence 
of cationic Z/ro and temperature. 

Repulsive overlap forces decay rapidly with interionic 
distance so that they may be considered as existing 
only between nearest-neighbor ions. The n—7* transi- 
tion involves a net expansion of the nitrate charge cloud 
because of the occupancy of an antibonding orbital in 
the excited state. Most of this expansion probably 
occurs in the neighborhood of nitrogen. Consequently, 
collision between nitrate nitrogen and a neighbor ion 
results in an increase in overlap upon transition with a 
consequent increase in repulsive overlap energy of the 
system AI’ and a blue shift in transition energy. 


B. Band-Intensity Considerations 


The simplest basis for explaining the observed in- 
crease in f number with cationic 1/ro over the series 
from RbNO; through LiNO; is in terms of the A;’-» 
A,’’ assignment mentioned in the preceding section. The 
forbidden character of this transition is presumably 


relaxed in part by coupling with appropriate vibrations 


and in part by an asymmetric external coulomb- 
] V r 


potential [see Eq. (9) ] which modifies the Ds, 
point-group symmetry of the nuclear-charge field. Clear 
experimental evidence for the latter effect and its 
proper dependence on cationic Z/ro for ions of rare- 
gas configurations is given by Raman studies of the 
broadening and splitting of the doubly degenerate 
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The origin of the small decrease in f number in going 
from CsNO; to RbNO; is unknown. 


VIII. CONCLUDING REMARKS 


Certain molecular electronic transitions are quite 
sensitive to the environment of the light-absorbing 
molecule. The importance of this phenomenon is the 
expectation that it may become a tool for making direct 
measurements of intermolecular interactions. At the 
present time the theoretical analysis of this phenomenon 
is sufficiently formidable so that progress is keyed to the 
experimental disclosure of correlations between changes 
in spectral parameters and corresponding changes in 
molecular parameters of the environment. The work 
described here extends these considerations to molten 
salts. 

Systematic changes are reported in the lowest-energy 
transition of the nitrate ion over the series of molten 
alkali nitrates. The most striking of these systematic 
changes is the almost linear correlation between band 
energy and the reciprocal of the cationic radius. 
Another, less simple, correlation is reported between the 
empirical f number and the cationic radius. The pro- 
curement and analysis of these data were made pos- 
sible by advances in the technique of molten-salt 
spectrophotometry and in the technique of numerical 
profile analysis. 

A classical theoretical model is advanced in an en- 
deavor to account for the experimental observations in 
terms of the cohesive forces between a nitrate ion and 
neighboring ions in a melt. 
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The determination of threshold potentials for multiple ionization processes is shown to depend on the 
threshold law assumed for these processes. Further support has been obtained for the previously proposed 
nth power rule for n-fold ionization by electron impact, and limits have been set to the values of the thresh- 
olds for multiple ionization in the rare gases and mercury. 


INTRODUCTION 


NTEREST in the physics of hot plasmas calls for 
quantitative data on the higher ionization potentials 
of the elements. For the lower members of the periodic 
table, many of the values of these ionization potentials 
are known with precision, but conspicuous gaps still 
appear in the table for some of the higher members.! 
Those higher ionization limits which have been deter- 
mined have not been observed directly, since they lie 
in the x-ray region of the spectrum, and they have been 
deduced from spark or stellar spectra in the visible and 
near ultra-violet. The values found depend on numerous 
correlations and assignments of terms, and the difficulty 
of interpreting the spectra of compiéx atoms accounts 
for the lack of data concerning their ionization poten- 
tials. 

Electron impact methods, in conjunction with a mass 
analyzer, provide a means of singling out and studying 
these processes of higher ionization in a direct manner. 
In practice, the determination of the ionization thresh- 
olds is not a perfectly straightforward matter. With 
increasing degree of ionization, the cross-section for the 
processes become progressively less, and in addition 
the ionization probability curves seem to approach the 
energy axis in a more and more slowly asymptotic 
manner. Nevertheless, the threshold energies for some 
processes of multiple ionization by electron impact were 
measured by Tate and Smith,’ Bleakney,* and Smyth.‘ 

Recent experimental work by the present authors® 
and others® has favored the view that the probability 
for the occurrence of a process of direct m-fold ionization 
induced by electron impact varies above the threshold 
as the mth power of the excess energy. These findings 
support the theoretical arguments of Wannier.’ Almost 
simultaneously, Fox has claimed that while the process 


'C, E. Moore, ‘‘Atomic Energy Levels,’ Natl. Bur. Standards 
Cire. (U. S$.) No. 467 (1959). 

* J. T. Tate and P. T. Smith, Phys. Rev. 46, 773 (1934). 

’W. Bleakney, Phys. Rev. 35, 139 (1930). 

*H. D. Smyth, Revs. Modern Phys. 3, 347 (1931). 

5F. H. Dorman, J. D. Morrison, and A. J. C. Nicholson, 
J. Chem. Phys. 31, 1335 (1959); J. D. Morrison and A. J. C. 
Nicholson, idid. 31, 1320 (1959). 

6V. H. Dibeler and R. M. Reese, J. Chem. Phys. 31, 282 
(1959); M. Krauss, R. M. Reese, and V. H. Dibeler, J. Research 
Natl. Bur. Standards 63A, 201 (1959). 

7G. H. Wannier, Phys. Rev. 100, 1180 (1956). 


He+e—He’+-+ 3e obeys a square law, his data for 
n-fold ionization in the other rare gases are better 
interpreted by assuming linear threshold laws in all 
cases.* The disagreement between the two sets of 
findings will be shown to involve large errors in the 
determined threshold energies. 


DISCUSSION AND RESULTS 


It is plain that, if the nth power rule is correct, the 
methods of determining the threshold energy which 
have been applied to processes of direct single ionization 
need not necessarily give correct results for those of 
multiple ionization. To achieve accuracy in the deter- 
mination of the thresholds, it is desirable to use a 
method which takes into account the form of the 
ionization probability curve for some distance above 
the threshold, rather than one like the vanishing 
current (V.C.) method, which depends on one or two 
points at the very foot of the curve. The differential 
method of interpretation? has a sound theoretical 
justification, but for processes where the degree of 
ionization is greater than two, the experimental scatter 
makes it impracticable. A very simple alternative, 
assuming that the probability of ionization p(£) for a 
few volts above the threshold £, is related to the 
energy FE by an expression of the form p(E)= 
K (E-—E,)", is to plot the nth root of p(£). This is not 
a very sensitive method for detecting the presence of 
higher excited states of ions, nor can it be used to 
identify the threshold law when » is large. This last 
point may be important, in that the efficiency curve 
for production of an m-charged ion need not necessarily 
be made up by the sum of only mth power curves. The 
method does have the advantage of being very little 
affected by scatter in the experimental points. 

The low relative cross sections for processes of 
multiple ionization have the result that when the nth 
roots are plotted against the energy E, an extrapolation 
has to be made to obtain the threshold on the energy 
axis. This extrapolation ranges from 2 ev for a 3- 
charged ion to 30 ev for a 6-charged ion. Such a long 
extrapolation as the latter requires that the nth power 


8 R. E. Fox, Advances in Mass Spectrometry (Pergamon Press, 
New York, 1959), p. 397; J. Chem. Phys. 33, 200 (1960). 
9J. D. Morrison, J. Appl. Phys. 28, 1409 (1957). 
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Fic. 1. Plots of the fourth root of the sum of two fourth power 
curves with (a) equal probabilities (circles) and (b) the upper 
curve ten times as probable as the lower (crosses). The thresholds 
of the two curves are indicated by arrows. 


law hold over a range of as much as 40 ev from thresh- 
old. The presence of higher levels of the ion would tend 
to make the extrapolated threshold too high, while 
the gradual decrease in gradient which occurs in all 
ionization efliciency curves at higher energies might 
make the extrapolated value too low. The first of these 
sources of error can be shown to be insignificant when 
n is equal to or greater than 4. Figure 1 illustrates the 
fourth root of a curve made up by the sum of two 
fourth power curves with thresholds as indicated. The 
break is indistinguishable, and the error in finding the 
first threshold is negligible. The second source of error 
can be minimized by carrying out the extrapolation 
only when the experimental points in the mth root 
curve lie on a straight line for a range of at least a few 
volts. 


Autoionization has been shown to contribute signifi- 


cantly to the production of singly-charged ions.'® 
Such processes may also occur in the formation of 
multiply-charged ions, for example there is some 
evidence for cascade Auger processes in the multiple 
ionization of xenon by high-energy particles. For 
such processes, it would be predicted that the resulting 
n-fold ionization would have a probability curve of 
lower than nth power. If such processes occur close to 
the threshold for direct n-fold ionization, the mth root 
plot may indicate a threshold which is lower than the 
correct value. 

It may be considered therefore that the nth root 
extrapolation sets a definite lower limit to the value 


F. H. Dorman, J. D. Morrison, and A. J. C. Nicholson, 
J. Chem. Phys. 32, 378 (1960); J. D. Morrison, H. Hurzeler, 
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for the ionization threshold, and this limit is the correct 
value if the mth power rule is applicable. Because of the 
low cross section for processes of 3- and higher-fold 
ionization, the energy at which ion current is first 
detected sets, in all cases, a definite upper limit to the 
ionization potential, regardless of the threshold law. 

In view of the disagreement with the findings by 
Fox, further confirmation has to be obtained of the 
fact that the mth power rule holds for n-fold ionization. 
The method of plotting the mth root of the ionization 
efficiency curves will be justified both by the linearity 
of the curves, and by the agreement of the thresholds 
found with available spectroscopic data. The experi- 
mental work was carried out mainly using a 5-in. 
radius 180° single-focussing mass spectrometer (the 
CEC 21.103), some of the curves being measured also 
with a 12-in. radius 60° sector instrument. An oxide 
cathode was used as a source of electrons, and the 
effective half-width of their energy distribution was 
determined to be 0.3 ev from the shape of the second 
differential I.E. curve for He*. The energy scales were 
calibrated using the known values of the thresholds 
for the singly charged ions. 

The mth root curves obtained for doubly and triply 
charged argon, krypton, and mercury, are shown in 
Figs. 2, 3, and 4. All of the curves and also the corre- 
sponding curves for xenon, are straight lines within 
experimental error, for at least 5 ev above threshold. 
The values of the thresholds are listed in Table I for 
comparison with the spectroscopic ionization potentials. 

The agreement is good for the doubly charged ions, 
but poor for Kr*+ and Xe**. The disagreement for the 
latter may not be a serious objection, in that the 
spectroscopic values for the triply charged ions are 
estimates. It has to be admitted that the values ob- 
tained by Fox for Kr*+ and Xe** agree well with the 
present spectroscopic figures. 

The nth root plots for 4-charged mercury, and for 
4-, 5-, and 6-charged krypton are shown in Figs. 4 and 


TABLE I. 


Threshold potential 


nth root extrapolation Spectroscopic* 
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Fic. 2. Plots of the square and cube 
roots of the ionization efficiencies for 
\r?* and Ar**, respectively. 
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Fic. 3 Plots of the square and cube 
roots of the ionization efficiencies for 
Kr* and Kr**, respectively. 
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Taste II. 
Krypton Xenon 


root Direct nth root 
wWlation extrapolation 


Direct 
extrapolation extrapolation 


14.0 12.1 
33.5+0. 
64.8+0.: 

107+1 
160+1 


218+1 
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Mercury 


nth root Direct 
extrapolation extrapolation 


10.4 10.4 


29.0+0.2 


158+2 


225+10 
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Fic. 4. Plots of the square, cube, 
and fourth roots of the ionization 
efficiency curves for Hg**, Hg**, and 
Hg**, respectively. 








ELECTRON 





EFFICIENCY 





IONIZATION 





4 oo | lL 





Fic. 5. Direct ionization efficiency 
curves (crosses) and mth root plots 
(circles) for 4-, 5-, and 6-charged 
krypton. 
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5. The curves for xenon have been recorded previously.” 
In all cases except Kr**, the th root curves are reason- 
ably good straight lines over the first few volts, and 
the uncertainty in the extrapolations to threshold is 
small. The direct I.E. curves, which are also shown in 
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the figures, may be extrapolated to the energy axis to 
set definite upper limits to the ionization thresholds. 
Many of these values are lower than the estimates made 
by previous workers. All of the values found are col- 
lected in Table IT. 
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Irradiation of the fluorescein dyes in their visible absorption bands excites metastable triplet states which 
decay by the bimolecular reaction of triplet molecules. A rapid reaction of phenol with triplet eosin is 
shown by the retardation of the rate of aerobic photobleaching and an acceleration of the rate of triplet dis 
appearance. The primary photochemical reaction between phenol or phenolate ion with the triplet dye pro- 
duces a phenoxy free radical and a reduced dye free radical, which disappear in second-order processes. 
Numerical values are given for the rate constants of several elementary reactions. The competition between 
physical quenching and charge-transfer chemical reaction can be explained by spin-conserving processes. 


I, INTRODUCTION 


LUORESCEIN and its halogenated derivatives 
are active photosensitizers of chemical reactions. 
Visible light absorbed by the dye induces chemical 
reaction of the solvent or added solute. The dye may 
either be dehalogenated, permanently bleached or 
remain unchanged. Investigations of the continuous 
photobleaching of the fluorescein dyes have shown 
that the contributing reactions are complex and depend 
on the specific reaction conditions. For example, 
aqueous eosin is photobleached only when oxygen is 
present, while ethanolic eosin is photobleached only 
when oxygen is excluded.'? However, evacuated solu- 
tions of eosin in mixtures of water and ethanol are 
dehalogenated by irradiation.* Many workers have pro- 
posed and given evidence for photosensitization 
mechanisms involving long-lived states. A summary and 
bibliography of work prior to 1957 is given by Reid.‘ 
Most experimental results can be qualitatively ex- 
plained with elementary processes proposed by Oster 
and Adelman®* and Imamura and Koizumi.?*" Their 
conclusions most pertinent to our work can be sum- 
marized as follows: (a) in aqueous solutions the pri- 
mary attack of oxygen is on an excited state of the dye 
of some 10~ sec lifetime and presumably the lowest 
triplet state, and (b) various organic compounds such 
as ethanol, acetone, allyl thiourea, etc., react with 
triplet dye, reducing it to an unstable free radical. Our 
results support the conclusions from the continuous 
irradiation work in the main, although they conflict 
with the mechanism of radiationless decay of triplet 
dye assumed by these workers.?* 
* Supported by the U. S. Atomic Energy Commission. 
1M. Imamura, J. Inst. Polytech. Osaka City Univ. 5, 85 (1956). 
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Our interest in phenol as a photosensitized reductant 
is based on earlier flash photolysis work which showed 
that the irradiation of phenol solutions with ultraviolet 
light produces a transient substance, which was identi- 
fied as the protonated phenoxy free radical." The 
same species is produced when aqueous eosin and phenol 
mixtures are irradiated under conditions where only 
eosin absorbs light." This paper reports additional 
flash spectroscopy measurements on dye-phenol solu- 
tions, flash bleaching results with photoelectric detec- 
tion and some steady photobleaching experiments. 


II. EXPERIMENTAL DETAILS 


A. Flash Spectroscopy 


The basic flash photolysis methods used were similar 
to those previously reported.”"* Two 30-cm_ fused- 
silica lamps with molybdenum electrodes and filled 
with xenon to 5 cm Hg were used in a parailel arrange- 
ment. A 35-usec light flash was excited by a 20-uf 
capacitor charged to 10 kv. The spectroflash lamp was a 
12 mm by 10 cm Vycor glass heavy-wall capillary tube 
with tungsten electrodes and filled with xenon to 2 
cm Hg. It was excited by a 2-yf capacitor at 9 kv and 
gave a 20-usec light flash with a continuous spectrum 
from 220 to 800 mu. The flash lamps were fired in series 
with open air gaps and the timing controlled by the 
delaying sweep of a Tektronix type 545 oscilloscope. A 
Vycor glass irradiation cell was located between the 
two main flash lamps inside a polished aluminum re- 
flector. The sample was contained inside a 25-cm-long 
inner cylinder which could be evacuated to 10-* mm 
Hg. A concentric outer chamber held solutions to filter 
the incident light. Spectra were taken on a Hilger 


.. I. Grossweiner, J. Chem. Phys. 24, 1255 (1956). 
.. I. Grossweiner and W. A. Mulac, Radiation Research 10, 
(1959), 
0 L. I. Grossweiner and E. F. Zwicker, J. Chem. Phys. 32, 305 
(1960). 
1 L, I. Grossweiner and E. F. Zwicker, J. Chem. Phys. 31, 1141 
(1959). 
2G. Porter, Proc. Roy. Soc. (London) A200, 284 (1950). 
8 L.. I. Grossweiner and M. S. Matheson, J. Phys. Chem. 61, 
1089 (1957). 
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TABLE I, The quenching of dye fluorescence by phenol and 


phenolate ion. 


Dye solution pH Quenching constant 


{- 


27 wM fluorescein 
ae 


13.320.: 
/ uM fluorescein 19.9+0 


14 uM eosir 
14 uM eosi: 
140 uM eosir 


.3+0 
2+0 
3+0.: 

7 uM erythrosir 


7 uM erythrosin 


1+0.3 
3+0.: 


5 
5 


100 uM rose bengal ‘ 6 
100 uM rose bengal 


0-+0 
11.0+0.: 


+ 


£498 (medium) quartz prism spectrograph, with 0.15- 
to 0.35-mm slit widths. The wavelength on each plate 
was calibrated with a low-pressure mercury arc spec- 
trum. The maximum error in the wavelength region of 
interest was 0.5 my, which is much smaller than the 
width of any of the absorption bands measured. Photo- 
graphic density was measured with a Leeds and North- 
rup recording photoelectric microphotometer. The 
photographic plates, usually Kodak 103-F, 103-O and 
I-L, were calibrated with a Hilger seven-step neutral 


liter. 


B. Flash Bleaching 


flash irradiation 
Hilger E720 photoelectric scanning 
the spectrograph. The light source was an 
Edgerton FX-1 flashtube with a 1-in. gap and excited 
at 100 wsec. The incident light uniformly irradiated 
a long face of a 1 by 1 by 4-cm Pyrex glass cell. Trans- 
mission changes were monitored through the perpendic- 
ular faces with a 6-v ‘‘automobile headlight” lamp. The 
1P28 photomultiplier signal was directly coupled to a 
Tektronix type 545 oscilloscope and photographed with 
Dumont type 299 camera. Vertical linearity was 
checked with Bausch and Lomb neutral density filters 
which were calibrated on a Beckman DU spectrophoto 
meter. The time scale was checked with a Tektronix 
type 180 A time-mark generator. Useful measurements 
were possible from 100 usec to any longer time and the 
sensitivity was better than 0.001 optical density. 


Transmission changes after were 
followed with a 


unit on 


C. Fluorescence and Continuous Photobleaching 


Fluorescence quenching and photobleaching of dye 
solutions were measured with a simple apparatus in the 
same cell used for flash bleaching. The solutions were 


irradiated with a 6-v tungsten lamp while the light 
transmission in the main absorption band was meas- 
ured with a 929 phototube. The fluorescence was meas- 
ured with a 1P28 photomultiplier through a narrow 
slit near the front face of the cell and perpendicular 
to the incident beam. Spectral isolation of the incident 
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and fluorescent light was effected with Corning band- 
pass and Farrand interference filters. 


D. Chemicals 


The commercial dyes used were Fluorescein (2- 
NaOCOC,H4C :CeH3-3-( 0) OCsH3-6-ONa), National 
Aniline, C.I.No. 766; Eosin Y (2’, 4’, 5’, 7’-tetra- 
bromofluorescein), National Aniline, C.I.No. 768; 
Erythrosin B (2’, 4’, 5’, 7’-tetraiodofluorescein), 
Matheson Coleman and Bell, C.I.No. 773; Rose Bengal 
(2’, 4’, 5’, 7’-tetraiodo-3,6 dichlorofluorescein) , Mathe- 
son Coleman and Bell, C.I. No. 779. The phenol was 
Merck, reagent grade. It was found that air-saturated 
solutions of dye and phenol slowly decompose in the 
dark and all solutions were mixed immediately before 
their use. 


III. RESULTS 


A. Quenching of Dye Fluorescence by Phenol 

The quenching of dye fluorescence was measured in 
air-saturated solutions from 0.002 to 0.3 M_ phenol. 
No significant differences were observed in several runs 
with solutions evacuated to 107° mm Hg. Measure- 
ment at pH 8 in citric acid-NazHPO4 buffer showed the 
quenching action of phenol on basic eosin, and measure- 
ment at pH 12 in NasPO, showed the quenching action 
of phenolate ion on basic eosin. A run with 0.0001 
M HCl checked the effect of phenol on acidic eosin. 
The other dyes were measured at pH 8 and pH 12. 
In all cases the Stern-Volmer equation was accurately 
followed over the range of phenol concentrations. The 
quenching constants [the quantity e/(Ritk) in 
Eq. (4) ] are summarized in Table I. Their magnitude 
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TABLE II. Transient spectra from the flash irradiation of phenol-dye mixtures. 


Solution 


5 uM fluorescein+0.01 M phenol 
6 uM eosin+0.01 M phenol 
5 uM erythrosin+0.01 M phenol 
44M rose bengal+-0.01 M phenol 
6 uM eosin+0.01 M phenol 
6 uM eosin+0.01 M phenol 


6 uM eosin+0.01 M phenol 
0,001 M phenol? 


® Wavelength of peak in mu. The first symbol inside the brackets indicates the relative intensity 


cates the width of the band: vb—very broad, n—narrow. 
» Taken with unfiltered flash irradiation 


indicates that phenol and phenolate ion are “strong” 
quenchers and probably act through a diffusion: 
controlled process. 


B. Photobleaching of Air-Saturated Eosin Solutions 


Imamura’ found that the retardation of the rate of 
aerobic photobleaching of aqueous eosin could be 
correlated for different additives with 

(1/) = (1/0) +A (A)/(HLO), (1) 
where @¢ is the quantum yield photobleaching, ¢o is the 
quantum yield for photobleaching of pure aqueous 
solution, and A is a constant for each additive A. 
We performed similar experiments with phenol added 
to air-saturated eosin solutions. To eliminate pH 
changes due to phenol, the solutions were maintained 
at pH 7.5 with 0.1 M K,HPO,-KH-2PO, buffer. Check 
runs with unbuffered solutions and with pH 8 citric 
acid-NazgHPO, and pH 8 NaOH-KH,PO, showed no 
effect of added buffer salts on the photobleaching 
rate of air-saturated eosin. Figure 1 shows that the 
bleaching retardation by phenol agrees with Eq. (1). 
To compare these results with the compounds measured 
by Imamura,’ we can calibrate our system with the 
quantum yield for photobleaching of air-saturated 
eosin at 30°C which is 2.7X10~.' In the units of Eq. 
(1), K for phenol is 1.510%. This may be compared to 
1.5 10° for ethanol, 0.710° for methanol, and 2.3X 
10° for acetone.’ It is apparent that the reaction be- 
tween excited eosin and phenol is some 10* times faster 
than the aliphatic alcohols. 


C. Flash Spectroscopy of Dye and Dye-Phenol 
Solutions 


The flash spectra were taken with 0.03% ferric am- 
monium citrate in the outer chamber of the 25-cm 
cell, limiting absorption to wavelengths above 350 
mu. Spectra of pure air-free dye solutions taken 10 to 
100 ysec after flash irradiation show a considerable 


Transient bands* 


399 (w, n) 


399 (vs, n) 


359 s. vb) 
369 (vs, vb) 


373(s, vb 399(s, n) 


376(w, vb) 399 (w, n) 


309(w, vb) 399 (vs, n) 
4105/vs, vb) 
405 (vs, vb) 

399 (vs, n 


very strong, s weak; the second symbol indi 


transient bleaching of the visible absorption bands, 
attaining 50% for high-flash lamp energies. Air-satur- 
ated solutions do not photobleach. Since there is a 
negligible permanent decomposition per flash for air- 
saturated solutions, it is clear that the primary action 
of oxygen is to quench the triplet state of the dye. A 
diffuse transient absorption spectrum with very broad 
bands near 400 and 580 mu is present whenever eosin 
is temporarily photobleached. This is believed to be 
absorption by triplet eosin. It is consistent with the 
low temperature absorption spectrum of fluorescein 
under strong cross-illumination,'* and one would not 
expect any other species than the triplet to absorb 
strongly above the main visible bands of eosin. A triplet 
absorption spectrum was detectable for erythrosin in 
the same spectral regions as eosin, but the resolution 
was too low for determination of the wavelength shift. 
A triplet spectrum was not observed for fluorescein 
or rose bengal. 

It was previously reported that irradiation of eosin 
and phenol solutions with visible light produces the 
same transient species as the irradiation of phenol 
alone with ultraviolet light.” Analogous results for 
other dye-phenol mixtures are summarized in Table 
II. In air-free, slightly acidic solutions each transient 
spectrum taken shortly after irradiation shows a strong 
bleaching of the dye, the identical phenol transient 
spectrum, and a broad absorption band in the near 
ultraviolet. The peak positions of the latter shift 
towards longer wavelength in the same order as the 
visible absorption bands of the respective normal dye. 
They are believed to be the reduced dye free radicals, 
DH-. For eosin, which was investigated in most detail, 
the DH: band is very weak at pH 7.4 and is replaced 
at higher pH by an intense band at 405 mu. This band 
was distinguished from the triplet by its much higher 
intensity, narrower width, the absence of an associated 
longer wavelength absorption, and the fact that it was 
4G. N. Lewis, D. Lipkin, and T. T. Magel, J. Am. Chem. Soc. 
63, 3005 (1941). 
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Fic. 2. Disappearance of triplet eosin by first-order deactiva- 
tion, triplet-triplet reaction, and triplet-singlet reaction. 


never observed when phenol was absent. It is believed 
to be due to the dissociated reduced dye free radical 
(D-)~. The situation is analogous to the spectra of the 
durosemiquinone free radicals in acidic and alkaline 
media as reported by Bridge and Porter.” The transient 
spectra are not obtained when oxygen is present, further 
evidence that the reaction of phenol is with the triplet 
dye. To summarize, the transient spectra obtained 
with eosin are the weak triplet bands near 400 and 
580 mu, the reduced dye free radical DH+ at 369 mu 
and the reduced dye radical-ion (D-)~ at 405 mu. 

The phenol transient spectrum was first assigned by 
Grosswiener and Mulac® and later by the present 
authors” to the phenol radical cation. Recent work of 
Land and Porter'® shows that the doubly protonated 
durosemiquinone radical has a pK near —1. It would be 
surprising if this radical and the phenoxy radical have 
such widely different acidities in aqueous solution. 
However, the phenol transient spectrum in question 
was not observed in gas phase flash photolysis of 
phenol” and no other spectrum is obtained in strongly 
acid media supporting the original assignment. We 
cannot resolve this question at present and shall refer 
to the transient species as the phenoxy radical, which 
may either be neutral or protonated. There is every 
indication from preliminary kinetic measurements that 
the free radicals observed are already in acid-base 
equilibrium. We conclude that the primary photo- 
chemical act in basic solution is an electron transfer 


1® N. K. Bridge and G. Porter, Proc. Roy. Soc. (London) A244, 
276 (1958). 


6 E. J. 
published. 

7G. Porter and F. J. Wright, Trans. Faraday Soc. 51, 1469 
(1955). 


8G. Porter, private communication. 


Land and G. Porter, Proc. Chem. Soc. (London) to be 
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from phenolate ion to triplet dye. In neutral and acid 
solution we cannot distinguish between electron and 
hydrogen transfer. 


D. Flash Bleaching of Dye Solutions 


Because of the very short lifetime of excited singlet 
dye and negligible permanent decomposition in air-free 
solutions, we may assume that the instantaneous 
concentration of bleached dye after flash irradiation is 
equal to the concentration of triplet dye. The following 
relationship holds between the concentration of triplet 
dye and the photoelectric transmission signal, 


—A(O.D.) = (€p— €p+) LD*= logio( V/V, ‘. 


(2) 


where D* is the molar concentration of triplet dye, 
€p and eps are the molar extinction coefficients of normal 
and triplet dye, respectively, L is the optical path 
length, V, is the initial photoelectric signal, and V is 
the instantaneous photoelectric signal. (In this paper 
we use the same symbol to represent the chemical 
species in reaction equations and the molar concentra- 
tion of that species in rate equations.) For measure- 
ments at the peak of the dye absorption bands, the 
absorption contribution of the triplet dye was ignored. 

Irradiation of eosin solutions with filters interposed 
between the flash lamp and cell showed that most of 
the transient bleaching is due to light absorption in the 
516-my band. For example, considerable bleaching 
occurs with a Corning C.S. no. 3-70, which transmits 
only above 500 mu. There was no evidence that the 
“dimer band” near 490 my behaves differently than the 
516 mu band. The extent of bleaching with a Corning 
C.S. no. 7-59 filter, which transmits from 300-480 mu, 
is consistent with the light absorption in that wave- 
length region. 

The triplet dye may be deactivated in any of three 
ways, ignoring quenching by impurities: first-order 
interaction with the surroundings, bimolecular collisions 
between triplet dye molecules, and bimolecular colli- 
sions between triplet and normal dye molecules. The 
integrated rate equations for the elementary processes 
are 


D*—D D* = D,* exp(—&t) (3a) 


D*+ D*—2D (D*)+=(Do*)1+ht (3b) 


D*+D—2D 


[(D)/D*) —1J=[(Do/Do*) —1] exp(RDot), — (3c) 
where Dy is the initial concentration of normal dye and 
Do* is the concentration of triplet dye at some arbi- 
trary short time after the light flash. Figure 2 shows 
the application of the above equations to flash bleach- 
ing of air-free eosin at pH 7.5. There is good agreement 
only with Eq. (3b). The analysis of numerous flash 
bleaching recovery curves showed good agreement 
with a bimolecular quenching reaction of triplet dye; 
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representative data is summarized in Table III. The 
absolute rate constant was obtained from the slope of 
the (AO.D.)~ vs ¢ plot, in each case, by means of Eq. 
(2) and neglecting the optical absorption by the triplet 
at the peak of the dye absorption, where the measure- 
ments were made. A bimolecular process is consistent 
with recent measurements of the decay of triplet 
anthracene,” chlorophylls,”*! and porphyrins.” It 
might be noted that Bridge and Porter” found only 
first-order decay of duroquinone triplets in liquid 
paraffin, so that this mechanism is not universally 
operative. The triplét eosin decay was also measured by 
transmission measurements at 405 my. [This wave- 
length was chosen for convenient correlation with other 
work done with a mercury arc monitoring lamp, and 
has no relationship to the eosin (D-)~ band which 








TABLE III. Rate constants for bimolecular decay of triplet aye. 





Rate 400 800 


Slope €D constant 
Solution® (X10) (10-*)® (M7 sec") 


TIME - »pSEG 


27 uM fluorescein 78 : 3.1 10° Fic. 3. Disappearance of triplet eosin at 405 my as a second- 
order process. 


15 uM eosin 3 Se .9X 10° 


11 uM erythrosi 8 5x<10° : ; 
acu ” transient absorption of the phenoxy radical and at 369 


10 uM rose bengal 7 -6X 10° my the transient absorption of DH-. These transients 
5 uM eosin : 3x10 both decay by second-order processes. Thus, phenol 
must rapidly react with triplet eosin (competing with 
bimolecular decay of the triplet) and then a product of 
this reaction must decay by a process which returns 
5 uM eosin ; , 8.3 .7X10° normal dye. The obvious reactions are analogous to 

- =. Se those proposed by earlier continuous irradiation 

® Degassed to 10-5 mm Hg and measured in 1-cm-long cell. experiments, D*+ CeHs6 JH—DH- +C,.H;O0- ’ DH. + 

b As measured on Beckman DU spectrophotometer for actual solutions DH-—DH.+ D. There is also a possibility of direct 

Dine’ . io back-reaction between the product radicals, DH-++ 
coincidentally peaks at 405 my.| The slope of the (,4,.0.—>D+C,H;OH. Our present results do not 
second-order decay curve, Fig. 3, and the rate constant 
obtained from Fig. 2 give an extinction coefficient for 
triplet eosin at 405 my of 3.8X 104+ 20%. 

The addition of phenol to evacuated eosin solutions 
causes two changes in the bleaching recovery curves; 
there is a permanent loss of dye at the end of each 
irradiation and the rate of return of coloration is Jot O00 NO PHENOL 
accelerated near the beginning of the process. At the le i e 
higher phenol concentrations transmission measure- 4 4 
ments at 405 my show that the eosin triplet is completely 
quenched before 100 usec, and yet the dye return re- 
quires some 2000 usec. This shows that the triplet 
has not simply been quenched to normal dye but in- 
stead has been converted into another product. Trans- 
mission measurements at 399 my show the strong 


5 uM eosin .3X 10" 
12 uM eosin 4. ; Sx 8x 10° 








__—— 











9 H. Linschitz and L. Pekkarinen, J. Am. Chem. Soc. 82, 2411 
1960). 

* R, Livingston, J. Am. Chem. Soc. 77, 2179 (1955). 

*1H. Linschitz and K. Sarkanen, J. Am. Chem. Soc. 80, 4826 TIME - pSEC 

1958). 

2 L.. Pekkarinen and H. Linschitz, J. Am. Chem. Soc. 82, 2407 Fic. 4. Effect of phenol on the bleaching recovery rate 
(1960). : uM eosin. 
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make it possible to determine whether this last reaction 
is significant. 

A reasonable correction for the amount of weakly 
absorbing permanent products can be made by assuming 
that the concentration of DH- is equal to (Doe— 
D;—D) where Dy is the initial dye concentration, D, 
is the permanent loss of dye, and D is the instantaneous 
dye concentration. This makes a relatively small error 
at the beginning of recovery where the total amount of 
bleached dye is much greater than the ultimate loss 
and becomes exact towards the end of recovery. Figure 
4 shows the optical densities calculated in this way 
plotted as second-order processes. The recovery of dye 
remains second order, even at high phenol concentra- 
tions, in agreement with the mechanism presented. 


IV. DISCUSSION 


A sequence of elementary reactions pertinent to the 
above results is: 
D+ light-—>D’ 
Optical excitation of singlet dye; 
D’'—D 
fluorescence of excited singlet dye; 
D'—D* 
internal conversion to triplet; 
»~D+D 


nonradiative decay of triplet; 


D*+ D* 


D*+0.—-D+ 0. 
oxygen-quenching of triplet; 
D*+0.—- products 
attack of oxygen on triplet; 
D'+ C.H;0H— D+ Cy5H;0H 
phenol-quenching of excited singlet; 
D*+ CpH;0H— DH: + CeH;0- 
attack of phenol on triplet; 
»DH.+D 


dismutation of reduced dye; 


DH+-+ DH: 
DH++0O.>D+ HO, 
oxidation of reduced dye; 
10) CsH;0++C,H;0-— products 

disappearance of phenoxy radical; 
11) CsH;O-+DH-—D-+ CsH;OH 


yack-reaction of 
back-reaction of 
phenoxy radical. 


reduced dye and 


The rate of reaction 2 was measured by Oster and 


\delman.®* Reactions 4, 5, 8, and 9 are proven by the 
work of Imamura and Koizumi.'~*” Our results show the 
importance of reactions 3, 6, and 7, but do not distin- 
guish between reactions 10 and 11. As previously noted, 
reaction 3 is in disagreement with the first-order decay 
of the triplet previously assumed and leads to different 
steady-state rate equations. The distinction should be 
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evident in the dependence of the rate of photobleaching 
on light intensity. A linear relationship has been re- 
ported,!* but it is not known whether this was examined 
at very low solute concentrations where the square-root 
intensity-dependence of reaction 3 is strongest. 

The rate equations of these elementary reactions 
can be applied to our results. (a) Fluorescence quench- 
ing by phenol: 


(Fo FP) =1+C, (Rkitk:), (4) 


where F and / are the experimental fluorescence 
intensities in the presence and absence of phenol, 
respectively, and C is the phenol concentration. This 
is the well-known Stern-Volmer equation, where 
(kit+k,) is the total lifetime of the excited singlet 
state. Oster and Adelman® found that (ki/k:) is 9.80 
for eosin. Applying this quantity and Brody’s experi- 
mental value for the fluorescent lifetime of eosin of 
1.6 my sec,” our measured quenching constant gives a 
value for ki of 1.510!" M~ secu; (b) retardation of 
aerobic photobleaching: We can neglect reaction 3 for 
air-saturated solutions and also reaction 6 at moderate 
phenol concentrations. This leads to the following de- 
pendence of photobleaching quantum yield on phenol 
concentration, 


(do, o =| j b- ( (kY+R;"), 
where 


do = hehe) (Rit ke) (Ra +e") 5 


¢ and @o are the quantum yields for aerobic photobleach- 
ing in the presence and absence of phenol, respectively, 
and the superscript 0 indicates the product of the rate 
constant and the oxygen pressure in air-saturated 
solution. Using Imamura’s quantum yield quoted 
above, we find that (3/4) equals 0.0029 and applying 
this to the slope of Fig. 1 gives a value for (k,/k,) 
of 0.19. Thus, the rate of reaction of phenol with triplet 
eosin is only about 20% slower than for oxygen- 
quenching; (c) flash bleaching of eosin-phenol solutions: 
The rate-constant of reaction 3 obtained from the 
data of Fig. 2 is 1.9X10" M~ sec. The minimum 
value of (&y+u) from the data of Fig. 4 is 6X10" 
M~ sec"!. We cannot evaluate whether &g or &y, is more 
important, and work in progress is directed toward this 
end. The observation that 0.01 M phenol entirely 
quenches the eosin triplet leads to a maximum value 
for k; of 107 M~ sec~, and therefore from the above, 
to a maximum value for ky of 10° M™ sec’. Finally, 
measurements of the disappearance of the phenoxy 
radical at pH 7.5 give a bimolecular rate constant of 
3X108 M- sec™!, assuming an extinction coefficient 
for CsH;O- of 10. 

These results show that there is a rapid chemical 
reaction between phenol or phenolate ion with the 
triplet state of the fluorescein dyes and no evidence 
of “physical quenching.” At higher pH the primary act 


23S. S. Brody, Rev. Sci. Instr. 28, 1021 (1957). 
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is almost certainly an electron transfer from phenolate 
ion to triplet dye 


C.H;O +D >CsH;O-+ (D:-) 


It is pertinent to consider why this takes place to the 
exclusion of physical quenching. Porter and Wright” 
have ascribed the quenching of triplets by paramagnetic 
compounds to spin-conserving processes. A different 
mechanism which is valid for diamagnetic quenchers 
as well has been proposed by Linschitz and Pekkarinen." 
They suggest that the potential energy surface of the 
triplet-quencher complex crosses that of a charge-trans- 
fer complex at small separation and that the latter 
mixes with the ground state of the singlet-quencher 
complex. Although neither model is directly applicable 
to charge-transfer chemical reaction in aqueous solu- 
tion, it is interesting to examine the alternative pro- 
cesses, limiting discussion to spin-conserving reactions, 


5 D*+!P-—'D+ (*P-)* 
3p*+1P »(2)- ) 4 2p. 


physical quenching, 
charge-transfer. 


A very rough estimate of the relative energies can be 
made from available spectral data. The difference 
between °D* and !D from the eosin solution phosphores- 
cence is 1.9 ev. From the absorption spectrum of 
phenolate ion (probably an electron-transfer process) 
we estimate the difference between 'P~ and ?P+ as 
4.3 ev. Assuming that (*P~)* is the phosphorescent 
state of phenol, the energy above the ground state is 
3.5 ev.” Finally, we can estimate (*D-+)~ by assuming 
that the transferred electron fills the dye molecular 
orbital vacated by excitation of the triplet at the energy 
of the lowest allowed absorption of eosin, which is 
— 2.4 ev. We find that charge transfer from phenolate 
ion to triplet phenol requires 0.0 ev, while physical 
quenching is endothermic by 1.6 ev. It is doubtful 
*G. Porter and M. R. Wright, J. chim. phys. 705, (1958). 


*% P. Pringsheim, Fluorescence and Phosphorescence (Interscience 
Publishers, Inc., New York, 1949). 
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whether energy changes in internal modes or due to 
hydration would alter the qualitative result. 


V. CONCLUSIONS 


1. Irradiation of aqueous fluorescein dyes in their 
visible absorption bands excites metastable triplet 
states; for eosin, the triplet absorption spectrum shows 
weak maxima near 400 and 580 my, with an extinction 
coefficient of 3.8 10'+20% M~ cm™ at 405 mu. 

2. The dye triplets disappear in bimolecular quench- 
ing reactions between triplet molecules, with rate con- 
stants from 2 to 5X 10° M~ sec”! for the different basic 
dyes; the bimolecular rate for acidic eosin is some ten 
times larger. 

3. Flash irradiation of dye-phenol solutions produces 
transient absorption spectra of the reduced dye free 
radicals (DH-) and a free radical from phenol which is 
either the neutral or protonated phenoxy free radical. 
For eosin, the DH> absorption maximum is at 369 mu; 
above pH 8 this spectrum is replaced by that of (D-)~ 
with a maximum at 405 mu. 

+. Although phenol quenches the fluorescence of 
excited singlet eosin with a bimolecular rate constant 
of 1.510" M+ sec", a reduction of eosin is much more 
probable in the reaction of triplet eosin with phenol. 
The bimolecular rate constant for reduction of triplet 
eosin by phenol is 0.19 times that for quenching of 
triplet eosin by oxygen. Another indication of the 
efficient reaction of triplet eosin with phenol is that the 
rate of retardation of the photobleaching of aerated 
eosin by phenol is about 10° larger than for aliphatic 
alcohols and ketones. The favorable energetics of the 
triplet eosin-phenol reaction are consistent with a 
spin-conserving process. 
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The heat capacities of ZrH, and ZrD. were measured in an 
adiabatic type calorimeter from 5 to 350°K. X-ray analyses 
showed the hydrides consist of a single face-centered tetragonal 
phase. The data for both compounds below 11°K were found to 
fit the equation C,=9.8 x 10+*7+464.6(7/@)* cal deg mole“, 
where 6=311.4, and this equation was used to extrapolate the 
heat capacities below 6°K. Between 20 and 100°K the C, of 
ZrD» averages 1% lower than that of ZrH: but above 110°K the 
Cp of ZrDe becomes increasingly greater than that of ZrH». At 
298.15°K the heat capacities and thermodynamic functions cal 
culated from the data are C,=7.396+0.015 cal deg™ mole™, 

= 8 374+0.02 cal deg™ mole™, 7° — Hy? = 1284.142 cal mole™, 


INTRODUCTION 


IRCONIUM reacts with hydrogen to form a 

continuous range of compositions up to ZrHb. 
These hydrides seem to be metallic compounds, as 
evidenced by their electrical conductivity,' which is 
comparable to that of zirconium metal, and by their 
metallic luster. The phase diagram has been outlined 
for temperatures between 25 and 900°C on the basis 
of equilibrium hydrogen pressures," x-ray diffraction 
data,"-** and heat content measurements.** At room 


+ Based on work performed under the auspices of the U. S. 
\tomic Energy Commission 
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*M. W. Mallett and W. M. Albrecht, J. Electrochem. Soc. 
104, 142 (1957 
9L. D. LaGrange, L Dykstra, J. M. Dixon, and U. Merten, 
J. Phys. Chem. 63, 203 1959). 
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and (F°—H ?) /T= —4.067+0.01 cal deg™! mole for ZrHe, and 
9.631+0.019, 9.168+0.02, 1474.4+3, and —4.223+0.01, re- 
spectively, for ZrD2. The free energy of formation of ZrHe at 
298.15°K is —30.9+2 kcal mole and that of ZrDe is —31.2+2 
On the assumption that the difference in the heat capacity be 
tween the two isotopic compounds arises from a triply degenerate 
hydrogen vibration, it was found that the difference in the tem- 
perature range 100 to 350°K could be satisfactorily fitted by the 
difference between two Einstein heat capacity functions with a 
frequency of 1190+30 cm™ for ZrHe and 1190/v2 cm™ for ZrDs. 
This result is compared with the optical lattice vibration fre 
quency found by neutron scattering experiments. 


temperature over the composition range Zr to ZrHy. 44 
there are two phases, a-Zr (hexagonal close-packed) 
and 6-hydride (face-centered cubic). From ZrHy.44 to 
ZrH,.¢ there is a single phase, the 6-hydride; from ZrH, « 
to ZrH,.; there are two phases, the 6-hydride and the 
e-hydride (tetragonal) ; and from ZrH;7 to ZrHe there 
is only one phase, the «hydride. These composition 
limits were taken from a recent review article by 
Libowitz."! 

There are no published experimental values for the 
heat capacities of zirconium hydrides below 0°C. 
Douglas and Victor® have reported mean heat capac- 
ities which were derived from their heat content data 
for five compositions of ZrH,(x=0.324, 0.556, 0.701, 
0.999, and 1.071) from 0 to 900°C. This paper presents 
determinations of the heat capacities of the isotopic 
hydrides ZrHz and ZrD, from 5 to 350°K. 

From neutron scattering experiments?®* it is known 
that zirconium hydride has an optical lattice vibration; 
the frequencies 1049 and 1105 cm~' have been reported 
for ZrH;., and 1129 cm™ for ZrH; s. In this mode of 
vibration the hydrogen atoms are vibrating nearly 
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HEAT CAPACITIES 


independently, with the zirconium atoms remaining 
essentially stationary, and therefore the frequency 
should be lowered in the corresponding deuterium 
compound by a factor of approximately 1/v2. If the 
contributions of the acoustic modes and of the electrons 
to the heat capacity are the same in ZrH, and ZrD:» the 
difference in the heat capacities of these compounds is 
due to this change in the optical frequency upon isotopic 
substitution, and it should be possible to determine 
the hydrogen vibration frequency from the heat 
capacity measurements. We have found that the 
difference in the measured heat capacities of ZrH» and 
ZrDz as a function of temperature can be fit by the 
difference between two Einstein heat capacity functions 
with characteristic frequencies »=1190 cm! and 
1190,/v2 cm™, respectively, which we consider to be 
the hydrogen and deuterium vibration frequencies. 


SAMPLES 


The ZrH, and ZrD, samples were prepared on a high 
vacuum line by direct reaction of zirconium metal with 
hydrogen and deuterium, respectively, at 1-atm pressure 
and at a temperature of about 400°C. Purified hydrogen 
and deuterium gases were generated by the thermal 
decomposition of UH; and UDs, respectively. After the 
reaction was complete the samples were gradually cooled 
to room temperature over a period of 4 hr and then the 
unreacted gas was evacuated. 

The hydrogen or deuterium content was determined 
by two independent methods. One measurement was 
obtained from the difference in weight between the 
zirconium metal and the hydrided metal. This gave 
H, Zr=2.0034+0.004 and D/Zr=2.001+0.004. The 
second measurement was obtained by thermally 
decomposing a known amount of the sample at 1000°C 
and measuring the total volume of gas evolved. This 
gave H, Zr=2.001+0.004 and D/Zr=1.998+0.004. 
The composition of the samples used for this experiment 
can be represented within experimental error by the 
formulas ZrHe.o00 and ZrDe. oo, if no correction is made 
for the small amount of hydrogen present in the 
deuterium. The deuterium gas, obtained from General 
Dynamics Company, assayed 99.65 atom % D and 
0.35 atom 9> H. The gas from a thermally decomposed 
portion of ZrD, gave the same isotopic analysis. 

Spectrographic analyses showed the samples to con- 
tain amounts of impurities equal to the following in 
parts per million: Ag, 0.2; Al, 15; B, 0.1; Cr, 4; Cu, 100; 
Fe, 200; Ni, 4; and Pb, 2. The following elements were 
looked for but were not detected (the numbers indicate 
the limits of sensitivity in parts per million) : As, 50; Ba, 
20; Be, 1; Bi, 1; Ca, 100; Ce, 200; Co, 1; Dy, 100; Er, 
20; Eu, 10; Gd, 100; Hf, 200; Ho, 100; K, 20; La, 20; 
Li, 1; Lu, 20; Mg, 1; Mn, 1; Mo, 100; Na, 1; Nb, 50; 
Nd, 100; P, 50; Pr, 200; Rb, 20; Sb, 1; Sc, 10; Si, 100; 
Sm, 400; Sn, 5; Sr, 100; Ta, 500; Tb, 100; Ti, 100; Tm, 
100; V, 20; W, 200; Y, 5; Yb, 5; Zn, 50. Chemical 
analysis of the zirconium metal from which the hydrides 


OF ZrH:,AND ZrD:z 1419 
were prepared showed 19, 38, 170, and 10 parts per 
million for N, O, C, and halogens, respectively. The 
ZrHg2 was found to contain 100 parts per million oxygen, 
which indicates that no appreciable oxidation occurred 
during the preparation of the samples. The samples 
were always handled in a vacuum or in a helium 
atmosphere to prevent oxidation, although this precau- 


Direct chemical analysis of the ZrH» for zirconium 
gave 97.72+0.03% while the calculated percentage of 
zirconium on the basis of the formula ZrHy is 97.84%. 
From these analyses, it is estimated that the ZrH» and 
ZrD2 samples contain not more than 0.1% total 
impurities. 

Portions of the samples were ground in a mortar to 
a fine powder and examined by x-ray diffraction. Both 
were found to consist of a single tetragonal phase. The 
lattice constants found for the ZrH, at 25°C are ay= 
4.981+0.01 A, co=4.451+0.01 A for a face-centered 
tetragonal lattice with four molecules per unit cell or 
dy =3.522+0.01 A, co =4.451+0.01 A for the equivalent 
body-centered tetragonal lattice with two molecules 
per unit cell, in agreement within experimental error 
with the values reported in the literature.!:'4~!7 1921 2s 
The lattice constants found for ZrDe, which have not 
been reported previously, are ao=4.972+0.01 A, 
co=4.447+0.01 A for a face-centered tetragonal lattice. 
The densities calculated from these values of the lattice 
constants are 5.61 g/cc for ZrH, and 5.75 g/cc for 
ZrDz. 

The samples were in the form of small irregular pieces 
which varied in size from about 0.1 to 3 mm on an edge. 
The masses used for the calorimetric measurements 
were 81.3712 g of ZrHe and 87.0048 g of ZrDs. The 
calorimeter also contained 8.7X10~* moles of helium. 


APPARATUS 


The heat capacity measurements were made using 
an adiabatic calorimeter and apparatus which have been 
described in previous publications from this Labora- 
tory.**! The temperature was measured with a plati- 
num resistance thermometer which has been calibrated 
on the International scale above 90°K and on the scale 
of the National Bureau of Standards® between 14 and 
90°K. Below 14°K the scale was obtained by fitting 
the equation R=A+B7°+CT? to the resistance at the 
boiling point of liquid helium, the resistance at 14°K 
and dR/dT at 14°K. It is believed that the temperature 
scale agrees with the thermodynamic scale within 0.1° 
from 4 to 14°K, within 0.03° from 14 to 90°K and 
within 0.05° from 90 to 350°K. 


%E. F. Westrum, Jr., J. 
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PasLeE I. Heat capacity of ZrHe, mol. wt.=93.24; O°C =273.15°K. 
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HEAT CAPACITIES AND THERMODYNAMIC 
FUNCTIONS 


The experimental values of the heat capacity of 
ZrHz and ZrD: are presented in chronological sequence 
in Tables I and II, respectively. A small correction for 
the finite temperature increment was made to the 
values in Tables I and II by adding — (dC,/dT?) 
(AT)?/24 to the measured mean heat capacity. No 
correction was applied for the presence of 0.35 atom 
% H in the deuterium used to prepare ZrDe. (The 
estimated correction is only 0.009 cal deg“! mole at 
350°K and even less at lower temperatures.) 

Figure 1 is aplot of the heat capacities of ZrH, and 
ZrD» as a function of temperature. It can be seen that 
up to 100°K the heat capacities are nearly equal, and 
that at higher temperatures the heat capacity of ZrD» 
becomes increasingly greater than that of ZrHe. This 
behavior will be discussed in the next section. 

The values of the heat capacity for ZrHe given in 
Table III and for ZrD» given in Table IV were read 
from smooth curves drawn through the experimental 
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points. The probable error of these results is considered 
to be 5% at S°K, 1% at 14°K, and 0.2% above 30°K. 
These curves were also used to obtain the heat capacity 
values needed to calculate the thermodynamic functions 
given in Tables III and IV. In these tables S° is the 
entropy, H° is the enthalpy or heat content, and F° is 
the Gibbs free energy of the compounds in the standard 
state; Ho° is the enthalpy at O°K. 

The data below 11°K were fitted to an equation ot 
the form used for the heat capacity of a metal at 
low temperatures, 

C,=y1+464.6(77/6)* cal deg mole“, (1) 
where y7° is the electronic heat capacity and the term 
in 7* is the lattice contribution. This equation, with 
y=9.8X 10-4 cal deg~? mole! and 6=311.4°K, fits the 
experimental heat capacities of both ZrH, and ZrD» 
below 11°K with an average deviation of 1% and was 
used to extrapolate the heat capacities below 6°K. In 
this temperature region, it can be assumed that C=C». 
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[ase Il. Heat capacity of ZrD2, mol. wt.=95.24; O°C =273.15°K. 
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It is interesting to compare the y and @ for ZrH2 and 
Zr Dy» with those reported for zirconium metal. Wolcott® 
found y=7.25X 10-4 cal deg? mole and @= 304 to 277 
in the temperature range 5 to 11°K. Estermann, 
Friedberg, and Goldman** found y=6.92X107* cal 
deg? mole! and @=2065°. The fact that Eq. (1) fits 
the heat capacities at low temperatures with a y not 
greatly different from that found for zirconium metal 
is another indication the nature of the 


of metallic 


hydrides. 


HYDROGEN VIBRATION FREQUENCIES 


It is known that in ZrH2 and ZrD, each hydrogen 
atom is surrounded by four equidistant zirconium 
atoms.'* The latter are located at the corners of a tetra- 
hedron that differs from a regular tetrahedron by a 
compression of approximately 10% along one of the 
twofold axes. ZrHy and ZrD,» have a distorted fluorite 
structure, which is tetragonal rather than cubic because 


3 N. M. Wolcott, Phil. Mag. 2, 1246 (1957). 
“J. Estermann, S. A. Friedberg, and J. E. 


Goldman, Phys. 
Rev. 87, 582 (1952). 
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of the compression along one axis. On the other hand, 
the 6-hydride phase, which is present for H/Zr or D/Zr 
ratios of less than 1.7, is face-centered cubic, and in 
this phase presumably each hydrogen atom is sur- 
rounded by four zirconium atoms at the corners of a 
regular tetrahedron. 

There are two types of vibration of the lattice, the 
acoustic and the optical modes. The acoustic modes 
are those in which the zirconium atoms and hydrogen 
atoms are vibrating in phase, and these give rise to a 
Debye-like contribution to the heat capacity. In the 
optical modes the hydrogen atoms vibrate against the 


zirconium atoms but because of the great disparity 


between the masses the zirconium atoms remain 
essentially stationary. It should be a good approxima- 
tion to consider each hydrogen (or deuterium) atom 
as vibrating essentially independently in a potential 
well provided by the zirconium atoms and to regard 
the oscillations as harmonic. The symmetry at each 
hydrogen site is such that in ZrH, and ZrD» there 
should be a doubly degenerate frequency and a non- 
degenerate frequency. The optical vibrations according 
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to this model should consist of 2NV modes per g atom of 
H with a fundamental frequency vp and N modes with 
a fundamental frequency », where N is the Avogadro 
number. Actually there is some coupling of the hydrogen 
vibrations, which spreads each optical frequency into 
a narrow band of frequencies. In the 6-hydride because 
of the higher symmetry at each hydrogen site there 
should be 3N optical modes per g atom of H, all with 
nearly the same frequency. 
The heat capacity of ZrHe is given by Eq. (2), 
C,=(C,—-C,)+7T4 
in which y7 is the electronic contribution, F(T) is the 
contribution of the acoustic modes, E(u;) is the Einstein 
heat capacity function for one degree of freedom, 
E(u;) = Ru? expu;(expu;—1)~ (3) 
and 4;=hv;/kT =hci;/kT. We assume that the effect of 
substituting D for H has little effect on the first three 
terms of Eq. (2) and that the effect on the Einstein 


F(T)+4E(u)+2E(m), (2), 
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functions is to reduce each frequency », to v;/V2. That 
the first assumption is fairly good can be seen by exam- 
ining the heat capacities in Tables III and IV below 
100°K, where the contribution of the Einstein functions 
can be neglected. The heat capacity of ZrHe in the 
range 20 to 100°K averages approximately 1°, higher 
than that of ZrDo, a difference which we believe to be 
appreciably larger than our experimental error, but 
the maximum difference is only 0.024 cal deg mole“. 
If the mass of the zirconium atoms is considered to be 
infinite, the hydrogen vibration frequency is reduced 
when deuterium is substituted by the ratio vy/vp 
(mp/my)*= (2.0142/1.0079)! = (1.9984). Although it 
is not possible to make an exact calculation for the three 
dimensional crystal it is probably sufficiently accurate 
for the present purposes to take vj7/vyp=v2. 

The difference in the heat capacities is then given by 


Eq. (4), 
AC,=C,(ZrD2) —C,(ZrHe) 


=4F(uo/V2) —4E (uy) +2E(1y/v2) —2E(m 
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TaBLe LI. Thermodynamic functions of ZrHe. 
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This equation can be fitted to the experimental data 
between 100 and 350°K if one takes %)=7,;=1190 cm. 
A comparison of the experimental and calculated values 
is given in Table V. The average magnitude of the 
deviations of AC, calculated from Eq. (4) from the 
experimental values is 0.03 cal deg! mole. Taking into 
account the fact that the estimated probable error in 
the experimental AC, is about 0.01 cal deg! mole at 
100°K and 0.03 cal deg! mole at 350°K as well as 
the assumptions implicit in Eq. (4), we estimate that 
the probable error in the hydrogen frequency is 30 cm™. 
The result that an adequate fit can be obtained with 
vo=v, indicates that the environment of the hydrogen 
atoms is nearly isotropic, in spite of the compression of 
the fluorite structure along one axis. 

The hydrogen vibration frequency found from this 
analysis of the heat capacity curves, 1190+30 cm“, 
may be compared with the results of neutron scattering 
experiments. By observation of the energy distribution 
of scattered slow neutrons that had exchanged energy 
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with the lattice vibrations Pelah, Eisenhauer, Hughes, 
and Palevsky*® found that ZrH,.5 has an optical vibra- 
tion with an energy of 0.130 ev, corresponding to 
v=1049 cm“. From the effect of temperature on the 
intensity of the slow neutrons scattered by the first 
optical level of ZrH,;. Andresen, McReynolds, Nelkin, 
Rosenbluth, and Whittemore” also determined the 
energy of the level to be 0.130+0.005 ev. Whittemore 
and McReynolds? have deduced from the variation oi 
the total neutron cross section with energy that the 
first optical level in ZrH,.; is at 0.137 ev or 1105 cm“. 
Further, no significant change in this energy was found 
in the composition range ZrH; 2 to ZrHj 9. Recently 
Woods, Brockhouse, Sakamoto, and Sinclair,” employ- 
ing the beryllium detector technique, have found the 
first optical level in ZrH; 5 to be at 0.140 ev or 1129 cm. 


% A. W. McReynolds, M. S. Nelkin, M. N. Rosenbluth, and 
W. L. Whittemore, Proceedings of the Second United Nations 
International Conference on the Peaceful Uses of Energy 
United Nations, Geneva, 1958), Vol. 16, p. 297. 
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TaBLeE IV. Thermodynamic functions of ZrDs. 


S 
cal deg 
mole! 


0.0055 
0.0149 
0.0326 
0.0629 
0.1099 
0.1765 
0.2644 
0.3732 
0.5012 
. 0456 
.9740 
338 
719 
.108 
494 
875 
247 
.6O11 
.900 
ole 
.657 
994 
at 
.057 
. 984 
311 
630 
.900 
7.284 
609 
933 
3.257 


8.581 


CU ee ee NN 
wn 


NU be dee ww we NNN HS OS 


The value 7=1190 cm™ for ZrH» agrees with the 
results of Woods, Brockhouse, Sakamoto, and Sinclair?’ 
and of Whittemore and McReynolds** within the experi- 
mental uncertainties of the measurements. The value 
of 1049 cm obtained***’ for ZrH;.,; appears to be 
somewhat low. It is possible, however, that although 
the neutron scattering studies*® did not detect a shift in 
the hydrogen vibration frequency as a function of 


lanLe V. A comparison of AC, obtained from the experimental 
values in Tables III and IV with AC, calculated from Eq. (4), 


with ¥o=%, =1190 cm. 


AC, 


ee 
cal deg mole™! 


AC prea 
cal deg mole! 


01 .O1 
24 Wy 
91 86 
.0S .65 
Zo . 26 
.30 .61 


H°—Ho (H°—Ho)/1 
cal cal deg™ 
mole! mole™! 


F°—Hy)/1 
cal deg™! 
mole 


.0029 
. 0087 
.Q209 
.0425 
.07006 
ay YS 
. 1892 
.2678 
. 3590 
.4005 
. 6854 
.925 
.167 
405 
632 
$40 
049 
241 
424 
599 
708 
932 
093 
251 
408 
505 
.720 
.876 
032 
.188 
345 
502 
600 


0.015 
0.087 
0.313 
0.850 
1.914 
3.750 
6.622 
10.71 
16.16 
23.03 
41.12 
64.78 
93.39 
126.43 
1603.16 
203.08 
245.89 
291.36 
339,37 
389 86 
442.88 
498.48 
550.75 
617.7 
O81. 
748. : 
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891. 
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1047. 
1129.3 
1Z15. 
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1396. 
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1590. 
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2014. 
1243.3 
1474. 
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hydrogen concentration in the range ZrHi» to ZrHy » 

there may be a frequency shift as the fully hydrided 

composition ZrHy is approached. 

ENTHALPIES OF FORMATION AND FREE ENERGIES 
OF FORMATION OF ZrH, AND ZrD, 

If the difference in zero-point energies between ZrH: 
and ZrDz arises solely from the difference in the zero- 
point energies of H atom and D atom vibrations then, 
AH 0° = (10°) artt.— (0°) arp, 

ae 3NAciyl 1 = 


(1/v2) ]. (5) 


For #4 equal to 1190 cm™ the value of AH ° is 2989 
cal mole“. This value was combined with the zero-point 
energies and enthalpies for hydrogen and deuterium** 
and with the enthalpies for ZrH, and ZrD, taken from 
Tables III and IV to calculate the difference in the 


%H. W. Woolley, R. B. Scott, and F. G. Brickwedde, J. Re- 
search Natl. Bur. Standards 41, 379 (1948). 





HEAT CAPACETIES 
enthalpies of formation of ZrHz and ZrD, at 298.15°K, 
with the result shown in Eq. (6); 

(AH;°) aru.— (AH) arp, = 1014 cal mole. (6) 
The free energy of formation of ZrH, at 298.15°K 
calculated from the enthalpy of formation of ZrH: 
reported by Sieverts, Gotta, and Halberstadt®” (—40.5 
kcal mole), the entropy of hydrogen,** the entropy of 
zirconium,® and the entropy of ZrH, given in Table 
III is — 30.9 kcal mole~!. The uncertainty in this value 
is about 2 kcal mole~' due almost entirely to the 
inaccuracy in the heat of formation of ZrHe, which 


37 A. Sieverts, A. Gotta, and S. 
allgem. Chem. 187, 159 (1930). 

3G. B. Skinner and H. L. Johnston, J. Am. Chem. Soc. 73, 
4549 (1951). 
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was calculated from heat of combustion data obtained 
with Zr and ZrH: containing several percent im- 
purities. If, in accordance with Eq. (6), the enthalpy 
of formation of ZrDe is taken as —41.5 kcal mole“, 
the free energy of formation of ZrD, at 298.15°K is 


— 31.2 kcal mole. 
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\n X-band electron spin resonance spectrometer has been used to analyze the products of an electrode- 
less discharge in flowing gases at low pressure. During a search for polyatomic free radical fragments, a 
multiple signal was found near g= 2.0000. Three poorly resolved peaks were found for a variety of paraffins 
and olefins, while methane, ammonia, methylamine, and sulfur dioxide yielded doublets. The structure was 
best resolved at low pressure. The spacing of the peaks increased with ESR microwave power. Evidence is 
presented that the signal is caused by cyclotron resonance of photo-ionized electrons. It is suggested that this 
multiple resonance is more apparent than real, and arises from either a velocity-dependent capture process 
or from dephasing of electrons upon collision with gas molecules. 


I. INTRODUCTION 


HE production of free radicals in flowing gaseous 

systems by an electrical discharge has been known 
for some time. R. W. Wood! first showed that hydrogen 
atoms could be pumped out of a glow discharge in 
hydrogen, and that they could be carried a considerable 
distance before they recombined. Atomic free radicals 
which have been produced by electrical discharge and 
examined by electron spin resonance (ESR) include 
hydrogen,’ oxygen,’ and nitrogen.4 ESR measurements 
indicate the presence of these atoms in their ground 
electronic states and readily determine their abun- 
dances. An attempt has been made to detect and 
identify polyatomic free radicals from various gases 
passed through a 2450 Mc electrodeless discharge. A 
very strong resonance was observed near g= 2.0000 for 


1 R. W. Wood, Proc. Roy. Soc. (London) A97, 455 (1920). 
2 R. Beringer and M. A. Heald, Phys. Rev. 95, 1474 (1954). 
3. B. Rawson and R. Beringer, Phys. Rev. 88, 677 (1952). 
'M. A. Heald and R. Beringer, Phys. Rev. 96, 645 (1954). 


many of these gases. The multiple structure which ap- 
peared at low pressure prevented immediate identifica- 
tion as cyclotron resonance of electrons. The detailed 
investigation of this resonance forms the basis of this 
paper. 

Il. EXPERIMENTAL 


The ESR spectrometer operates near 10 kMc. The 
operating frequency is determined by the cavity plus 
specimen. The cavity is of the reflection type, and in- 
cludes an adjustable iris for matching purposes. Th 
loaded Q of the cavity is about 350. Up to 40 mw are 
dissipated in the cavity, hence the power level within 
the cavity is 14 w diminished by the attenuator setting. 
The cavity is constructed of Fiberglas with a thin in- 
ternal silver plating. Field modulation at 20 ke is ap- 
plied with external coils. Since phase-sensitive detec- 
tion is employed, the displayed spectra represent the 
derivative of the absorption spectra. The magnet is 
water-cooled and has pole pieces 12 in. in diameter 
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Fic. 1. Arrangement of glassware in ESR spectrometer 
spaced 3 in. apart. The general arrangement of the gas- 
handling system and of the electrodeless discharge is 
sketched in Fig. 1. The discharge is powered by a 2450- 
Mc 100-w Raytheon microtherm diathermy unit. The 
discharge cavity is based on a design by the free radical 
group of the Bureau of Standards. 

The ESR cavity operates in the 742 mode. The 
broad face is normally aligned parallel to the pole faces 
in such a way that the microwave magnetic-field vector 
is perpendicular to the field of the electromagnet. This 
position is illustrated in Fig. 2(a). Cyclotron resonance 
depends upon having the microwave electric vector 
perpendicular to the field of the electromagnet. Thus 
it is “twice forbidden”’ in the configuration of Fig. 2(a) 
since the microwave electric field is parallel to the dc 
magnetic field and the sample is placed in a region of 
microwave electric-field intensity. Small de- 
partures from ideal geometry are expected since the 
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Fic. 2. Cavity arrangements within electromagnet. 


cavity has access holes and since the specimen intro- 
duces a susceptibility discontinuity. Also, the electric 
field is strictly zero only along a plane midway between 
the cavity ends, whereas the specimen has finite thick- 
ness and so encounters nonzero electric fields. 

Several experiments were performed with the cavity 
oriented as shown in Fig. 2(b). The microwave electric 
field is perpendicular to the dc magnetic field and the 
possibility of cyclotron resonance is enhanced. An at- 
tempt was made to place the sample in the region of 
maximum electric field (one quarter of the way from 
the end of the cavity), but this degraded the cavity O 
excessively. 
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Multiple resonances in ordinary and deuterated hydro 
carbons 

The hydrocarbon gases used were Phillips research 
grade, and the other gases were purchased from the 
Matheson Company and are of high purity. 


III. RESULTS 


A broad strong line near a “g’’ value of 2.0000 was 
found for a number of gases. The signal was strongest 
at about 0.03 mm Hg pressure. At higher pressure, it 
weakened and broadened. Lower pressure led to a 
sharpening and, in many gases, the appearance of a two 
or three line ‘“‘structure”’. 

Methane and propylene gave, respectively, two and 
three line spectra at the lowest pressure at which the 
discharge could be operated (Fig. 3). The species re- 
sponsible for the signal was identified as arising from 
photolysis, since a simple bend in the tubing between 
discharge and analyzing cavity eliminated the signal. 





COMPLEX CY€CEOT RON 
The frequency of the light causing the resonance was 
measured by inserting loosely fitting windows in place 
of the bend. A lithium fluoride window 0.88 mm thick 
with cutoff at 1100 A reduced the signal by a factor of 
40. A fused silica window 2 mm thick with cutoff at 
1600 A reduced the signal by a factor of 800. 

To determine the necessity of a flowing gas stream, 
the reactant was introduced through inlet number two 
(Fig. 1) with inlet number one closed. The signal in- 
tensity increased slightly. The decomposition products 
of hydrocarbons in an electrical discharge include a 
resin which builds up on the walls of the discharge area. 
The resin conducts electricity and tends to put out the 
discharge. Also, small “carbon arcs” occur between 
fractured portions of the resin and these local hot spots 
lead to premature glass breakage. Helium, which does 
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Fic. 4. Effect of microwave power level upon multiple struc- 
ture of propylene. 
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Fic. 5. Effect of microwave power on structure and “ 


g value 
for propylene. 


not foul the discharge zone, was tried at inlet number 
one to provide the vacuum ultraviolet light for pho- 
tolysis. The reactant gas still flowed through inlet 
number two. This proved quite effective, and multiple 
resonances (doublets) were obtained with methane, 
ethane, ethylene, propane, propylene, propyne, am- 
monia, and methylamine. A single line was obtained for 
sulfur dioxide, and no resonance was found for hydrogen 
and carbon tetrachloride. 

The helium flow was eliminated in an attempt to 
achieve lower pressures and, hence, better resolution. 
The indicated pressure was reduced from 30-50 yu to 
the 10 uw range. A doublet was still found for methane 
and a triplet was found for propylene, -butane, iso- 
butylene, cis-butene-2, and 1,3-butadiene. 

To determine whether the reaction leading to this 
triple line was homogeneous or occurred on the Pyrex 
surface, a ball of Pyrex wool was affixed to the end of 
inlet number two within the ESR cavity. No differ- 
ence was found. 

To guard against the triplet arising from an instru- 
mentation artifact, the modulation frequency was 
dropped from 20 ke to 10 ke with no change in the 
spectrum. 

The possibility that the structure arose from a mag- 
netic interaction between one or more protons and the 
photo-excited electrons was considered and rejected, 
since deuterium substitution produced no change in the 
signal from methane and propylene (see Fig. 3). 
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Possible origin of structure. 


Saturation measurements on the resonance resulting 
from propylene indicated that the ESR power level 
strongly affected the nature and spacing of the struc- 
ture (Fig. 4). The spacing of the outer components a 
and y clearly increased with increasing ESR power. 
This spacing is plotted in Fig. 5 for the normal (parallel) 
arrangement. Similar runs were made with the cavity 
turned to the “perpendicular’’ position shown in Fig. 
2(b). Comparable intensity of the resonance was ob- 
served, despite the large loss of light intensity caused 
by the bend. In fact, a bend so reduced the intensity 
that no signal was observed for the “normal”’ position. 
The spacing of the outer components of the resonance 
varied more rapidly with microwave power in this con- 
figuration, as shown in the second graph of Fig. 5. The 
“9” value of the central component 8 is 1.9999+-0.0002 


relative to powdered a,a-diphenyl-8-picryl hydrazy] 


with assumed g value 2.0036. “Saturation” occurred 
only above the power at which the onset of the line- 
broadening effect began. 


IV. DISCUSSION 


Abundant evidence has been presented that the 
resonance observed is caused by cyclotron resonance 
of photo-ionized electrons. It is far from clear where 
the structure arises. Arguments based upon magnetic 
coupling are readily refuted by the lack of a change in 
structure when deuterium is substituted for hydrogen. 
A classical argument of reasonable plausibility is that 
the electrons are accelerated by the cyclotron action to 
some critical velocity. At this velocity, they are either 
removed by some capture process which reduces the 
total electron population or they suffer dephasing col- 
lisions which effectively reduce the number of electrons 
in correct phase relation to extract energy from the 
microwave field. Either of these mechanisms might 
lead to an absorption curve of the type shown in Fig. 
6, where the solid curve is that expected for a constant 
concentration of electrons undergoing cyclotron reso- 
nance and the dashed curve shows the effect of remov- 
ing some of the electrons upon reaching a critical 
velocity. A derivative of the dashed curve would obvi- 
ously display three peaks. A change in the capture 
process might simply “eat a hole” in the center of the 
curve, and the derivative curve would have two peaks. 
This explanation is consistent with the wider separa- 
tion of the outer peaks at higher power level, in that 
the critical velocity is attained somewhat farther away 
from the center of the resonance. Unfortunately, very 
little is known about the interaction between 
electrons and hydrocarbon molecules. 
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The mean square length of long isotactic vinylic hydrocarbon-type chains is calculated. The Markov 
chain formalism is employed for this calculation. The problem of excluded volume is not considered. 


I. INTRODUCTION 
ype ere has shown that Markov chain for- 


malism? can be used for the calculation of the mean 
square length of chain structures. Specifically, Tobolsky 
extended the work of Eyring* to take into account the 
effect of hindered rotations on the expected square of 
the end-to-end length of unperturbed polymethylene 
chains. M. V. Volkenstein* has reviewed the rotational 
matrix approach to this problem and gives appropriate 
equations for the various stereoregular polymers. The 
respective mean square lengths are expressed as func- 
tions of the averages of the sine and cosine of the rota- 
tional angle ¢. 

In the present communication, we consider an iso- 
tactic molecule containing 7+1 backbone carbon atoms 
connected by » vector bonds of constant and equal 
length and of tetrahedral valence angle. Each bond 
has rectangular vector components (XY, Y®, Z,) 
i=O, 1, 2, «++, m—1. For simplicity of calculation, the 
magnitude of each component is taken to be unity. 
If J) is the actual bond length, the calculated mean 
square length must therefore, as the last step of the 
calculation, be scaled by the factor /?/3. 

Each vector bond is thus represented by one of the 
eight combinations (+1, +1, +1) and successive 
bonds differ only in the change of one algebraic sign.° 

In the isotactic vinylic chain it is possible to dis- 
tinguish between two different types of bond. The 
distinction® is made between the clockwise sequence of 
attached atoms about the asymmetric carbon atoms. 
For example, if the asymmetric carbon atom C; is 
viewed from the direction of M;4, the clockwise se- 
quence of attached atoms is: H, Cij1, R. Now if the 


* Supported in part by a grant from the Research Corporation, 
and in part by a National Science Foundation Summer Fellow 
ship. 

1A. V. Tobolsky, J. Chem. Phys. 31, 387 (1959). 

2 W. Feller, An Introduction to Probability Theory (John Wiley 
& Sons, Inc., New York, 1957), 2nd ed., pp. 338-349, 380-385. 

3H. Eyring, Phys. Rev. 39, 746 (1932). 

‘M. V. Volkenstein, J. Polymer Sci. 29, 441 (1958). 

5 A.V. Tobolsky, R. £. Powell, and H. Eyring, in The Chemistry 
of Large Molecules, edited by R. E. Burk and O. Grummitt 

Interscience Publishers, Inc., New York, 1943), Chap. 5. 

6S. Lifson, J. Chem. Phys. 29, 811 (1958). 


same asymmetric carbon atom is viewed from the 
direction of Rj, the clockwise sequence of attached 
atoms is: H, R, Cy-1, or the counterclockwise sequence 
is H, C4, R. Thus, although each bond is between a 
methylene carbon atom and an asymmetric carbon 
atom, because of the differences in relative orientation 
of the bonds to their asymmetric carbon atom the 
isotactic vinylic chain is in fact composed of two 
alternating types of bond as is indicated in Fig. 1. 
If the R; bond is in position (1, 1, 1) and M ;,;-bond 
is in position (1, 1, —1), then the probability of oc- 
currence of the Rj,:-bond in a (1, 1, 1) position is 
taken to be A; in a (—1, 1, —1) position it is taken to 
be B; and ina (1, —1, —1) position it is taken to be C. 
These correspond to the trans and two gauche conforma- 
tions (Fig. 2), respectively, with, of course, 4+B+ 
C=1. The conformations and positions of B and C 
will be reversed depending on whether one is dealing 
with a macromolecule of (d) or (l) configuration. 
Therefore, care must be taken to consider the molecule 
as depicted in Fig. 1, and in particular the number 
sequence of the subscripts on the backbone carbon 
atoms must be rigorously observed. To be definite, the 
molecule is selected such that when the above men- 
tioned three bonds are in the trans conformation, the 
pendant R group of carbon atom Cj42 lies in the 
(1, —1, —1) position. If the above three bonds are in 
the trans conformation, then the M ;,3;-bond has proba- 
bilities a, b, and c of being found in positions (1, 1, —1), 
(—1, 1, 1), and (1, —1, 1), respectively. The proba- 
bilities a, 6, and c correspond to the ¢rans and the two 
gauche conformations (Fig. 3) in that order; and 
a+b+c=1. Thus, in general, we have that 4A, B, and 
C refer to R—M-—R three-bond combinations; and 
a, b, and ¢ refer to M—R—M three-bond combinations. 

If the chain commences with an R bond, the end-to- 
end length is the magnitude of 


hre=Ro+Mi+R.+Ms3+::>, (1) 


and if the chain commences with an M bond, the end-to- 
end length is the magnitude of 


hy =My+R,+M.+R a eee 
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Fic. 1. Planar zigzag illustration of a segment of an isotactic 
macromolecule. 


The a priori probabilities of occurrence of these two 
situations we assume to be one-half for each of the two 
cases. Then the over-all mean square length for both 
situations will be (h?),, and 

(h?),,= 3 (he: he) +3 (Bare Bay) wy. 
If end effects are neglec ted 
(M »° Ris;) w= (Mie? Risin) wy, 
(Ri°Mi,;) v= (Rixne-M 


i+j+k) Av; 


with this, (3) can be arranged in the form 


n—l 
h?) ,=3[3n+2)>(n—j) (Ro-N;) a] 
j=1 


n—1 
+3[3n+2 >> (n—k) (Mo* Nu) ws (4) 
k=1 


where N;=R,; for 7 even, N, -M, for j odd, N,=R, for 
k odd, and N,=M,. for & even. 

We define L; as the expected value of the scalar 
product term occurring in (4), i.e., 


Lj;= E}\XOX9O4+YOVON4Z0Z9}, 


and hence 


n—1 
h?) ,, 13n+2)>.(n—j Lisle 
= 


Le |= 3(Er+ Em 

where in this expression L; pertains to terms for which 
A, YZ 
for which (X®, Y®, Z 


) is an R bond, and J, pertains to terms 


) is an M bond. 


H 
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Fic. 2. Newman projections of R:—M Rj42 bond sequence 
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Fic. 3. Newman projections of Mijj—Rege—Myys bond se 
quences in the /rans and two gauche conformations. 


We now choose our coordinate system such that 


(Xx, Y©, Z) =(1, 1, 1), in which case 
Lj= E{X+4+Y+4Z9}, 


and clearly Lo=3. However, (X®, Y, Z) = 
may still be either an M bond or an R bond. 


II. THE PROBABILITY MATRIX 


Now, X%-+Y“+Z may have, in general, (a) the 
possible numerical values +3, —3, +1, —1; (b) 
reference to either an M bond or an R bond; and (c) 
if it has the numerical value +1, it may arise either 
from (X”, Y®, Z®) =(—1, 1, 1), or from (1, —1, 1), 
or from (1, 1, —1) and we denote these three cases 
as 1), ls, 13, respectively. According to this scheme 
there are then 16 distinct classification cases of X + 
Y24+Z%=U,;. We may imagine affixed to U; the 
proper subscripts or superscripts to make the Ul, 
symbol as definite as is needed under the above classi- 
fication. 

In the manner of Tobolsky, we consider now the 
sequence of pairs (UoU,), (UiU2), (UUs), 
(U,-1U,). Each member of this sequence is a state in 
the sense of the Markov formalism and the sequence 
of pairs forms a Markov chain. Considering all possible 


TABLE I. The 48 states of the isotactic vinylic chain. The re 
maining twenty-four states are numbered from 25-48 in the order 
above and with M and R interchanged. 


State U; State U; 





ISOTACTIC VINYETC 
U;’s under our classification, we find that there are 48 
possible states (i.e., possible pairs of U;’s) for the 
molecule under consideration. These 48 states are 
catalogued in Table I; the notation is self-explanatory. 
The resulting 48 by 48 probability matrix is more 
elaborate than need be, and the 48 states can be com- 
bined to give only 16 states of distinct Markovian 
character. We relabel our states from 1-16 and show the 
relation of the relabeled states to the original states in 
Table II. 

The matrix of transition probabilities P in terms of 
the relabeled 16 states is shown in Fig. 4. It is clear 
that states 1-8 and states 9-16 constitute “closed sets.” 

If we denote the &th power of P by P* and its matrix 
elements by p;;“, then 


Li=3 pos + (poo + pou + po) —3po,13 


+ (pos + pois” + pore), (8) 


and 
Lj=3pu? — (pro + prs? + pu”) —3 prs” 
+ (pio? +pnr+ps™). (9) 


For convenience, we denote the complete matrix of 
transition probabilities (Fig. 4) by 


Ss QO 








III. SPECIAL CASE OF THE POLYMETHYLENE 
CHAIN 


We calculate first the expected square length for the 
special case when A=a, B=C=b=c=}(1—a). This 


TABLE II. Relation of the relabeled states to the original states 
for the isotactic vinylic chain. The remaining eight states (states 
9-16) are obtained from the original states 25-48 by a similar 
scheme in analogous order. 


Relabeled state 
Value 


Number Original state number 
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0 0 


































































































Fic. 4. The matrix of transition probabilities P. 


is the case considered by Tobolsky. The P matrix (10) 
assumes the simpler form 


-| 
10 


Because of the occurrence of two closed sets, the Pr 
matrix and its powers can be considered separately 
from the Py, matrix and its powers. We have 


Si 
P,i= 
R F 


Ee 
7 
2. v 


r° is of course, the eight by eight unit matrix. Similar 
expressions hold for Px, and its powers. 

First, we wish to compute the expression in the first 
square brackets of (6). We have L; given by (9). If we 
denote the matrix elements of S? by s;;, then, because 
of (12) and (13) L; can be written as 


Lj= —35y9+ (52% +58%+54), for 7 odd, 
and 


Lj= 35 — (512% +513 +54), 








0 


ad 


0 : 
Si for j even, (12) 


Si 
| for j odd; 
0 


(13) 


(14) 


for j even. (25) 
Since S? preserves for all j the stochastic property 
that 


$n? +529 +539 +549 = 1, (16) 
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we have that 


L; (—1)?(4sy —1) (17) 


for all 7. Therefore, the expression that we seek can be 
written as 


il 


~ 


Ep 3n-+2 
) 
2) 


< 
La 
es 


3H 


Lo 
+8>> —1)7(n—7) Sn 


Upon evaluating the first two summations of (18) we 
obtain 


(18) 


by 


+8 >> -1)?(m—7) sy, 19) 
—4nu—1)} 0 


where the upper value in the curly bracket applies when 
n is even, and the lower value applies when 7 is odd. 
The remaining sum of (19), viz., 


my, > —|] 


is the element in row one and column one of the matrix 
summation 


n—J) sn 20) 


21) 


Ihe three series shown in (22) are infinite series; the 
upper sign applies when is even, the lower sign applies 
when » is odd. Equation (22) can now be written in 
the form 
M=n(1+S)?+[(1+S)?] 
if we assume the existence of the needed inverses. The 
inverses, however, do exist, since det(1+.S$) #0, except 
in the extreme case for which a=1, b=c=0. This case 
can, of course, he handled by a more elementary ap- 
proach. Furthermore, barring this extreme case, 
convergence of the infinite matrix series of (23) is 
assured, since all elements of S’ are less than unity 
except for the smallest few values of 7 which is im- 
material for convergence). 

It remains then to find the element in row one and 
column one of M of (23) and this element will represent 
the needed summation term (20). The first two terms 
of (23) can be handled by standard matrix algebra 
techniques. In the third term of (23), we approximate 
S"*! for large n by lim,..,,S". This approximation can 
be found with ease,” and is 

lim S"= K, 


n>a 


(24) 


where & is a four by four matrix all of whose elements 
are equal to }. No further difficulties are encountered in 


KINSINGER, 


AND PARKER 


constructing my and we subsequently find 
(2+6a) (a+3)(5a—1) 

n ~ 
(1—a) (1—a)’ 


Er= (25) 
for reasonably large n, viz., sufficiently large so that 
(24) is a good approximation.’ 

The expression in the second square brackets of (6) 
can be found in a similar manner from Py and gives 
a result identical with (25). Hence we have immedi- 
ately that 


(2+6a) 
. = 
(1—a) 


The first term of (26) is identical with Tobolsky’s 
leading term and the entire expression (26) represents 
a conveniently simple approximation to Tobolsky’s 
exact result. 

To find the mean square length, (h*), must, of 
course, be multiplied by /p?/3. 


(a+3) (5a—1) 


{ h?) ,, } { 26) 


(1—a)? 


IV. THE ISOTACTIC VINYLIC CHAIN 


We now return to the general P matrix (10). 
again possible to consider separately 


Pr 
and 


Py 28) 








We shall seek only the leading term of (h®),, that 
arises in this more general case. 
A straightforward application of 


calculation given above for the 


the method of 
more restricted P 
matrix generates, for this more general problem, matrix 
inverses of the form (1—.S7)~'. These inverses, how- 
ever, do not exist since det(1— ST) =0, and the calcu- 
lation gives, in fact, an element my which has the 
indeterminate form of type 0/0. 
To avoid this difficulty it is necessary to set 


0 K 0 Ss 
Pr=\ .. os) foe i 
K 0) 7 0 


where K is defined in (24) and S’= S—K, T’=T—K. 
Observing that K"=K for all positive m; that the sum 
of the elements of any row or column of S’ or 7’, is 
equal to zero; and that this null property is preserved 
for any product matrix formed from 7” and S’, we find 
that 


(29) 


ice Caer 
24 re” Of () 
srpr sr 
(31) 


0 K F 


3 >» Pp? + 
Pri= PrPr ul (0) T’'S'T' 0 


The limiting term, viz., the third series of (23) has the value 
# (1/16) in the approximation (24). It thus removes the odd- 
even ambiguity of (19). 





ISOTACTIC VINYLIC 
and so on; Pp® is, of course, the unit matrix of order 
eight. 

As before, L; is given by (9). The K matrix gives no 
contribution to L;. Therefore, for purposes of comput- 
ing Ex we may write 


pas Per oe £ Pitan Byw 0) 
fii ae Ce eet T's’? 


and, in general, 


Pp = for ) odd, 


P,'= 


for] even, (34 








and the meaning of Q” is clear from the context. We 
note that Q” for all positive 7 has the property that 
each of its rows and columns sums to zero. Upon de- 
noting the elements of Q® by qi; we find that 


L;= (—1)44q;;° 749. 
Therefore 


n—1 


Ex= —3n+2)-(n—j) L, 


7=0 


n—l 
3n+ 8 >, —1)?(n—7) qn” 
7=1 


The leading term of the summation in (36) is 
n—1 
my! yi 1) ing”, 


yoni 


which is the element in row one and column one of the 
matrix sum 


M’ aS 1)’O 


M=n(—S'+S'T’—S'T'S'+-+:), 
which we approximate by an infinite series. Now, 

IM’= —S'+S’T’(1—S’+ S'T'- 
nM! = — S'+S’T' (1+n-—'M’), 
and upon solving for M’, we secure 


M’=n(1—S'T’)(S'T’-—S 


HYDROCARBON-TYPE 
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Now the needed inverse does exist. The construction of 

fe ° Ps : , 
my is a straightforward but laborious task. After my, 
is found, Er follows readily. We find that 


Er= (n/D)[8(AB+AC+BC) (ab+ac+bc) 
+4(46+Ac+Bc) (Ab+Ac+Cb)+A], (43) 

where 

D= (ab+ac+bc) (B+ BC+C?) 


+(AB+AC+BC) (b+bce+c?) (44) 


and 
A=2( 47+ B°+C*) (a@+0?+0c?) —2(Aa+ Bb+C 
+(Ab—Ba) (Bb+Cb—3B 
+ (Ac—Ca) (Be+Cce—3Cb 
+ (Be—Cb) (Bb—Cc+2Bc—2Cb) 
+2(BCa*—A*bc). (45) 
We that upon setting A=a, B=C=b= 
}(1—a), we have that A=0, and the remaining terms 
of (43) reduce readily to the leading term of (26). 
Comparison of Py with Pr shows that Ey can be 
obtained from Er by making the following interchanges 


in Er: A with a, B with c, and C with 6. With Fy and 
Er known, (h*), follows from (6) and we find 


note 


(h*) 
(1—o7) (1—2?) +2072?—2(ai+8'+y! 


(1—o07) (B?+BC+C?") 4 


4n 
where 
*=@7+5?+c* 
A?-+-B*-+-C- 
(A?— BC) (a? —be 
1— (B2—4C) (Pa 
y= (C?— AB) (C?'—ab). (47 


To find the mean square length, (h*), must be 


multiplied by //3. 
The problem of excluded volume 
considered in any of our calculations. 


is obviously not 


8 A better approximation to Er can be found in principle bs 
adding to the Er given by (43) the element in row one and 
column one of 16 S’7’L(1— S’T’)?}"'(S’—1) + 8(1— S/T) 78". 
The resulting Ep in that case would be of the order of approxi- 
mation that corresponds to the one in our result for the special 
case of Sec. ITT. 
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The accepted definition of thermoluminescence is the thermal release of trapped electrons with accom- 
panying optical transition. This interpretation presupposes an exposure to ionizing radiation in order to fill 
the electron traps. Other processes such as mechanical stress and chemical reaction can also serve to excite 
electrons, as observed in triboluminescence and chemiluminescence. It is proposed that some instances of 
luminescence during heating are produced by physical processes other than the release of previously trapped 
electrons. Evidence for this is provided by the correlation of certain glow-curve peaks with crystalline an- 
nealing, decomposition, and polymorphic transition. Measurements of annealing and polymorphic changes 
were made through x-ray diffraction. Attempts to interpret the thermal or radiation history of geological 
specimens by thermoluminescence must account for both radiation-induced and radiation-independent 


forms of light generation 


INTRODUCTION 


HERMOLUMINESCENCE is ordinarily induced 

by irradiating a crystal at a suitably low temperature. 
The irradiation excites electrons which may become 
trapped at various imperfections. Subsequent heating 
of the crystal releases these electrons as thermolumi- 
nescence. However, unusual cases of thermolumi- 
nescence have been noted where certain crystals be- 
come thermoluminescent because of compression or 
rapid crystallization.! The process of grinding has also 
been found to induce thermoluminescence in calcite? 
and glass.’ The trapped-electron concept was employed 
to explain the stress-induced forms of thermolumi- 
nescence, however, with a difference in mechanism for 
electron excitation.1 Mechanical 
sumed to substitute for 
circumstances. 


processes 
irradiation 


were as- 
under certain 

Newer data now suggest a different interpretation 
for stress-induced thermoluminescence. Some cases of 
high-temperature thermoluminescence may be associ- 
ated with the annealing of lattice strains instead of the 
thermal release of trapped electrons. Other solid state 
reactions such as polymorphic transition and crystal 
decomposition can also produce luminescence which 
may be confused with 


radiation-induced thermo- 


luminescence. 


Triboluminescence 


Luminescence during crystal deformation, usually 
grinding, has long been known as triboluminescence. 
This phenomenon is quite common in organic and in- 
organic compounds. In a survey of 1883 materials, 


about 50% of the inorganic and 30% of the organic 
crystals could be made to triboluminesce.* In the usual 


* Presented in part at the International Union for Pure and 
Applied Chemistry, Munich, August 1959, abstracted in Angew. 
Chem. 72, 45 (1960). 

1E. J. Zeller, J. L. Wray, and F. Daniels, J. Chem. Phys. 23, 
11, 2187 (1955). 

2 R. E. Nyswander and B. E. Cohn, Phys. Rev. 36, 1257 (1930). 

3A. Debenedetti, Nuovo cimento 7, 251 (1958). 

4G. Gross, I. N. Stranski, and G. Wolff, Z. Elecktrochem. 59, 
346-350 (1955). 


case of triboluminescence, an external mechanical force 
works on the crystal and part of this disrupting energy 
is transformed into light quanta. Evidently, the de- 
forming stresses may occasionally be concentrated on 
individual atoms in sufficient magnitude to excite them. 
The fact of this charge separation is confirmed by 
the grinding of triboluminescent crystals between the 
plates of a condenser. Triboluminescent intensity was 
found to be directly proportional to the electric poten- 
tial induced during grinding.‘ Excited electrons may 
also be produced within crystals by plastic deforma- 
tion without shear or rupture. In certain crystals, dis- 
location loops and vacancies may excite valence elec- 
trons during their translation in plastic flow.’ The 
transient electric current thus generated is called the 
“Tyler effect”. As an immediate cause, therefore, 
triboluminescence may be considered a consequence of 
triboelectricity. The triboluminescence of many crystals 
is characterized by Ne spectra, i.e., an external electric 
discharge through air between or along cleaved crystal 
faces. In crystals which are efficient phosphors the 
electronic energy may be dissipated within the lattice as 
normal fluorescence. The pulverizing of radiation- 
colored crystals results also in another form of tribo- 
luminescence. Examples and references to the various 
tvpes of triboluminescence are discussed by Wick.* 


Chemiluminescence 


The phenomenon of chemiluminescence is a form of 
light emission usually associated with strongly exo- 
thermic reactions.” The photon energy of chemilumi- 
nescence is probably derived from the energy released 
during chemical reaction. Crystalloluminescence’ is 
another effect closely related to both triboluminescence 
and chemiluminescence. During the sudden precipita- 
tion of certain crystals from solution, notably strontium 
bromate, a luminescent glow may be observed. The 


5D. Fishbach and A. Nowick, J. Phys. Chem. Solids 5, 302 
(1958). 

°F. G. Wick, J. Opt. Soc. Am. 29, 10, 407 (1939). 

7E. J. Bowen, Chemical Aspects of Light (Clarendon Press, 
Oxford, England, 1946). 
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LUMINESCENCE DURING 
generation of photons may be attributed here to move- 
ment of microcrystalline parts similar to that which 
occurs in triboluminescence. 


EXPERIMENTAL METHOD 


Thermoluminescence Instrumentation 


The system used for measuring thermolumines- 
cence®:* is essentially composed of: (1) a nichrome- 
ribbon heating element upon which the sample is 
placed, (2) a variable transformer to regulate the heat- 
ing rate, (3) a photomultiplier tube mounted in a 
light-tight box, (4) a combination ac rectifier-amplifier, 
(5) a rapid tracing recorder. The photomultiplier tube 
is an RCA-1P21-S4 with maximum response in the 
blue-violet. The recorder is a Sanborn, model 127, 
equipped with a built-in dc amplifier, model 126B. Use 
of large samples, rapid heating and strong amplifica- 
tion adapt this apparatus for the detection of low-level 
thermoluminescence. 


Heating-Annealing Technique 


The equipment employed heated the powdered 
sample from room temperature to incandescence in a 
few seconds. A standard temperature-time curve was 
established for the loaded furnace by means of crayons 
of known melting point (Fig. 1). When at the standard 
voltage setting, furnace temperature rose nearly 
linearly at first and then leveled off at about 450°C. 

Sample volume and geometric distribution were con- 
trolled by using powdered samples placed in piles on 
the nichrome heating ribbon with the help of small 
molds. Because of rapid one-sided heating, uniform 
sample temperatures were not realized. However, the 
manner of heating was reproducible and consequently 
glow curves for specific samples were readily duplicated. 
A thermoluminescence run could be arrested at any 
stage (temperature) by turning off the furnace and 
quickly removing the sample. To determine the extent 
of annealing during heating, a sequence of samples was 
taken at progressively longer intervals (higher tem- 
peratures) after the start of the furnace. These powder 
samples were later x rayed to determine line profile 
broadness. 


Sample Preparation 


Crystals of the material to be tested for stress- 
induced luminescence were ground in a mechanical 
mortar for about 15 min and passed through a 325 
Tyler equivalent (44 yu) screen. To activate radiation- 
induced thermoluminescence the samples were placed in 
gelatin capsules and exposed to a Co® gamma-ray 
source. After irradiation, samples were kept at dry-ice 


8 W. F. Ammentorp, Master’s thesis, University of Wisconsin 
(1957). 

9N.M. Johnson, W. F. Ammentorp, and I’. Daniels, Am. Min 
eralogist (to be published). 
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Fic. 1. Standard heating curve. 


temperature to prevent thermoluminescent leakage. 
Powders to be run for thermoluminescence were 
packed into a 78-mm‘* circular mold of 1 mm depth. Also 
a 78-mm* powder holder was built for use in a x-ray dif- 
fractometer. A representative part of all sample material 
was x rayed after grinding to ascertain purity and poly- 
morphic constitution. Since x rays induce thermo- 
luminescence, the x-ray tested portion of a sample 
was not used to study annealing luminescence. 


X-Ray Instrumentation 


X-ray powder patterns and line profiles were re- 
corded using a Norelco x-ray unit with Geiger-counter 
diffractometer and circuit panel. Nickel-filtered copper 
radiation was used from a power-stabilized tube. For 
the measurement of line broadening a scan rate of 
1/8° (26)/min was utilized, and 1° divergence and 
0.006-in. receiving slits. Powder samples were uniformly 
packed in a holder of 1 mm depth. The same scale 
factor and time-constant settings were used for each 
member of an annealing series. 


X-Ray Techniques 


The sharpness of an x-ray powder pattern depends 
on the size and perfection of the scattering crystals 
and inherent instrumental factors. Below a critical size, 
crystallite smallness and the presence of imperfections 
tend to broaden the x-ray powder pattern. The broad- 
ness of a diffraction line may be used to indicate the 
state of internal strain and. the size of the aggregate 
sample crystallites. Consequently, for detecting an- 
nealing or recrystallization through various stages of 
thermoluminescence, certain x-ray line profiles were 
compared for broadness. Generally, the higher Bragg 
angle reflections are more susceptible to line profile 
broadening. The highest-angle strongest lines were 
therefore used whenever possible. Because calcite has 
no suitable high-angle lines, a strong low-angle line 
(202) was utilized instead. 

A useful measure of line broadness is the Laue inte- 
gral breadth, which is the ratio of area under the line 
profile to the maximum height of the profile. Integrated 
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intensities were determined by planimetry from a 
smoothed diffractometer trace. Background intensity 
was eliminated by joining the background level on each 
side of the peak. Maximum intensities were measured 
in millimeters from the smoothed line profile. The 
broadness parameter was then a composite of intrinsic 
and instrumental factors expressed in arbitrary rela- 
tive units. 

The broadness parameters for individual samples 
were found reproducible to within a few percent. 


EXPERIMENTAL RESULTS 


Luminescence During Annealing 


crystals are crushed or plastically deformed, 
are introduced into the lattice which take the 

various imperfections. Paterson’ has found 
eformed calcite may store up to 12 
internal strain. 


cal/g as 


In general terms, annealing is defined as any process 
which reduces internal strain and surface energy. The 
driving force of annealing is the release of strain energy 
during recrystallization and repair. Generally, the 
smaller and more defective the crystals, the lower will 
be the annealing temperature. 

Grinding-induced thermoluminescence in calcite and 
glass has been previously noted. A test of 78 different 

LE I. Representative materials showing grinding-induced 
thermoluminescence. 


strong 


‘aCQO, (calcite); Cako; Lil 


Moderate 


- CaSO,; KoSO,; SiO» (quartz 


Weak 


BaS; CaSiO;; LicCO;; ZnS (sphalerite 


M.S. Paterson, Phil. Mag. 4, 451 (1959). 
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Fic. 2. Effect of thermal an- 
nealing on the 422 Bragg reflection 
of strained lithium fluoride (Ka; 
and Kae). 


LITHIUM FLUORIDE 
AFTER ANNEALING 


solids showed that several other materials possess this 
property to varying degrees as listed in Table I. The 
only requirement for inducing thermoluminescence in 
crystals of these materials is to deform them by grind- 
ing or pressure. Light is emitted later when the strained 
crystals are heated. 

X-ray diffraction patterns of strained crystals taken 
before and after heating showed that some annealing 
was produced by the heating. An example of this an- 
nealing in strained lithium fluoride is shown in Fig. 2. 
In a series of progressively sampled thermolumines- 
cence runs, the temperature interval of annealing as 
determined from x-ray line profiles was found to co- 
incide with the interval of luminescence as shown in 
Figs. 3 and 4. It is suggested that the movement of 
dislocations and the migration of vacancies produces 
photons, probably in a manner similar to tribolumines- 
cence. The thermal annealing of metastable lattice im- 
perfections, other than color centers, makes this pos- 
sible. As the experiment was arranged, the sample 
temperature never exceeded 500°C (Fig. 1). As this 
temperature was approached, annealing leveled off 
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Fic. 3. Annealing and thermoluminescence of strained calcite 
Mallinckrodt). Broadness derived from 202 reflection. 





LUMINESCENCE DURING 
and the luminescent glow also ceased (Figs. 3 and 4). 
With higher furnace power settings, higher tempera- 
tures were attained and annealing was found to con- 
tinue above 500°C; however, any associated lumines- 
cence was obscured by strong black body incandescence. 
Gilman and Johnston" conclude that annealing of 
radiation-damaged lithium fluoride begins about 300°C. 
In our study, annealing of mechanically-damaged 
lithium fluoride was found to start near 370°C. Griggs 
et al.,” have found that annealing recrystallization of 
deformed calcite begins at 500°C, which is considerably 
higher than indicated here. However, Griggs ef al. used 
mainly microscopic techniques to determine the extent 
of recrystallization. Recovery and repair at the atomic 
scale was not comprehensively studied by them, and 
this may account for their higher annealing tempera- 
ture. As indicated by x-ray diffraction-pattern changes, 
incipient annealing of finely ground calcite begins 
about 340°C. The exact temperature depends on the 
degree of grinding and the rate of heating employed. 


Luminescence During Polymorphic Transition 


At normal temperatures and pressures, calcium 
carbonate may crystallize either as orthorhombic 
aragonite or trigonal calcite. The calcite structure is 
the stable form, but aragonite may persist metastably. 
At temperatures above 400°C, however, the aragonite 
structure rapidly changes to the stable calcite form. 
Coincident with this transition, a luminescence glow 
may be observed. Figure 5 shows that the temperatures 
at which the transition occurs, as determined by x ray, 
and the temperatures at which light is emitted are the 
same. 

The aragonite-to-calcite transition involves large 
changes in cell dimensions, readjustments in atomic co- 
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Fic. 4. Annealing and thermoluminescence of strained lithium 
fluoride (Chemical Commerce Co.). Broadness derived from 422 
reflection. 


J. J. Gilman and W. G. Johnston, J. Appl. Phys. 29, 877 
(1958). 

2D). T. Griggs, M. S. Paterson, H. C. Heard, and F. J. Turner, 
Geol. Soc. Am. Mem. 79, 21 (1960). 
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\ragonite-calcite polymorphic transition and lumi- 


ordination and bond distances. It is classified as the 
most severe type of solid-solid transformation.” Con- 
veniently, the aragonite-to-calcite transition occurs at 
a temperature below strong incandescence and there- 
fore the associated luminescence is readily detected. 
Since the reorganization takes place with practically 
no heat change, it is not chemiluminescence in the 
usual sense. The energy available to reorganize the 
crystal structure may occasionally be localized and 
converted into excited electrons and the emission of 
photons. 


Radiation-Induced Thermoluminescence 


To demonstrate the basic differences between them, 
the glow curves of radiation-induced thermolumi- 
nescence were compared with the glow curves of stress- 
induced luminescence in equivalent materials. In the 
samples of calcite (Mallinckrodt) used for this study 
the radiation-induced thermoluminescence produced 
sharper lower-temperature peaks than stress-induced 
luminescence. The distribution of annealing-lumin- 
escence over a wide temperature range is particu- 
larly distinctive as shown by the glow curves in Fig. 6. 
A similar relationship in glow curves was found for 
lithium fluoride between radiation and stress thermo- 
luminescence. The color of stress-induced luminescence 
was found to be the same as radiation-induced thermo- 
luminescence, at least within the limits of 
inspection. 


visual 


The annealing-luminescence of spectrographically 
pure calcite crystals also showed that trapped electrons 
are not involved. No thermoluminescence could be de- 
tected in a chemically pure calcite sample (Johnson and 
Matthey) after 50 000 r of Co® gamma irradiation. At 
least in the temperature range studied, the electron 
storage capacity of this particular calcite was negligible. 
Nevertheless, the calcite crystals showed pronounced 

3M. J. Buerger, Phase Transformations in Solids (John 
Wiley & Sons, Inc., New York, 1951). 
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Fic. 6. Schematicfglowfcurves of Mallinckrodt calcite (A) 
after 50000 r Co® radiation, no grinding (B) after grinding, no 
irradiation (C) after}50 000 r Co™ radiation plus grinding. 


grinding-induced thermoluminescence. Annealing lumi- 
nescence of calcite is evidently independent of chemical 
purity and electron storage capacity. Annealing 
luminescence can occur in calcite even when radiation- 
induced thermoluminescence cannot. This fact demon- 
strates the fundamental difference in mechanism be- 
tween the two forms of luminescence. In these experi- 
ments the broad glow zone at 340-450°C in calcite is a 
function of internal strain rather than trapped electrons. 

Experiments in this laboratory have shown that 
aragonite has no high-temperature radiation-induced 
thermoluminescence.* Many different mineral and 
laboratory-grown crystals of aragonite were found 
devoid of radiation-thermoluminescence even after 
extended exposure to gamma radiation. The only 
radiation-thermoluminescence in these samples was 


TABLE II. Materials showing low temperature decomposition 
luminescence or decrepitation-luminescence. 


Strong 
CaO; Ca(OH)2; NaHCO;; ZnCO; 


Weak 


\l(OH);; CaSO,-2H2O; KHCO;; KCIO,; MgClo, 


N. M. Johnson, J. Sediment. Petrol. 30, 305 (1960). 
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traced to calcite contamination. The amount of transi- 
tion luminescence in aragonite was found to be inde- 
pendent of radiation dosage. 


Luminescence During Decomposition 


The thermal decomposition or decrepitation of 
crystals may also be accompanied by light emission.” 
During this research, several materials were found to 
exhibit such reactions. Out of 24 thermal decompositions 
tested, those recorded in Table II showed luminescence. 
The movement and disruption of crystal parts attend- 
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Fic. 7. Schematic glow curves without irradiation (A) de- 
composition-luminescence of sodium bicarbonate, (B) decrepita- 
tion-luminescence of potassium perchlorate, and (C) decomposi- 
tion-luminescence of zinc carbonate. 


ing breakdown can apparently occasionally excite 
electrons into optical transitions (Fig. 7). 


DISCUSSION 


It has been demonstrated that thermoluminescence 
may occur in a variety of materials without previous 
exposure to x rays or other ionizing radiation. The 
cause of this luminescence upon heating is associated 
with the processes of crystalline annealing, chemical de- 
composition, or phase change. This luminescence may 
be explained by analogy with triboluminescence, chemi- 
luminescence, and crystalloluminescence. 


6 J. Ewles, Trans. Faraday Soc. 35, 119 (1939). 





LUMINESCENCE DURING 

Luminescence within a crystal implies that some 
form of energy is being transformed into optical pho- 
tons. The usual mechanism is through the radiative 
transition of electrons which are displaced by high- 
energy particles, electromagnetic waves or by the 
action of mechanical stress upon the atoms of the 
crystal. The annealing of strains, polymorphic changes, 
or decomposition induced by heating, all may produce 
local areas of mechanical stress within a crystal. Rela- 
tively small stresses may be involved in this process 
when considered over the whole volume of the crystal. 
However, such stresses may occasionally be concen- 
trated at favorable sites and give rise to luminescence, 
as for example, triboluminescence. 

This investigation has indicated that the mechanism 
of stress-induced luminescence upon heating is quite 
different from that of radiation-induced thermolumi- 
nescence. The former is a function of the stress-strain 
history of the crystal and the latter depends upon the 
accumulation of trapped electrons. Both structural an- 
nealing and release of trapped electrons are accomp- 
lished by sufficient heating. A thermoluminescence glow 
curve may contain luminescence from either or both of 
these sources. 

When a geological interpretation is given for the 
natural thermoluminescence of rocks and minerals, 
consideration must be given to both forms of lumines- 
cence. For example, the age estimation of minerals,'® 
limestones,” lavas, and archeological ceramics'* from 


16 F, Daniels, C. 
343 (1953). 

“EE. J. Zeller, J. L. Wray, and F. Daniels, Bull. Am. Assoc. 
Petrol. Geologists 41, 121 (1957). 

8G. C. Kennedy, Sci. News Letter 79, 10, 149 (1959), and 
private written communications, 


A. Boyd, and D. F. Saunders, Science 117, 
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natural thermoluminescence, assumes that this lumi- 
nescence is derived only from the traces of uranium 
present in the sample. The time required to accumulate 
the observed thermoluminescence is calculated from 
the radioactivity of the mineral and its calibrated 
thermoluminescence sensitivity. 

The work described here emphasizes the fact that 
annealing luminescence may be induced by the grinding 
of the sample or by stresses experienced during the 
geological history of the crystal. This luminescence 
may tend to confuse the age estimates based only on 
radiation-induced thermoluminescence. Lavas and pot- 
tery appear to have little annealing luminescence,!’ but 
limestones may have considerable amounts. In order to 
distinguish between the luminescence induced by stress 
and that induced by radiation, efforts might be directed 
toward annealing crystal strain without disturbing 
trapped electrons. This might be accomplished by 
ultrasonic or infrared treatments. 

It is important to prepare minerals for thermolumi- 
nescence tests in such a way that stress-induced lumi- 
nescence is avoided. For satisfactory age determina- 
tions, it will be necessary to find ways to compensate 
for annealing-luminescence which may be introduced 
by the preparation procedures or by geological forces 
during the history of the mineral. 
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It is found, using Bridgman’s data for H2O, Ne, and Ar, that the V-T isobars, though curved at medium 
pressures, become good straight lines at the same higher pressures for which the isothermal relation p= Ce8/Y 
begins to hold (above 1000 kg/cm? for gases, and above 4000 for liquids). Aside from the surprising linear 
variation of V with T under these extreme conditions, the most remarkable feature of the V-T plots is the 
apparent convergence of all the isobars (for a given gas) to a common intercept on the V’ coordinate (at 


O°K). The isobars for gases therefore can be represented by the equation, V=V 


+a,7T, where Vo is the in- 


compressible molar volume of the substance at O°K. Eliminating a, for two different temperatures at 
constant pressure gives an exact V-7 relation for high pressures comparable to Charles’ law, 


Ve=Vi(T2 


T;) T 


-Vo(1—72/T)). 


The slope ap of the isobars decreases with increasing pressure, and it is found that a,™R’/p, where R’ isa 
new gas constant for high pressures, which at first increases somewhat with pressure, and reaches the same 


sTM1UIN § 


value of 


INTRODUCTION 


previous articie™ it 


- the was shown that experi- 
mental pressure-volume data at constant tempera- 


ture and extreme pressures (from 10* to 10° atm) are 


represented accurately by the equation 


where B and C are constants characteristic of a particu- 
lar gas, or solid. This relation holds well for 
gases above 1000 atm, for liquids above 4000 atm, and 
for solids above 25 000 atm.! 


liquid, 





. i — 
160 165 170 175 180 185 
MOLECULAR VOLUME (cm*/mo!) 


Fic. 1. T-V isobars for 1 mole H2O at various pressures to 12 000 
atm: A, 1 atm; B, 500; C, 1000; D, 1500; E, 2000; F, 2500; G, 
3000; H, 3500; I, 4000; J, 5000; K, 6000; L, 7000; M, 8000; N, 
9000; O, 10 000; P, 11 000; Q, 12 000 atm. 

* This paper was presented before the Vancouver Meeting of 
the American Physical Society, August 28, 1958. 

1L. S. Levitt, J. Phys. Chem. 58, 573 (1954); Bull. Am. Phys. 

Sec. II, 3, 340 (1958): 4, 376 (1959 


*R at 6000 atm for both Ne and Ar. 


In the present paper we show that the temperature- 
volume relation at constant pressure for substances 
under extreme pressures is likewise a surprisingly simple 


one. 
T-V ISOBARS 


In Fig. 1 are presented 7-V water at 
various constant pressures from 1 to 12 000 atm. The 
data are from Bridgman’s work.’ It is apparent that the 
T-V isobars are quite curved in the region of lower 
pressures, but gradually straighten out at higher 
pressures, becoming excellent straight lines at 4000 
atm and above.’ It is to be noted that this is also the 
pressure at which the p-V equation 
[Eq. (1) ] begins to hold.! Similar isobaric plots of 
Bridgman’s data‘ are given for nitrogen® and for argon 
in Figs. 2 


, ‘ 
plots tor 
I 


isothermal 


and 3, respectively. It is seen that good 
straight lines are obtained with these gases at ‘pressures 
as low as 2000 atm. 

Aside from the surprising linear variation of V with 
T under these extreme conditions, the most remarkable 
feature of the T—V plots is the apparent convergence 
of all the isobars, for a given substance, to a common 
intercept on the V coordinate at (or very near) absolute 
zero.® At constant high pressures, therefore, the 7-V 


2 P. W. Bridgman, J. Chem. Phys. 3, 597 (1935) 

3 A linear variation of V with 7 at extreme pressures was also 
observed recently for high molecular weight hydrocarbons 
[W. G. Cutler, R. H. McMickle, W. Webb, and R. W. Schiessler, 
J. Chem. Phys. 29, 727 (1958) }. 

‘P. W. Bridgman, Proc. Am. Acad. Arts Sci. 70, 20 (1935). 

>The experimental data of M. Benedict [J. Am. Chem. Soc. 
59, 2224 (1937) ] for N2 also plot linearly in this pressure region. 

6 The data for water are at much higher temperature than for 
the gases, and it is difficult to extrapolate the isobars to absolute 
zero. It is apparent that the lines are converging, but it seems 
that they will converge at a temperature considerably below 
0°K. For this reason, what follows in this paper will apply strictly 
to gases only. (There do not appear to be any temperature- 
variable high-pressure data for solids in the literature 
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VOLUME-TEMPERATURE 


relation for gases can be represented by the equation 


= Vota,T, (3) 


where Vy is the molar volume of the 
O°K, and a,=(0v/dT) ,. 
slopes of the 
pressure. 


substance at 
It should be noted from the 
isobars that a, decreases with increasing 


RELATION TO VAN DER WAALS’ b 


Since Vo is apparently independent of pressure (or 
nearly so), this quantity represents essentially an 
“incompressible volume” at absolute zero, and must be 
related to the quantity 6 in the van der Waals equa- 
tion of state. Table I gives a comparison of Vo with 
for the substances under discussion. The values of V 
appear to be about two-thirds the value of the corre- 


sponding b 











50 00 
TEMPERATURE (°C) 


1 g Ne 
C, 5000; 


. 2. T-V isobars for 


1G at various high pressures 
3000 atm; B, 4000;, 


, D, 0000 atm. 


A NEW CHARLES’ LAW FOR HIGH PRESSURE 


Along any isobar, a, is a constant, and the volume 
is given by Eq. (3). For two different temperatures the 


respective volumes are 
Vi=Vota,ly 
Vo=VotapT>. (4) 


Eliminating a, from Eqs. (4) gives a simple volume- 
temperature relation comparable to Charles’ law, and 
permits the calculation of the volume at one tempera- 
ture from knowledge of the volume at any other 
temperature, without any knowledge of the pressure 
[so long as the pressure is in the high range where 
Eq. (3) is valid]. Thus 
T:/T,=(1 


>= Vo)/(Vi-Vo) (Sa) 


RELATIONSHIP 


FOR GASES 








TEMPERATURE 


lic. 3. T-V isobars for 1 g Ar at various high pressures: A, 
2000 atm; B, 2500; C, 3000; D, 3500; E, 4000; F, 4500; G, 5000; 
H, 5500 atm. 


Vo=V4(T2/7T1) + Vo(1— T2/T)) (Sb) 


Without the second term Eq. (5b) is identical to 
Charles’ law. It is interesting to compare Eq. 
with the isobaric form of the van der Waals equation, 


(5a 


\ Vi-—b) |J+(a R) Vo—b 


x (1/V2—-1/V2). (6) 


It is easily shown that, at extreme pressures, the 
second term in Eq. (6) becomes negligible by compari- 
son with the first, thus leaving an expression identical 
to Eq. (5a) if 6 is taken equal to Vp. 


“GAS CONSTANT” AT HIGH PRESSURE 


As was noted above, a, is a function of pressure, 
decreasing with increasing pressure. Such a decrease in 
dV/dT), is required by thermodynamics,’ since this 
derivative is mathematically equal to —(dS/dp)7, 
and the decrease in entropy caused by increasing pres- 
sure at constant temperature cannot exceed the total 
entropy of the substance at that temperature. As a 
first conjecture, we can assume a, !s simply inversely 
proportional to p, and define a new constant R’ such 
that a,=R’/p. In Tables II and III we show for 
N, and Ar, respectively, the measured slopes a, of 


a E I, Comparison of Vo with van der Waals’ 6. The values of 
0 i to be about two-thirds the value of the corresp. — b. 





Substance b (cm?) 


Vo (cm) 


Nitrogen 39.1 23.7 


Argon 











7P. W. Bridgman, The Physics of High Pressure 
Sons, London, 1949), p. 175. 


G. Bell and 
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TABLE II. The slope ap for Nz at various pressures, and the 


calculation of R’. 





p ap x 
atm cc/mol deg) (liter atm/mol deg) 


3000 


0.11 


4000 0.030 0.12 


5000 0.024 0.12 


6000 0.020 0.12 


the isobars at various pressures, and the product 
pa,(=R’). It is seen that R’ is reasonably constant, 
increasing somewhat with pressure, and apparently 
reaching the same limiting value of around 0.12 liter 
atm/mol deg in the case of both gases. 


SOME THERMODYNAMIC RELATIONS AT 
HIGH PRESSURE 
The total decrease in 
pressure is given by 


entropy due to increased 


which is nearly identical to the isothermal expression 
for an ideal gas, -AS=R In(p2/p,). It should be re- 
marked that R’ has the same dimensions as the gas 
constant R, but its limiting numerical value for high 
pressures is equal to about 3R. On combining Eq. (2) 
with Eq. (7), we obtain 
—AS=R'B(1/V2—-1 


V;). (8) 


Since (dV ol ).= R’ p, it follows that (d°V dT?) ,= 
0 for gases at high pressures, and does not become 
negative between 3000 and 4000 atm, as is thought® 
to be the case with liquids. This also implies that at 
high pressures C, ceases to decrease with rising pressure 
and apparently becomes independent of the pressure, 


dCp/0p) r= — T(0V/dT*) ,=0. 
The difference between the heat capacity at constant 


pressure and that at constant volume for 
extreme pressures is found to be 


at 


gases 


( RY ‘p)? 
—V2/Bp) 


(aV/aT),? 
] = 


aa anne 
OV /Op)1 


=[(R’)?BT/pV?] 


(10) 


8 See work cited in footnote 7, pp. 136-137. 


he 


LEVITT 


Since the right-hand member of Eq. (10) is always a 
positive quantity, then even though C, decreases at 
first with increasing pressure, reaching a lower limiting 
value at high pressure [Eq. (9) ], it always remains 
larger than Cy. 

It should be noted that the van der Waals equation 
gives a quite different result for C,—Cy at high pres- 
sures, namely, 


C,— Cy = (2a/RT*) [pt (a/V?) J+ [p(V—6) /T) 
which predicts that the difference gets continually 


larger with increasing pressure. 
The isobaric thermal expansion § is defined as 


’ 


B=(1/V)(aV/aT), 11a) 


and this is found, for gases at extreme pressures, to be 
simply 


B=(1/V) (R’/p) = R’/pV. 11b) 


Differentiation of Eq. (11b) with respect to p gives the 
decrease in thermal expansion with increasing pressure, 


—d8/dp=(R'/p?) (1/V—1/B) 
12a) 


=(R’/pV)(1/p—V/Bp). 


Since R’/pV =8, and V/Bp=a, the compressibility,! 
Eq. (12a), is equivalent to 


— dp dp=p(1 p=) 


—(d\n8/dp) =1/p—a=(1/p)(1—V/B 


It is interesting to compare this expression with 


TaBLeE IIT. The slope a, for Ar at various pressures, a 
calculation of R’. 





R’ 
liter atm, mol deg 


p a; 
(atm) (cc/mol deg) 


2000 0.043 


O86 
2500 .038 
3000 033 
3500 
4000 

4500 

5000 


5500 
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obtained previously! for the change of a with p, namely, 


—(d Ina) /dp=1/p+a=(1/p)(1+V/B), (13) 


from which it is obvious that a decreases more rapidly 
with increasing pressure than does 6, this behavior 
being what is theoretically expected, and the same as 
that found by Bridgman for liquids and solids.® In 
fact (d8/dp) becomes zero when V = B. 

Finally, we obtain the following expression for the 


9 See work cited in footnote 7, p. 172. 
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decrease of thermal expansion with increasing temper- 
ature, at extreme pressures, by differentiating Eq. 
(11b) with respect to T, 


—dB/dT= (R’) 2 pe V2+[(R’)?B/ pV?) 
= (R’/pV)?(1+B/V) =8(1+B/V). (14) 
In a forthcoming paper we shall discuss the pressure 
coefficient, the internal energy, and the internal pres- 


sure, and shall attempt to derive the complete equation 
of state for gases at extreme pressures. 
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Communications 


Open- and Closed-Shell SCF Method for 
Conjugated Systems*}t 


O. W. ApaAms AND P. G. Lyxos 


Division of Chemistry and Chemical Engineering, Armour Research 
Foundation of the Illinois Institute of Technology and the Department 
f Chemistry, Illinois Institute of Technology, Chicago 16, Illinois 


(Received December 14, 1960) 


OOTHAAN! and Huzinaga? have extended the 

LCAO-MO-SCF method of Roothaan* for closed- 
shell systems to include open-shell systems. We have 
concerned ourselves with the lowest singlet, doublet, 
and triplet states of conjugated systems within the pi- 
electron approximation* and have prepared for the 
UNIVAC 1105 computer an automatic general program 
for handling open-shell systems for which the total 
energy can be expressed in the form 


E=2>°Hi+ > [2Se- Kul+f{22 Hm 
. kl - 


+f>°[2¢Jnn—bKmn ]+2>[2Jem— Kim ]}- 


mn km 


The definitions of the various terms in this equation are 
exactly the same as those given by Roothaan.'! The 
LCAO-MO-SCF method as programmed for the 1105 
is similar to that of Roothaan! except that we take 
cognizance of no symmetry and accordingly we find it 
convenient to normalize each of the MO’s to unity. 
Also we work within the assumption of zero differential 
overlap.® 
The F matrix is expressed in the form 


F=H+2J.—K.+2J,—K)+D,B+BD,— B, 


‘where B=(2aJo—8Ko) with a=(1—a)/(1—f) and 
8=(1—b)/(1—f ). The matrix D, is the total density 
matrix. 
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Within zero differential overlap the elements of the 


various matrices contributing to F—H are: 


Je.vp= DS to= ii Cu? (pp |ss) 
k k 8 

Ke pq DKi.n™ DC Con PP 199) 
k k 


Joav=f > Imor=f>, > Cun? (pp |ss) 


m 


Ko.va=f22Km.va=f LC omC am( PP | 99) 


m 


Dr ve= > CaCatf>ComCon 
k 


m 
Jona=Jo.nq=0.- 


Here kl, mn, and ij are indices which run over the 
closed-shell, open-shell or both open- and closed-shell 
orbitals, respectively, and f is the fractional occupancy 
of the open shells. 

Lefebvre’ has used a perturbation approach for 
handling open-shell SCF problems and concerned him- 
self with the lowest singlet and triplet states of ‘rans- 
butadiene. The MO’s which he obtained from the 
triplet-state problem did not differ greatly from the 
MO’s which characterized the lowest singlet state 
MO’s suggesting that separate optimization of the 
LCAO-MO vectors does not lead to significantly differ- 
ent results. 

The symmetry of trans-butadiene is sufficiently high 
that not many degrees of freedom are left for this 
difference to manifest itself. Accordingly we have 
selected for a test problem for our general program the 
perturbed frans-butadiene that results when an sp*r 
nitrogen atom is substituted for a terminal sp*r carbon 
atom, say carbon atom number 4. 

The results which obtain for the singlet ground state 
and for the lowest triplet state are given in Table I. 


Taste I. SCF results for perturbed trans-butadiene. 








Lowest 
triplet state 


Singlet 
ground state 


Coefficients 





Cu 0.427 
Cu 0.517 
rm 0.520 
Ca 0.529 


0.667 
0.692 
0.257 
0.098 


0.561 
0.480 
—0.344 
—0.581 


0.226 
0.090 
—0.514 
—0.822 


0.535 
—0.409 
—0.543 

0.502 


0.288 
—0.068 
—0.776 

0.557 


0.648 
—0.713 
0.260 
—0.062 


0.465 
—0.581 
0.562 
—0.361 
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We observe that the two sets of MO’s are quite differ- 
ent. A more complete discussion of the method em- 
ployed here and of the basis of the choice of parameters’ 
will be given in a subsequent paper. That paper will also 
include calculations on aromatic and V-heteroaromatic 
systems.’ 


* Part of a thesis by O. W. Adams, submitted to the Illinois 
Institute of Technology, 1960, in partial fulfillment of the re- 
quirements for the Ph.D. degree. 

+ This research was supported in part by a grant to the Illinois 
Institute of Technology from the National Science Foundation. 

t We wish to thank the Illinois Institute of Technology for the 
generous contribution of UNIVAC 1105 computer time. 

'C, C. J. Roothaan, Revs. Modern Phys. 32, 179 (1960). 

2S. Huzinaga, Phys. Rev. 120, 866 (1960). 

>C.C. J. Roothaan, Revs. Modern Phys. 23, 69 (1951). 

‘P. G. Lykos and R. G. Parr, J. Chem. Phys. 24, 1166 (1956). 

5 R. Pariser and R. G. Parr, J. Chem. Phys. 21, 466, 767 (1953). 

®R. Lefebvre, Calcul Des Fonctions D’Onde Moleculaire (Inter- 
national Colloquium at the National Center of Scientific Research, 
Paris, 1958), p. 95. 

7 Part of a thesis by O. W. Adams submitted to the Illinois 
Institute of Technology, 1960, in partial fulfillment of the re- 
quirements for the Ph.D. degree. 

8B. Grabe, Arkiv Fysik 17, 97 (1960) and J. R. Hoyland and 
L. Goodman, Symposium on Molecular Structure and Spec- 
troscopy, The Ohio State University, Columbus, June 13-17, 
1960, have used the open-shell SCF method of Roothaan for 
odd-electron aromatic systems. As brought out explicitly by 
Grabe and by private communication to one of us (P.G.L.) from 
Professor Goodman, similar differences are noticed in comparing 
the ground state of the ion with the ground state of the parent 
aromatic system. 


Far-Infrared Bands of Some Crystals 
with Strong Hydrogen Bonds 
D. Hapii* 
Mellon Institute, Pittsburgh 13, Pennsylvania 
(Received January 18, 1961) 

REVIOUS investigations'? have shown the oc- 
currence of two OH stretching bands near 3000 
cm in the infrared spectra of certain solids containing 
very strong hydrogen bonds. This was attributed to 
the splitting of vibrational energy levels due to proton 
tunnelling. Evidence for such proton motion was also 
obtained from nuclear magnetic resonance studies.* As 
a further step in this work far-infrared spectra have 
now been measured in the range 500-100 cm™ for 


TABLE I. 


KH2PO, 

RbH2PO, 

KH2AsO, 

Phenyl] phosphinic acid 


KH di-( p-nitrobenzoate) 























Fic. 1. Schematic representation of the infrared transitions in 
a double-minimum potential field (Avon=r1—v2). 


solid potassium, rubidium, and ammonium dihydrogen 
phosphates, potassium dihydrogen arsenate, silver tri- 
hydrogen periodate, potassium hydrogen di-(p-nitro- 
benzoate), and phenylphosphinic acid. The hope was 
to find bands due to the direct transitions between the 
split zero level of the OH oscillator vo,—vo_ (see Fig. 1). 
The first five substances are of particular interest be- 
cause of their ferroelectric properties. 

The observed frequency differences between the two 
OH stretching bands are given in Table I (Avon, from 
the works cited in references 1 and 2). They indicate 
that bands due to the voy—vo_ transition will be in the 
range 100-160 cm. In fact, we have found bands in 
this region with five of the above mentioned substances 
(Ao in the table). They do not appear with the deuter- 
ated analogs, probably being shifted below 100 cm™. 
It was not possible to find them there with the instru- 
ment used. The large shift makes the assignment to the 
mentioned transition more probable than the alterna- 
tive assignment to some lattice modes. The fact that 
the substances showing a larger Avon have larger Ao 
too is also significant. The detection of bands was 
particularly difficult with the group of ferroelectrics 
which exhibits very strong absorption extending from 
above 500 cm~! to below 200 cm~. The low-frequency 
slope of this absorption may have covered the bands 
of the other two substances so that they could not be 
observed. 

The author is indebted to Dr. Foil A. Miller for 
interest in this work and for the facilities put at his 
disposal. The work was supported by the National 
Science Foundation. 


*On leave from the University 
Yugoslavia. 

1R. Blinc and D. HadZi, Mol. Phys. 1, 391 (1958). 

?—D. Hadzi and A. Novak, Infrared spectra of, and hydrogen 
bonding in, some acid salts of carboxylic acids (University of 
Ljubljana, Yugoslavia, 1960). 

*R. Blinc and D. HadZi, Spectrochim. Acta 16, 852 


of Ljubljana, Ljubljana, 
ere \ 


1960). 





1446 LETTERS TO THE EDITOR 


Open-Shell Wave Functions for Conjugated Roothaan’s? definitions, the matrix F for an open-shell 

Hydrocarbons* system is given by F=H+2J7—Ky— (2aJo—8Ko) + 
SD,Q+QD7S. In the framework of the z-electron 
approximation and differential overlap, and for the 


Whitmore Chemical Laboratory, The Pennsylvania State University, open-shell orbitals normalized to i, S becomes the 
University Park, Pennsylvania unit matrix 


J. R. HoyLanp{ AND LIONEL GOODMAN 


Received January 25, 1961) 


E have extended our earlier work on deformation | Sam fo 1) xq(1)dr(1) = inh 
of x- and o- type orbitals! to include reminimiza- 

tion of open-shell states. The procedure is the open- I7,9¢= 80q9_Dr(11 | pp), 

shell SCF method devised by Roothaan? and applied - 

to the 7 electrons in conjugated hydrocarbons. Jo.pa=Srad_ Dore (rr | pp), 

This communication is chiefly concerned with the r 

changes in the 7-MO’s upon ionization, capture, or : 

excitation of a electron. The z-electron approximation Kr.pq= Dr oq PP |99); 

is assumed, along with the assumptions of differential 

overlap’ and deformation of orbitals.! Utilizing Ko, »q= Dona PP 199) - 


TaBLe I. SCF molecular orbitals for naphthalene.* 














Species Molecular orbitals>-° qi? q:4 


Ground state y¥i=0.3007,+0.2589,+0 43030; 0.0904 0.0670 
Y2=0.27200,+0.4196%, 0.0740 0.1761 
¥3=0.39924.+-0.2081%7,+0.3075@5 0.1594 0.0433 
¥s=0.0141, +0 .3737@,—0.4693@; 0.0002 0.1397 
¥s=0.419645+0.27204 49 0.1761 0.0740 0 
¥6=0.41960,—0.27200, 0.1761 0.0740 0 
Total charge density 1.0000 1.0000 .0000 





Positive ion ¥i=0.2963,+0.21614.+0. 4806; 0.0878 .0467 2310 
Y2=0.2697%,+-0.4210, 0.0727 1772 0 

¥3=0.3987%5+-0. 1804@,+-0 34200, 0.1590 .0325 .1170 

¥4=0.05330, +0 .39720.—0.4229@ 0.0028 .1578 1788 
¥s=0.4313,+0.25290,, 0.1860 .0640 0 

Total charge density 0.8306 8924 .0536 


Negative ion ¥1=0.3009@, ++0.27720.+0 .4065@ .0905 .0768 .1652 
¥2=0.25390,+0.43078; .0645 1855 0 
¥3=0.40036.+0.21366,+0.2972@, 1602 .0456 0883 
Ya= —0.0323,+0.37570.—0. 46440 .0010 1412 2157 
¥s=0.4214%,+0. 26910, .1776 0724 
Ye=0.4307%,—0.2539@, 1855 0645 
Total charge density 1731 1075 


Lowest energy triplet state ¥i=0.2994, +0.2428.+-0.4503@ 0896 .0590 
Y2=0.2288,+0. 44460, .0523 1977 

¥3=0.40040,+0. 1832@,+-0. 33490, . 1603 .0336 

¥4=0.00170, +0. 3968, —0 4302 0 3575 

¥s=0.44460.+0. 2288, 0.1977 .0523 

Ye=0.4446,—0. 22880, 0.1977 .0523 

Total charge density 1.0000 1.0000 











® The numbering system for naphthalene is that used by C. M. Moser, [J. chim. phys. 54, 24 (1955)], i-e., 9, 10 are junction positions, 1 and 2 are the a and B 
positions, respectively. 
>» The MO’s are written in terms of the following symmetry orbitals: 


Bi=(XitXet+Xst Xs), Doe (Xet Xst+Xot Xr), Ps=(KXot+Xio), Pe= (Kit Xi—Ns— Xs),  Bs= (X24 Xs—No—X7), 
De=(X1—Xi— X54 Xs), y= (X2—X3—X0+-X7), Ps=(Xs—X10), Po=(X1—Xi+- Xs— Xz), Di9= (X2—X34+- X6—X2). 


© Only those orbitals which are occupied are listed. For the ground state, the completion orbital ®¢ is given for comparison purposes. 
4 Charge orders, i.e., gx=C1?. 
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Here Drjng= >, iCpiCgi*, i running over both closed- and 
open-shell orbitals, and Do,ng= > jmCpmCqm*, With m 
running over the open-shell orbitals only. In the case of 
one open-shell orbital and a closed-shell core (doublet) , 
or a triplet arising from the excitation of an electron 
in a closed-shell molecule, a=0 and B= —2. 

Recently Grabe* has carried out open-shell calcula- 
tions on systems of biochemical interest utilizing the 
Roothaan method. Other formulations for construction 
of open-shell configurational wave functions in con- 
jugated systems, are those of Lefebvre’ and Pople and 
Nesbet,® the latter being an approximate procedure. The 
calculations reported here (and those of Grabe*) are 
exact in the sense that the wave functions are eigen- 
functions of the correct Hartree-Fock Hamiltonian 
within the z-electron approximation’ plus deformation 
and parameter assumptions. 

The SCF 2-MO’s for (1) the singlet ground state, 
(2) doublet positive ion, (3) doublet negative ion, and 
(4) lowest energy triplet excited configuration of 
naphthalene, are given in Table I. The ground-state 
calculations were made by closed-shell SCF theory’ with 
a set of assumptions equivalent to those made in the 
open-shell computations. It is seen by inspection that 
the MO’s of the open-shell species differ significantly 
from those of the ground state.’ Similar results are 
obtained for 11 other conjugated hydrocarbons. These 
calculations lead to the conclusion that open-shell 
configurational wave functions constructed from ground- 
state MO’s are reasonable approximations to the true 
wave function. However, reminimization of the open- 
shell state becomes important when the charge dis- 
tribution is considered (e.g., see naphthalene charge 
densities at position 9 in Table I; where excess negative 
charge is predicted in the positive ion and a positive 
charge predicted in the negative ion). 

A detailed discussion of the calculations reported 
here will be published in the near future. 

* Presented at the Sanibel Island, Florida Institute for Quantum 
Chemistry and Solid-State Physics, January 2-13, 1961. 

+ National Science Foundation Predoctoral Fellow 1959-1961. 

‘J. R. Hoyland and L. Goodman, J. Chem. Phys. 33, 946 
(1960). 

2C. C. J. Roothaan, Revs. Modern Phys. 32, 179 (1960). 

3 R. Pariser and R. G. Parr, J. Chem. Phys. 21, 466 (1953) ; 21, 
767 (1953). 

4B. Grabe, Arkiv Fysik 17, 97 (1960). 

5 R. Lefebvre, J. chim. phys. 54, 168 (1957); H. Brion, R. 
Lefebvre, and C. Moser, ibid. 54, 3603 (1957); R. Lefebvre, Calcul 
des Fonctions D’Onde Moleculaire (International Colloquium at 
the National Center of Scientific Research, Paris, 1958), p. 95. 

6 J. A. Pople and R. K. Nesbet, J. Chem. Phys. 22, 571 (1954). 

7 Adams and Lykos have communicated that they have carried 
out open-shell SCF calculations on a perturbed trans-butadiene 
system. 

8C.C. J. Roothaan, Revs. Modern Phys. 23, 69 (1951). 

®Caution must be used in interpreting the changes in the 
MO’s since Roothaan’s method determines these uniquely only 
up to two unitary transformations which transform MO’s of the 
same symmetry among themselves in the closed and open sets 


separately. Thus the changes in the B,, MO’s y; and y in Table I 
cannot be absolutely interpreted. 
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Electron Nuclear Double Resonance in 
Irradiated Organic Crystals 


T. Core, C. HELLER, AND J. LAMBE 
Scientific Laboratory, Ford Motor Company, Dearborn, Michigan 


(Received February 15, 1961) 


E here report the observation of electron nuclear 

double resonance (ENDOR)! in irradiated single 
crystals of succinic acid.? In succinic acid ENDOR lines 
corresponding to the hyperfine splitting of the radical 
HOOCCHCH;COOH were observed and in addition 
depolarization? ENDOR was also observed. 

Single crystals were prepared and irradiated as pre- 
viously described.? Lines in the electron magnetic 
resonance were observed at 4.2°K under partial satura- 
tion! with a conventional EMR spectrometer employ- 
ing 5-ke field modulation and phase-sensitive detection. 
Radio-frequency energy was supplied to a small wire 
loop surrounding the crystal by a Hewlett Packard 606 
signal generator and broad-band rf amplifier. The rf 
power was amplitude modulated at 3 cps while sweeping 
the frequency from 10 to 75 Mc. Sweeping the rf 
through an ENDOR line caused a modulation in the 
intensity of the EMR signal. This 3-cps modulation was 
observed with a mechanical synchronous detector. 
ENDOR spectra for succinic acid were observed both 
parallel and perpendicular to the crystalline } axis. 


Fic. 1. ENDOR spectrum of (HOOC)CHCH2(COOH) with 
the magnetic field along the } axis. Lines labeled C and C’ are 
due to the CH proton; 6, b’ and a, a’ are due to the CHe protons. 
The intense line at 14.2 Mc which partially obscures C’ is due to 
depolarization ENDOR. The dotted spectrum indicates a 100- 
fold reduction in rf power. 
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For these orientations the two molecules in the unit cell 
are magnetically equivalent.” 

A typical ENDOR spectrum for succinic acid is 
shown in Fig. 1. Linewidths are in the range of 0.2 to 
0.5 Mc. Linewidths in the EMR spectrum,’ on the 
other hand, are in the range of 6 to 9 Mc. There are 
three pairs of strong lines in the upper two lines of the 
spectrum. Pairs a, a’ and 8, b’ are due to the two CH, 
protons while the pair c, c’ is due to the CH proton. 
Pairs a, a’ and 6, b’ vary over a range of less than 15% 
in frequency as the magnetic field is rotated relative to 
the crystal axis system while c, c’ shows a much larger 
angular anisotropy. 

The hyperfine splitting A, for proton 7 in the EMR 
spectrum of the free radical is related to the two 
ENDOR frequen ies vy; and v,’ of that proton by 


A;=vitry. (1) 
The difference between vy; and »,’ is approximately 
twice the nuclear Zeeman frequency of 14 Mc. Splittings 
for the ‘‘forbidden’* (Am,;=-+1) hyperfine transitions 
are 


A;= |¥i— 7% |. 


(2) 


Preliminary calculations of A; based on ENDOR fre- 
quencies appear to be in general agreement with the 
values obtained from conventional EMR.? 

In addition to the six lines mentioned above we note 
also a very intense line at 14.2 Mc surrounded by a 
number of weak satellites. This strong line is due to the 
depolarization of protons distant from the paramag- 
netic center.® The time required for recovery of the 
EMR signal after removal of the rf is of the order of 
100 sec for the distant proton line while that for the 
intramolecular protons is 0.01 to 0.1 sec. This distant 
ENDOR appears to be very similar to the effect noted 
for distant aluminum nuclei in ruby.* The basic mecha- 
nism of the effect is that microwave power causes a 
dynamic polarization of distant nuclei which is re- 
moved by rf energy at the Laramor frequency of these 
nuclei. Satellite lines near the distant proton line corre- 
spond to hyperfine splittings of the unpaired electron by 
neighboring protons which are too small (less than 4 
Mc) to be resolved in conventional EMR. Distant or 
depolarization EN DOR has also been observed in irra- 
diated malonic acid.* This line shows the same relaxa- 
tion characteristics as the distant ENDOR line in 
succinic acid. 

Work is now in progress on the detailed calculation of 
the hyperfine tensors from ENDOR data. 

1G. Feher, Phys. Rev. 103, 500 (1956). 

2C, Heller and H. M. McConnell, J. Chem. Phys. 32, 1535 

1960). 

3 J. Lambe, N. Laurance, E. 

Phys. Rev. (to be published). 
4H. M. McConnell, C. Heller, T. Cole, and R. W. Iessenden, 
J. Am. Chem. Soc. 82, 766 (1960 


~ 6A. Abragam and W. G. Proctor, Compt. rend. 246, 2253 
1958). 
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Yomments and Errata 


Dissociation Energies of Diatomic 
Molecules* 


I. R. Lreprncort, R. SCHROEDER,{ AND D. STEELE 
Department of Chemistry, University of Maryland, 
College Park, Maryland 


(Received December 14, 1960) 


N a discussion of dissociation energies of diatomic 
molecules G.R. Somayajulu! has used the relation 


k.r./D=constant, (1) 


to relate the force constant k,, dissociation energy Dp, 
and equilibrium distance r.. He comments that a suit- 
able potential function might be expected to lead to 
this relation but then states “It appears, however, that 
the potential functions so far proposed do not lead to 
this result.”” We wish to point out that this relation 
may be derived from the previously proposed? function ; 


V =D{[1—exp(—ndr?/2r) [1+af(r) ], (2) 


where »=constant of Eq. (1), Ar=r—r,., a=constant, 
and f(r) is a function such that f(r) =0 as r->* and 
f(r) = as r-0. Relation (1) has been used to cor- 
relate and predict dissociation energies of diatomic 
molecules and bond energies of bonds in polyatomic 
molecules.2-* Somayajulu’s results are in essential 
agreement with our earlier calculations on diatomic 
molecules except where more recent data has been 
available. We also have used this relation to show that a 
value of 170 kcal/mole is favored for the heat of sub- 
limation of graphite.* The main difference between our 
use of this relation and that of Somayajulu is that he 
assumed a characteristic value for the constant of 
Eq. (1) for different sequences of molecules, whereas 
we evaluated this constant from ionization potentials 
by means of an empirical rule. 

It should be pointed out that relation (1) is not valid 
for excited states of diatomic molecules in that Somaya- 
julu’s sequence constants cannot be used without 
modification. We have derived some relations from a 
consideration of the proposed function (2) which 
enable one to calculate dissociation energies of excited 
states from the equivalent of (1) through the use of 
re and vibrational frequencies for the excited states.° 
Some results are given in Table I for O2 for which the 
relations are particularly good. 

The working equation is 


1.8387 10-"Bww'r1—fa(x) Pg 





D.(ev) = 


W272 


where a is the parameter a of Eq. (2), a(x) is the value 
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of this parameter for the ground state of the molecule, 
pw is the reduced mass in atomic units, w, and r; refer to 
the vibrational frequency and bond length of the 
ground state of the molecule in cm™ and A, respec- 


TAas_e I. Calculation of dissociation energies of excited states of 
Oz from w, and r,. 


re D, obs D, cale 
.2074 A 5.220 ev .02 ev 


1580.36 cm™! 5 : 
.2155 4.13 .48 
5 
1 


1509.3 

1432.69 
700.36 
050.49 


2267 3.58 K 
6004 00 96 
597 0.67 .69 


tively, and 6 is a constant defined by the form of f(r). 
Here 0 is equal to 1.065 for all molecules excepting 
hydrogen for which it takes the value 1.16. The param- 
eter @ is given by 


1 


a=— zs 
6B2/aw+ 4 


(4) 


The parameter has been shown to be periodic within 
the periodic table.® For an heteronuclear molecule the 
a(x) is given satisfactorily as the mean of the a(x) for 
the constituent elements. 

Finally it should be pointed out that the potential 
function (2) is not the only one which will allow a 
derivation of relation (1). Actually there are several 
families of functions which give this relation but (2) is 
the only one which gives (1) and at the same time 
gives a usable correlation of anharmonicity, force con- 
stant, dissociation energy, and bond lengths. 


* This work has been supported in part by the Office of Ord- 
nance Research, U. S. Army. 

t Present address: Department of Chemistry, Southwestern 
Louisiana University, Lafayette, Louisiana. 

'G. R. Somayajulu, J. Chem. Phys. 33, 1541 (1960). 

* E. R. Lippincott, J. Chem. Phys. 21, 2070 (1953); E. R. Lip- 
pincott and R. Schroeder, ibid, 23, 1131 (1955) ; E. R. Lippincott, 
D. Steele, and P. Caldwell, ibid. (to be published). 

3J. Pliva, Collection Czechoslov. Chem. Commun. 23, 777, 
1839, 1846, 1852 (1958). 

*E. R. Lippincott and R. Schroeder, J. Am. Chem. Soc. 78, 
5171 (1956). 

*D. Steele and E. R. Lippincott (unpublished). 


Dissociation Energies of Diatomic 
Molecules* 


G. R. SomayajyuLu 


Department of Chemistry and Lawrence Radiation Laboratory, 
University of California, Berkeley 4, California 


(Received January 9, 1961) 


T is gratifying to note that Lippincott’s function! 
(which we have unfortunately overlooked) leads to 
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the relation 


ker./D=n, (1) 


and at the same time satisfies the conditions desirable 
of a good potential function. Empirically, we have 
found’ that ” is approximately constant for sequences 
of similar diatoms in the ground state. Lippincott and 
Schroeder*® use bond-dissociation energies of polyatomic 
molecules to conclude that » is constant for bonds of 
any type between two given atoms. Thus » should be 
constant for different types of bonds between similar 
atoms such as O, S, Se, and Te. It is found? that the 
first members of sequences of similar diatoms have 
different values. Also the same value of m cannot be 
used for the ground state and excited electronic states. 
The relationship* between and ionization potentials 
of the bonded atoms would seem more reasonable if 
valence-state ionization potentials were used. The re- 
sulting variation of m with valence state would explain 
the difference between the value of nm for ground and 
excited states. 

We may also point out that bond energy, bond 
length, and force constant are related*® by the ex- 
pression 

ko 2/E=B, 2) 


where E is the bond energy, and £ is a constant for 
bonds of any type and of any order between two given 
atoms in their normal valence states. Relation (2) 
follows from the function® 


U=ar-"— br, 
and also from a number of other functions.’ 


The results which illustrate the validity of relation 
(3) for the S—S bonds have been presented in Table I. 


TABLE I. 





Bond Molecule &,(md/A)~ ¢,(A) £(kcal/mole) 8 


S=—=S Se 1.889 101.46 1744 


S—S 


2.05 62.65 


The S—S bond energy of 62.65 kcal/mole was cal- 
culated from Eq. (3). A value of 63 kcal/mole for 
E(S—S) may be obtained from the heats of atomiza- 
tion® of H2S,.-type molecules and also from the heat of 
atomization® of gaseous Ss. Similar results confirming 
the validity of relation (2) have been obtained in a 
number of cases. 

For bonds between two given atoms, relations (1) 
and (2) lead to the simple result that 


Dr,/E=8/n=constant. (4) 


It appears, however, that there are a few cases where 
the bond energies are approximately equal to bond 
dissociation energies. Obviously, in such cases relation 
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(4) leads to the absurd result that r,=constant for 
different types of bonds between two given atoms. 
Even otherwise, we have not found much evidence to 
support relation (4). In view of this, we are hesitant to 
recommend relations (1) and (4) for different types 
of bonds between two given atoms. On the other hand, 
we expect relation (1) to hold for similar bonds with 
constant bond type in polyatomic molecules (e.g., 
CH;—F, CH;—Cl, CH;—Br, and CH;—I). 

We have used’ relation (3) and also a method based 
on valence-state energies of atoms to obtain the bond 
energies of various types of CC, CH, CO, CS, and CN 
bonds. On the basis of these energies, we have found 
little evidence in favor of resonance in classical mole- 
cules such as 1,3-butadiene, methyl acetylene, etc. 
We have also found that the strengths of heteropolar 
bonds, explained by Pauling” on the basis of ionic- 
covalent resonance, can be successfully explained in 
terms of strengths of hybrid orbitals. 

We wish to take this opportunity to correct an error 
that has been found in Eq. (8) of our paper on dis- 
sociation energies of diatomic molecules.? Equation (8) 
should read as k,r.2/D,.=mn. 

My thanks are due Professor Leo Brewer for his kind 
interest in this work. 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 E. R. Lippincott, J. Chem, Phys. 21, 2070 (1953). 

2G. R. Somayajulu, J. Chem. Phys. 33, 1541 (1960). 

3E. R. Lippincott and R. Schroeder, J. Am. Chem. Soc. 78, 
1 (1956). 

J. J. Fox and A. E. Martin, J. Chem. Soc. 1939, 884. 

°G. R. Somayajulu (unpublished). 

6 G. B. B. M. Sutherland, Proc. Indian Acad. Sci. 8, 341 (1938). 

7 VY, P. Varshni, Revs. Modern Phys. 29, 664 (1957). 

8 F, Feher and G. Winkhaus, Z. anorg. u. allgem. Chem. 292, 
210 (1957). 

9G. B. Guthrie, D. W. Scott, and G. Waddington, J. 
Chem. Soc. 76, 1488 (1954). 

WT. Pauling, The Nature of the Chemical Bond (Cornell Uni- 
versity Press, Ithaca, New York, 1960), 3rd ed. 
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On the Structure of Ferric Chloride 
Solutions* 


C. L. STANDLEY AND R. F. Kruu 


Department of Chemistry, University of Arkansas, 
Fayetteville, Arkansas 


(Received February 15, 1960) 


E have reviewed Brady’s diffraction study! of 

ferric chloride solutions and do not believe that 
the results “indicate in a straightforward way the 
octahedral ligand cage” for Fe**. Moreover, Brady’s 
accounting for the entire first maximum in the radial 
distribution function (RDF) by assigning six chlorine 
neighbors to only half the irons, practically ignores the 
other half. The literal FeCl**+ Brady suggests (as one 
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Fic. 1. Portions of the radial distribution curves for ferric 
chloride solutions. The figures by each curve show the molality. 
The area beneath the horizontal lines within the peaks at 2.3 A 
is that deducted for the hydrogen-chlorine interactions. A calcu- 
lated peak for four chlorine neighbors per iron is drawn under 
the first maximum for each of the hydrochloric acid solutions and 
the 5.1 molal water solution. For the dilute water solutions the 
first maximum is resolved in terms of iron-water (at 2.0 A) and 
iron-chlorine (at 2.3 A) interactions as described in the text. The 
calculated maxima indicated at 2.8 and 3.3 A are for four water 
neighbors per water and six water neighbors per chlorine and are 
intended only to illustrate the possible magnitude of their con- 
tributions to the second maximum, 





possibility) is unreasonable in view of solvation, and 
any reasonable species would make a substantial con- 
tribution to the first maximum in the RDF. This defect 
suggests that his model is incorrect, and further meas- 
urements in hydrochloric acid solution lead to a more 
satisfactory picture involving the tetrahedral coordi- 
nation of iron by chlorine. 
Measurements? were made on the following: 


1.41 molal Feo .o2sClo.o70( HzO) o 907 

.26 molal Feo .ossClo.106(H20) 0.868 

10 molal Feo .067Clo.201(H20) 0.732 

.77 molal Feo .o3¢Clo.108( HCI) 0.142( H2O) 0.220 
5.10 molal Feo .o61Clo.1s4( C1) 0.086 (20) 0.669 
6.41 molal Feo .o7sClo.223( HCI) 0.067( H20) 0.646. 


Intensity was corrected for background, polarization, 
absorption, and incoherent scattering. The radial dis- 
tribution curves include the contribution of hydrogen 
to the average electron density, and we have corrected 
the area of the first peak (at 2.3 A) for the hydrogen- 
chlorine interactions associated with the hydration of 
chloride ions. For this we assume an average of from 
eight to ten hydrogens per chloride ion, and the total 
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areas and net areas are 80, 140, 310 and 58, 100, 240 el* 
for the 1.41, 2.26, and 5.10 molal solutions; and 160, 
295, 340 and 130, 220, 265 el? for the 2.77, 5.10, and 6.41 
molal solutions. Areas expected* for Fe—Cl, Fe—H,0, 
H,O—H,O, and Cl—H,O pairs are 440, 200, 60, and 
130 el’. 

For all the solutions the first maximum occurs at 
from 2.25 to 2.30 A, the expected separation for an 
iron-chlorine pair. The area per iron atom in the 
hydrochloric acid solutions is virtually constant 
(3600 el?) and corresponds to 4.1 chlorine neighbors per 
iron. In the water solutions the area per iron approaches 
this value with increasing concentration; the values are 
2500, 2850, and 3600 el*. This suggests that the ion 
FeCl, is the principal ion in the hydrochloric acid 
solutions and that four-coordination also occurs in 
concentrated water solution. In the water solution, 
however, this would require the sharing of some 
chlorines between irons, and the number density of 
chlorines is great enough to permit this. 

For the 1.41 and 2.26 molal solutions the position of 
the maximum (at 2.3 A) makes extensive coordination 
with water unlikely. If we assume that the iron still has 
four neighbors, we get 1.7 and 2.8 chlorines per iron, 
the balance being water, and corresponding components 
are shown in Fig. 1. Although the situation in these two 
solutions is uncertain we believe that for the other 
solutions, the data strongly support four-coordination 
of iron by chlorine. d 

The second main peak (at 3.3 A), which might be 
expected to give information as to whether the co- 
ordination is square or tetrahedral (or octahedral) 
contains predominantly water-water and water-chlorine 
interactions, as it does in KCl and LiCl solutions.‘ 
Even though it must also contain contributions from 
chlorine-chlorine interactions, its location at nearly 
2.3Xv2 may be misleading, since Brady takes it as 
proof of octahedral coordination. As it is he has not 
allowed for the substantial water-water interaction in 
this peak, so the agreement between calculated (290 
el?) and ‘“‘observed”’ (300 el*) areas for chlorine-chlorine 
is dubious. Most probably the coordination is tetra- 
hedral, but the RDF cannot confirm this. 

This review shows that the structural information 
given by diffraction measurements on this system is 
limited and that Brady’s proposal of FeCl- octahedra 
and his suggestions involving Fe,Cle and FeCl mix- 
tures are less straightforward than alleged. The inter- 
pretation we make is less detailed, but it has the 
advantage of consistency with other findings’ as well 
as that of accounting for the nearest neighbors of all of 
the iron, 


* The support of the U. S. Atomic Energy Commission is grate- 
fully acknowledged. 

1G. W. Brady, J. Chem. Phys. 29, 1371 (1958). 

2 See P. C. Sharrah, J. I. Petz, and R. F. Kruh, J. Chem. Phys. 
32, 241 (1960) for description of apparatus. 
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3 J. Waser and V. Schomaker, Revs. Modern Phys. 25, 671 
(1953). 

4G. W. Brady and J. T. Krause, J. Chem. Phys. 27, 304 (1957) ; 
G. W. Brady, ibid. 28, 464 (1958). 

5 E. Rabinowitch and W. H. Stockmayer, J. Am. Chem. Soc. 
64, 335 (1942). 

6H. L. Friedman, J. Am. Chem. Soc. 74, 5 (1952). 


7D. E. Chalkley and R. J. P. Williams, J. Chem. Soc. 1955, 
1920. 


Mayer’s Ensembles of Maximum Entropy 


ANDREW D. McLAcHLAn* AND ROBERT A. HaArrist 


Conant Chemical Laboratory, Harvard University, 
Cambridge 38, Massachusetts 


(Received December 12, 1960) 


AYER’S theorem! about the ensembles of maxi- 

mum entropy has a very simple proof, depending 
on Lagrange’s undetermined multipliers. In this note we 
shall for simplicity treat only a closed system of V 
particles. Let us then find the \-particle distribution 
function Wy which makes S [Eq. (1) ] a maximum, 
subject to the conditions that w, for some n<JN is 
given [Eq. (2) ], and Wy is normalized [Eq. (3) ] 
(w, also determines wy_1*+*Wo) ; 


(N 
S=—k/N if Wis loetiede. 


(N—n 
Wn( lesen) =1, (v=n)tf Wydz, 


i=1 vif Wydv. 


Here /‘” stands for the integral over the last m par- 
ticles. 

First, if P is any permutation of 1---, the sym- 
metrized function 1/N!}°>pWy(1p+++Np) has at least 
the entropy of Wy, as —<x logx is a convex function of 
x; so that the Wy which we seek must be a symmetric 
function of 1, 2, --+N. All variations of Wy must also 
be symmetric, of the form 


AWy(1+++N) =1/N!D(6Wy(1p-++Np), 
= 


where 6Wy is an arbitrary function. Equation (3) can 
be eliminated from the variational problem by a single 
Lagrangian multiplier a, but Eq. (2) implies an 
infinite number of constraints, one for each set of 
points (1, 2, +++); one must introduce a different 
multiplier 8,(1, 2, -++) for each set, with 8, a sym- 
metric function of 1, 2, -+-”. These multipliers must 





1452 


make the coefficient of 6Wy in 6’s vanish, so that 


(1+logWy) +at+ >B,(1p+++np) =0, (4) 
P 


and Wy is therefore a product of terms which involve 
at most m particles at a time, and all the higher cor- 
relation functions! $,4» vanish. This is Mayer’s result. 
To derive Eq. (4) we convert the condition that 
dw, (1’+++n’) =0 into an integral over N particles, 

r(n 

J dWy[D08(1p-1') ++ +8(np—n') Jdv=0. (5) 

’ P 
[ The delta functions in (5) select the region of N-par- 
ticle phase space where particles are simultaneously at 
the points 1’+++-n’]. Then, to see that the numbers 
8,(1'+++n’) correspond to the finite number of multi- 
pliers used in a variation problem with a finite number 
of constraints, we may make the following transition. 
Start with phase space divided into cells 7, and let 
Wy(i) be the average of Wy over each cell. The modi- 
fied variation problem, with br for {™ and a finite 
number of cells, may certainly be solved by Lagrange’s 
multipliers. As the size of the cells tends to zero we 
obtain Eq. (4) in the limit. Equation (4) implies only 
that S is stationary, but the second-order change of S 
is proportional to 


(N) 
i | (8Wy)2/Wn-do, 


and is negative definite. 

As Mayer pointed out, the correlation functions 
do, $1, ***Gn Corresponding to the maximum entropy 
ensemble Wy{n} determined by w, are not unique, 
since, for example, ¢) may be absorbed into ¢;. How- 
ever, if the maximum entropy ensemble Wy{n} is uni- 
quely determined by w, we can also choose ¢$o, $1, **° 
uniquely. Since w, determines wo, w1, ***Wn_a there is a 
unique series of maximum entropy ensembles 
Wy{0}=1, Wy{1}, «++ fixed by them, with entropies 
So> Sir++>S,. Now since logWy can be calculated 
from the ¢’s, we choose them successively so that 
gives Wy {0}; $0 and ¢; together give Wy{1}; and so on. 
Each additional ¢, introduces an additional degree of 
correlation, and reduces the entropy further by 


(m) 
k/m if WmPmd. 


We thus have a systematic way of dividing the entropy 
of a closed system into contributions from higher and 
higher order correlations. In thermal equilibrium all 
$n Vanish for n> 2, and we may generally expect higher 
order ¢’s to be small even when equilibrium is dis- 
turbed; so Wy~Ww{2}, or the entire distribution is 
largely determined by the pair distribution function. 
The proof that Wy{mn} is unique is rather simple. 
Let W’ and W”, with entropies S’, S” (S’<S”) be 
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two maximum entropy ensembles consistent with a 
given w,. Now consider the combined ensemble 
W (A) =(1—-A)W’+AW” which also has the same w,. 
First we readily prove that S(A) >(1—A) S’+AS”, so 
that dS/dA> (S’’— S’) >0. But since W’ is a maximum 
entropy ensemble, 0S/0A=0 and so S’=S’’. Now 
consider S(A) again, with S’=.S’’. Since S(A) > S’= 
(1—A) S’+AS’ and 0S/d\=0 we deduce that 
0?S/d>0; but the second derivative is equal to 


(N) 
-r/w1/ (W’—W")?W’-do 


and is negative unless W’=W”. Hence W is uniquely 
fixed by wn. 

We thank Professor Mayer for sending us his forth- 
coming paper,' with independent but similar versions 
of some of these proofs. 

* Junior Fellow, Society of Fellows, Harvard University. 


+ Harkness Fellow of the Commonwealth Fund, 1959-61. 
1 J. E. Mayer, J. Chem. Phys. 33, 1484 (1960) ; 34, 0000 (1961). 
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Second Virial Coefficient of Boron 
Trifluoride* 


C. J. G. Raw 


Department of Chemistry, Saint Louis University, 
St. Louis, Missourt 


(Received December 5, 1960) 


HE second virial coefficients of mixtures of boron 

trifluoride and nitrogen have been determined! 
at 30°C, but no data on the temperature dependence 
of the second virial coefficient of pure boron trifluoride 
seems to have been reported in the literature. In this 
note, a study of the temperature dependence is pre- 
sented to supplement the existing investigations?” 
of intermolecular forces in boron trifluoride. 

The apparatus used in this series of measurements 
has been described previously.! The basic principle of 
the method was the accurate determination of the 
pressure when a given mass of the gas was compressed 
or expanded through several stages at a constant 
temperature. The volume of each compression or 
expansion stage had been previously determined by a 
technique involving the weighing of mercury. The boron 
trifluoride used in these experiments was drawn from a 
cylinder supplied by the Matheson Company, and was 
purified by vacuum distillation in the usual way. 
Measurements were made at temperatures in the range 
20°-70°C. These temperatures were held constant to 
+0.05°C, and were measured on a calibrated mercury 
thermometer. At each temperature, a series of six or 
seven successive determinations were made, and the 
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mean values of the resulting second virial coefficients 
B(T) are recorded in Table I, together with the average 
error for the series of measurements at each tempera- 
ture. 

Using the method of calculation based on the statisti- 
cal-mechanical theory of the equation of state outlined 
by Hirschfelder, Curtiss, and Bird,‘ we may evaluate 
the intermolecular potential parameters from the 
experimental results of Table I, assuming that the 


TABLE I. Second virial coefficients of boron trifluoride. 


T (°K) 
B(T) (cm?® mole 
\v error 


303.2 313.2 
—98.0 89.7 
6.1 3.4 


nonpolar pseudospherical boron trifluoride molecule 
has an intermolecular force field well represented by 
the Lennard-Jones model. According to this model, 
the potential energy of interaction of a pair of mole- 
cules separated by a distance r is $(r)=4eL (¢/r)?— 
(a/r)°), where ¢€ is the depth of the potential well and 
o is the separation when ¢=0. The two parameters 
are usually reported as e/k (in °K; k=Boltzmann’s 
constant) and o (in A). This model has already proved 
satisfactory in accounting for the viscosity of boron 
trifluoride.?* Potential parameters computed from the 
gas viscosity and from the polarizability by the method 
of Brandt,’ are compared in Table II with the values 
obtained using the second virial data reported in Table 
: 

From Table II, it is clear that the Lennard-Jones 
potential is a quite adequate representation of the 
molecular interactions in gaseous boron trifluoride. 


Tasre IT. Lennard-Jones (12, 6) potential parameters for 
boron trifluoride. 


Second virial 


coefficient Gas viscosity Polarizability 


70? 1788 


e/k (CK 178 1 
o (A) 4.38 4.272; 4.223 4.12 


1798 


This fact, together with the magnitude of the error 
involved in the experimental determination of B(T), 
shows that there is little point in the consideration of 
more complicated models for the interaction potential. 


* Part of this work was done while the author was at the Uni 
versity of Natal, South Africa. 

1G. L. Brooks and C, J. G. Raw, Trans. Faraday Soc. 54, 972 
(1958). 

2C. J. G. Raw, J. South African Chem. Inst. 7, 20 (1954). 

3 J. C. McCoubrey and N. M. Singh, Trans. Faraday Soc. 53, 
877 (1957). 

‘J. O. Hirschfelder, C. F. Curtiss, and R. B. Bird, Molecular 
Theory of Gases and Liquids (John Wiley & Sons, Inc., New 
York, 1954). 

5 W. Brandt, J. Chem. Phys. 24, 501 (1956). 
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Quantum Yield in 9,10-Dichloroanthracene* 
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HE fundamental question of how charge carriers 

are produced in organic crystais has not yet re- 
ceived a satisfactory explanation, mainly because it 
has not proved possible to locate and take measure- 
ments on a “‘conduction level.” In general the threshold 
of photoconduction in these crystals has been found to 
coincide with the band edge of a bound exciton state. 
On the other hand the apparent band-gap energy 
indicated by measurements of the thermal activation 
energy of semiconduction is ordinarily much smaller 
than the photoconduction threshold. However, this 
interpretation of the thermal activation energies may 
be questioned, since it is possible they would be largely 
dominated by effects arising from electrode barriers,' 
surface states,? or trapping and impurity centers.° 
In this connection the present observations of photo- 
current response peaks in single crystals of 9,10- 
dichloroanthracene at lower energies than the first 
exciton level are of considerable interest, and may 
ultimately lead to a characterization of the correspond- 
ing crystal levels. 

Reagent grade 9,10-dichloroanthracene was purified 
by chromatography through alumina and recrystalliza- 
tion from petroleum ether. Single-crystal samples were 
grown from chloroform solution or from the melt in a 
Bridgeman furnace. The surface photocurrent 7, was 
studied as a function of the incident light intensity L 
and the applied field strength E. In agreement with an 
earlier result,‘ 7, was proportional to L° and increased 
at a slightly faster rate than Z. A typical photocurve, 
representing the response of the crystal to an equal 
number (10!) of incident photons/second at all 
wavelengths (E=2.5 v/cm) is shown in Fig. 1(b); 
for purposes of comparison the crystal and solution 
absorption spectra are shown in Fig. 1 (a). All measure- 
ments were made on the well-developed (010) face 
in which the fast optical direction a was about 5° from 
the needle axis a and the medium optical direction 8 
was normal to a. The absorption band in spectral region 
I (>23 500 cm) marks the presence of the first 
bound exciton state. The photocurrent peaks coincide 
with the absorption peaks and in air or oxygen are 
very much increased over their vacuum value—a 
behavior quite analogous to that observed in anthra- 
cene.® The photocurrents in regions III (7><16 000 
cm™') and in the intermediate spectral region II have 
no counterpart in the anthracene photocurve and they 
occur with an increased quantum efficiency Q of at 
least one order of magnitude over that observed in 
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Fic. 1. (a) Absorption spectrum of 
9 ,10-dichloroanthracene (solution 
and monocrystal). Insert at left is an 
enlargement of the absorption edge. 
(b) Spectra! response of photocurrent 
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in 9, 10-dichloroanthracene monocrys 
tal corrected for equal number of in- 
cident photons. The photocurrent 
scale at the right applies to regions | 
and Il (y>18000 cm), while the 
scale at the left applies to region III 
vy <18 000 cm™). Full curves corre 
spond to incident light polarized 
along the § direction of the crystal, 
dotted curves along the a direction. 
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region I; Q is defined as being the number of electrons 
produced in the external measuring circuit when E= 
v/cm for each absorbed photon. On account of the 
ambiguity in estimating the number of absorbed pho- 
tons per second in a spectral region having no absorp- 
tion maxima corresponding to the observed photo- 
current peaks, only a lower limit can be found for Q in 
region II. Values of the molecular extinction coefficient 
« were chosen from the smooth curve [see inset, Fig. 
1(a) |, which is evidently the tail of the absorption 
system at 4170 A; at 5300 A ¢€ was 0.1, the error of 
measurement. Thus Q has the value 10-° electron 
cm/photon v at the photocurve peaks in region I 
(under vacuum conditions), while in region II it has 
the value 10~’ electron cm/photon v. The photocur- 
rents in region III were not generated by stray light 
within the double monochromator since the uncorrected 
photoconductivity response curve reproduced, in wave- 
length and intensity, the strong emission lines near 8300, 
8900, and 9900 A of an Osram XBO-1001 high-pressure 
xenon light source.® 





Some observed differences in behavior of 7, in spec- 
tral regions I and II (e.g., observed rise times and the 
effect of oxygen) may be explained on the basis of the 
different distribution of charge in the sample resulting 
from different depths of light penetration. In region 
III, i, rose to a maximum value in about 20 sec and 
then slowly decreased. The original curve was re- 
traced only if the crystal was irradiated with light in 
regions I and II. Thus, the process of free carrier pro- 
duction in 9,10-dichloroanthracene is to be associated 
with the spectral regions I and I]—presumably the 
energy absorbed into the bound exciton state in region 
I degrades into a “conduction level” in region Il. The 
currents in region III are thought to be generated by 
the release of trapped charge in the crystal bulk. The 
nature of such traps, having an apparent vertical 
depth of about 1.2 ev, remains obscure. Since the 
phenomena of conductance and fluorescence are ex- 
tremely sensitive to trace impurity, this work is being 
investigated further on samples obtained by zone 
refining, and other techniques, and on “doped” samples 
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in an effort to determine the role played by impurity 
molecules. 


* Contribution from the Division of Pure Chemistry, National 
Research Council. Issued as NRC No. 6215. 

7 National Research Council Post-doctorate Fellow 1957-59. 
Present address: William Ramsay and Ralph Forster Labora- 
tories, University College, London, England. 

1N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Clarendon Press, Oxford, England, 1940), p. 168. 

2 J. Bardeen, Phys. Rev. 71, 717 (1947). 

$F. J. Bryant, A. Bree, P. E. Fielding, and W. G. Schneider, 
Discussions Faraday Soc. 28, 48 (1959). 

4E. Boch, J. Ferguson, and W. G. Schneider, Can. J. Chem. 
36, 507 (1958). 

5L. E. Lyons, A. Bree, and G. C. Morris, Proceedings of the 
1957 Conference on Carbon (Pergamon Press, New York), p. 87. 

6 F. J. Bryant (unpublished result). 


Spectrum and Radius of OH 
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Department of Physical Chemistry, Hebrew University, 
Jerusalem, Israel 


Received June 7, 1960) 


LECTRON affinities! and ionic radii’ of anions in 

solution can be calculated from their absorption 
spectra. We now investigated the hydroxyl ion, the 
size of which in aqueous solution is not accurately 
known. The ionic radius of OH™ in crystals cannot be 
directly obtained from the investigation of the struc- 
ture of solid hydroxides’; effective radii of 1.32-1.84 A 
were obtained, depending on the cation. 

The absorption spectrum’ of OH,,~ was accurately 
determined at several temperatures, using a Hilger 
Uvispek spectrophotometer fitted with a special fused 
silica prism, and checked for absence of stray light 
effects to 188 my; Amax Was determined to an accuracy 
of 0.15 mu by the method of means.”** Solutions were 
prepared in the absence COQ, from A.R. KOH, triply 
distilled water saturated with No, diluted and trans- 
ferred to closed fused silica cells. Figure 1 shows the 
effect of temperature; d (imax )/d7T = 14.5 cm™ deg 

From the relations? 


hax = Ex— Lx +0.77e*, e* 1.58 ev 


(1) 


and 
K = —d (hvmax)/dT = (0.77€?/r¢?) (dro/dT), (2) 


using Eon=2.17 ev® and Lon=0.27 ev,’ the mean ionic 
cavity radius r96(OHsq~) at 30°C=1.78 A; dro/dT= 
0.52 10-* A deg. In these calculations the known 
equilibrium value of the electron affinity was used 
instead of the required vertical value; 79 is the equiva- 
lent radius of the (presumably nonspherical) cavity 
occupied by the ion. 

For Taq’, dro/dT =0.93X 10-* A deg. These results 
are consistent with Latimer’s assumption® of a linear 
correlation between ionic radii in solution and their 
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temperature coefficients. The radius r represents ** 
the cavity at the disposal of the ion at a certain temper- 
ature. The intensity distribution along the absorption 
band may be assumed to be due to different apparent 
ionic radii. For Jaq it was shown *» that K the temper- 
ature coefficient, decreases when passing from the band 
onset to shorter wavelengths. From the linear depen- 
dence between K and hy at constant T, jy(K=0) gave 
a value of effective radius about equal to the crystallog- 
raphic radius of /~. Similarly for OH-, in Fig. 2 dy 
vs K is plotted at the band onset (e=5), band half- 
width, and band maximum. Lines for different temper- 
atures yielded on extrapolation hy(K=0)=5.77 x 104 
cm. From Eq. (1), r=1.63 A, corresponding to the 
virtual limit for the shrinking of the ionic cavity. 

The oscillator strength of OHig, f=4.31 10° 
€maxAV; €max being ~2X10* we obtain f=0.04.° This 
value fits the correlation’ between ionic radius and 
oscillator strength for anions in solution, based on the 
investigation of the halide series. 

1 J. Jortner, G. Stein, and A. Treinin, J. Chem. Phys. 30, 1110 
(1959). 

2 (a) G. Stein and A. Treinin, Trans. Faraday Soc. 55, 1086 
(1959); (b) ibid. p. 1091. 


K cmt deg”! 
30} 


5.0 5,5 
V0 104m" 


Fic. 2. The temperature coefficient K as a function of v along 


the absorption band. Open circles: experimental values at 30°C. 
Full circle: extrapolated value of »v for K=0. 
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Oxford University Press, New York, 1950), p. 415. 
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5G. Scheibe, Ber. deut. chem. Ges. 58, 586 (1925). 
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Transitions between Different Forms of Ice 
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Division of Pure Chemistry, National Research Council, 
Ottawa, Canada 


Received December 8, 1960 


NDER special conditions (deposition from the 

vapor onto a surface at low temperatures) ice 
can be prepared in forms other than the ordinary 
hexagonal crystal. One of these, a cubic crystalline 
form, has been studied by both electron'* and x-ray® 
diffraction techniques. A second form, which gives 
only diffuse diffraction halos, has been variously de- 
scribed 
[ts 
that it is best viewed as vitreous. The transitions from 


as vitreous, amorphous, or microcrystalline. 
transparent glassy appearance* suggests, however, 


one form to another have been examined by different 
methods including simple calorimetry,** but estimates 
of the transition temperatures vary (see Fig. 8 of the 
work cited in footnote 1). Also, it has been suggested’® 
that the formation of the cubic phase is sensitive to the 
nature of the substrate upon which the ice is deposited. 

Preparatory to an extensive calorimetric study of the 
ice system, we have investigated the transitions between 
the different forms of ice using x-ray diffraction and 
simple thermal analysis with the object of establishing 
their reproducibility. Although different apparatus 
was used for each set of experiments, the conditions of 
deposition of the ice were kept as similar as possible. 


The results show that vitreous ice transforms cleanly 
to cubic ice over the temperature range 140°-156°K 
with 


an energy release of approximately 12 cal/g. The 
cubic ice in turn transforms into hexagonal ice over a 
wider temperature range beginning at about 200°K. 
‘No release or absorption of energy was detected in the 
latter transition, but the method used would not have 
“seen” energies less than about 1.5 cal/g. 

The thermal analyses were carried out using an 
experimental arrangement similar to that of de Nordwall 
and Staveley.6 Water vapor was brought into the 
calorimeter (immersed in liquid nitrogen), 
which was a thin-walled copper cylinder, through a 
heated German silver tube. During the analysis the 


vessel 


vessel 


was heated by maintaining a constant tem- 


. 
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perature head between it and a surrounding thermal 
shield. When ice, which had been deposited, at a slow 
enough rate, was heated up, an exothermic change 
took place between 140° and 156°K. The shapes of 
the heating curves were much like those found by 
de Nordwall and Staveley (Fig. 2 of work cited in 
footnote 6). The energies were, however, somewhat 
higher. For rates of deposition less than 0.01 g/cm? hr, 
the resulting energies were reproducible and the average 
of six separate measurements was 12 cal/g with an 
average deviation of 2 cal/g. At deposition rates higher 
than this, the energy was smaller and in some cases not 
detectable. From this we conclude that at high deposi- 
tion rates the temperature of the deposit exceeded the 
transition temperature. 

For the x-ray measurements a simple low-tempera- 
ture vacuum camera was used, which could be attached 
to the goniometer head of a Norelco diffractometer 
equipped with a copper target. The camera was made 
from a brass cylinder and had two beryllium windows 
on its cylindrical side. The specimen holder was a 
lead-covered copper plate supported on a German 
silver tube. The plate was cooled by means of a copper 
rod which ran through the tube and into liquid nitrogen 
in a Dewar flask. Water vapor was brought in through a 
second tube with a funnel at its end directed at the 
specimen holder. After deposition of the water the 
camera was sealed off. With this arrangement the 
specimen holder was the coldest point in the camera. 
The temperature was measured with a copper-con- 
stantan thermocouple soldered to the holder. 

The two crystalline modifications were distinguished 
by means of the diffraction lines (220) and (311) for 
cubic ice and (11.0), (10.3), and (11.2) for hexagonal 
ice. As long as the temperature of the holder was kept 
below 135°K during the deposition (deposition rate 
less than 0.04 g/cm? hr), no distinct diffraction lines 
were apparent.’ When the deposit was warmed slowly 
(~0.5°/min), the characteristic lines of cubic ice 
appeared rather suddenly at about 150°K, and their 
intensities increased with time, reaching a maximum 
within a few minutes. With continued heating the 
deposit remained cubic until a temperature of about 
200°K was reached. At this point the (10.3) line of 
the hexagonal phase could just be distinguished. 
Its intensity increased slowly in the temperature region 
200° to 240°K. On several occasions deposits were 
cooled down again but there were no indications that 
the transformations reversed. 

We conclude from the foregoing results that the 
transitions in ice show sufficient reproduciblity and 
consistency to merit a more detailed study. It is also 
apparent that the temperature of deposition is the 
important parameter, which suggests that uncon- 
trolled variation of temperature may have been the 
cause of the different estimates of transition tempera- 
tures recorded previously. The agreement between the 
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x-ray and thermal analyses, which involved different 
substrates, indicates that the formation of vitreous or 
cubic ice by deposition from the vapor does not depend 
critically upon the structure or condition of the sub- 
strate. 

We should like to thank Dr. Z. S. Basinski for the 
loan of the x-ray diffractometer. 


Note added in proof. Since this note was submitted for 
publication, another paper describing x-ray measure- 
ments on the different forms of ice has appeared 
[L. G. Dowell and A. P. Rinfret, Nature 188, 1144 
(1960) }. The results contained therein differ somewhat 
from the results given here. In particular, Dowell and 
Rinfret find the transitions beginning at rather lower 
temperatures. While the general experimental arrange- 
ments were similar, our camera was used under vacuum 
and theirs with a small pressure of permanent gas in it. 
The resulting greater heat leak in their system could 
lead to an underestimate of the temperatures of the 
transitions, but it is difficult to make a quantitative 
assessment of the effect. 

* National Research Council Postdoctorate Fellow, NRC No 
6213. 

1M. Blackman and N. D. Lisgarten, Proc. Roy. Soc. (London) 
A239, 93 (1957). 
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3 F. V. Shallcross and G. B. Carpenter, J. Chem. Phys. 26, 782 
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Soc. 52, 1061 (1956). 

7 When deposited at temperatures above 135°K, the diffraction 
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Electron Spin Resonance Studies of Some 
Quinone Reactions* 
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(Received November 21, 1960) 


NUMBER of semiquinone radicals exhibit hyper- 

fine spectra which can be interpreted only by one 
assuming that the original quinone or hydroquinone 
has been altered chemically in the process of semi- 
quinone formation.!* In alcoholic solutions p-benzo- 
semiquinone is unstable; the original five-line spectrum 
decays in a matter of minutes, and a narrower, more 
complex signal is observed.? Gutowsky and co-workers! 
have interpreted several such spectra in terms of 
structures involving the coupling of two quinone mole- 
cules. Coupled products of type I and II were suggested 
for hydroquinone oxidation, while compounds of type 
III presumed to be formed on quinone reduction. 
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In order to explain the pattern and the breadth of 
the spectra in terms of coupled products they found it 
necessary to invoke fast transfer of the unpaired 
electron between both phenyl rings of the molecules. 
This would then reduce the ring proton splittings from 
about 2 gauss to 1 gauss. The possibility of simple 
alkoxyl attack on the ring was rejected by them because 
of the small over-all width of the spectrum. It was 
assumed that the ring proton splittings of alkoxyl 
substituted semiquinones would not be appreciably 
different from those of unsubstituted semiquinones. 
(Methyl-* and chlorosubstituents! do not appreciably 
reduce the ring proton splittings. ) 

In connection with an investigation of the reaction 
products of p-benzoquinone,> we have made some 
observations which prove that alkoxyl attack does 
occur in alcoholic solvents and we show that if a coupled 
product does form, spin exchange between the two 
halves is slow. 

Observations reported in this note were made either 
by autoxidation of hydroquinones or reduction of 
quinones with glucose. No qualitative differences were 
found for the two procedures, and the measured coupling 
constants agreed within experimental error. The concen- 
trations of quinone or hydroquinone were of the order 
of 0.01 to 0.03 M. Unless 10% aqueous NaOH is 
specified, the solvent was either methanol with sodium 
methylate or ethanol with sodium ethylate. The con- 
centration of sodium in these solutions was 0.2 to 0.7 
M. Methoxy-substituted compounds were observed in 
methanol, and ethoxy compounds in ethanol. The con- 
centration of radicals produced was of the order of 
10~ mole/liter. 

We have also observed the hfs of 2,5-diethoxysemi- 
quinone (IV) and 2,5-dimethoxysemiquinone (V).° 
The splitting constants for the various protons are 
listed in Table I. The spectra obtained from a solution 
of p-benzoquinone in ethanol or methanol (after 
disappearance of the original five-line spectrum) have 
exactly the same splittings and g-values as IV or V, 
respectively. The spectrum of IV is very similar to the 
spectra of several halogen substituted semiquinones in 
ethanol reported earlier.! The ring proton splittings of 
IV and V are about eight times smaller than in unsub- 
stituted benzosemiquinone. Therefore alkoxyl attack 
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Splitting constants 
Alkoxyl 


Parent compound Ring g value 





Hydroquinone 40 2.00483 
2.00454 
2.00456 


2.00445 


2,5-Dimethoxyhydroquinone .28 


2,5-Diethoxyhydroquinone 35 


0.92 0.45 0.1 


Dihydroquinone 


on halogen-substituted quinones cannot be rejected as 
Gutowsky and co-workers did because of the small line 
breadth of the ESR spectrum of the products. 

We have also prepared an authentic sample of III.’ 
In 10% NaOH solution, III exhibits a spectrum of eight 
lines of equal intensity. This spectrum is identical in all 
details with the spectra obtained from either hydro- 
quinone or quinone in 10% NaOH. The spectrum is 
very different from that obtained from a solution of 
hydroxyhydroquinone in 10% NaOH. The splittings 
and g values are listed in Table I. 

The simplest explanation of the spectrum of II] 
(provided it has not undergone further chemical 
reaction) is that spin exchange between the two halves 
of the molecule is slow, and that the eight lines originate 
from the three nonequivalent protons on one-half of 
the molecule. This is analogous to the situation existing 
in the bdis-triarylmethyl biradicals’ and in 4,4’-di- 
nitrodiphenylether negative ion’ and is not in accord 
with the conclusions of Gutowsky and co-workers. 

In alcoholic solution III exhibits hfs which indicate 
that alkoxyl attack has occurred. We have not as yet 
interpreted these results, but these spectra are entirely 
different from the spectra obtained from p-benzo- 
quinone in alcohol. 

In view of the identity of the ESR spectra of semi- 
quinone compounds of known structure with the spec- 
tra of secondary semiquinones formed by solvent attack 
or coupling, the structures of the latter group would 
appear to be established. 

Interpretations of spectra of a variety of secondary 
semiquinones will be published elsewhere. 

* This research was supported in part by the Air Force Office of 
Scientific Research, Aeromedical Section. 

j Present address: Radiation Physics Laboratory, 
Experimental Station, Wilmington, Delaware. 
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Dispersion of Lattice Waves in Copper 
S. K. Josu1 anp M. P. HEMKAR 

Physics Department, The University, Allahabad 2, Ll 
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’, P., India 


N a priori calculation of the lattice vibrational 
properties of metals presents great difficulties 
because of the presence of the conduction electrons. 
The initial attempts were restricted to the use of 
central forces alone.'~* Later a number of models** 
were advanced in which the electron gas was con- 
sidered and taken account of in various approximate 
ways. With the availability of the information on the 
dispersion relation [i.e., the relation »=y,(¢) between 
the frequency v, the wave vector g and the polarization 
s of a phonon ], through the experiments on both the 
diffuse scattering of x rays’ and the inelastic scatter- 
ing of neutrons by lattice vibrations,” it is possible 
to make a comparative study of the various theories. 
Horton and Schiff thought it premature to compare 
the dispersion curves deduced from Bhatia’s theory and 
the theory of Born and Begbie with those deduced 
from the diffuse x-ray scattering experiments of Jacob- 
sen! on copper, because the results of the x-ray method 
are vitiated by the serious errors due to Compton and 
multiphonon scattering. Recently Cribier et al. have 
plotted the dispersion curve for the longitudinal lattice 
waves propagating in [110] direction for copper from 
their experiments on slow neutron scattering, and it is 
not surprising that their results are not in agreement 
with the results of Jacobsen from x-ray measurements. 
As the slow neutron scattering method is more reliable, 
it is worthwhile to compare the dispersion relations 
deduced from the various theories with the neutron- 
scattering experiments. It is for these longitudinal 
vibrations studied by Cribier ef al. that the effect of 
electron gas becomes prominent and the applicability 
of the Born-von Karman theory is doubtful. 

The dispersion curves for copper for the longitudinal 
waves propagating in [110] direction for the various 
theories are plotted in Fig. 1 together with the experi- 
mental results by x-ray and neutron scattering methods. 
In the calculations after the theory of Bhatia and of 
de Launay the values of the elastic constants are taken 
from the measurements of Overton and Gaffney. 
The values refer to a temperature of 290°K and are 


Cu= 16.875 X 10" d/cm? 
C= 12.158 10" d/cm? 
Ca= 7.568X 104 d/cm?. 


For the calculation of the other two dispersion curves 
the force constants given by White” and by Jacobsen 
were used. The value of the density was taken as 8.95 
g/cm*® and the nearest-neighbor distance as 2.557 A. 
It is clear from the plot that the theory of Bhatia gives 
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Fic. 1, Dispersion curves for longitudinal waves propagating 
in [110] direction in copper for various theoretical models. 
Curves A and B represent the theories of Bhatia and de Launay, 
respectively. The curves C and D are computed from the force 
constants given by White and Jacobsen, respectively. The ex- 
perimental results of Cribier et al. from the neutron scattering are 
shown as circles and Jacobsen’s experimental results by the x-ray 
method are shown by crosses. 


much better agreement with the neutron scattering 
experiment, throughout the whole range of wave 
vectors, than the other theories. More detailed experi- 
mental investigations on dispersion relations in other 
directions with slow neutron scattering method are 
desirable for this and other noble and alkali metals to 
make a decisive comparison possible. 

The authors are deeply indebted to Professor K. 
Banerjee for his interest in the investigation. 
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Note Concerning Ruby Maser-Type 
Hamiltonians* 


Paut M. PARKER 


Department of Physics, Michigan State University, 
East Lansing, Michigan 


(Received December 14, 1960) 
— energy eigenvalues of the spin Hamiltonian! 
Ks=g)\8H.S:+¢:8(H,S:+H,S,) 
+D[S2-4S8(S+1)], (1) 


with spin quantum number S=3 has been the subject 
of a number of recent numerical calculations.?~* In this 
note we wish to point out that there exist simple 
relationships in closed form between the eigenvalues 
of Eq. (1) and the physical constants in Eq. (1). 

If 6 is the angle between H and the crystalline sym- 
metry axis, and ¢ is the azimuth of H, then 


HRs’ =Hs/2D= 2x cos6S.+y sind S, exp(—i¢) 
+ S_ exp(+io) ]+3[S2-35(S+1)], (2) 


where x=g\| BH/4D, y=g18H/4D, and 2D is the zero 
applied-field splitting of the two Kramers doublets, 
M,=+3, M.=+}. 

The matrix elements of Eq. (2) in the S*, S, diagonal 
representation are found with ease, and application 
of the method of energy moments’ to Eq. (2) yields 


WL+We+W2+We= 20x cos’@+20y? sin%+1, (3) 


(4) 


where the W,’s are the eigenvalues of Eq. (2). Of 
course W,+W.2+W3+W4=0 since the representation 
is traceless. 

If it is assumed that x=y, i.e., if gj;=gi, then Eqs. 
(3) and (4) become 


W+Wi+WH+WF= 12 (2x cos’O—y* sin’), 


Wit W2+W3+ We=20x°+1 ’ 
Wi+W+We+W '= 12x (3 cos?—1). 


(5) 


A spot check of eigenvalues cited by Stahl-Brada 
and Low? showed their numerical results to be in 
agreement with Eqs. (5) and (6). Users of the Stahl- 
Brada and Low energy tables should be aware that for 
all entries a decimal point should be placed after the 
third digit, although this is not stated explicitly. 

The relationships given in this note serve as a con- 
venient check on energy eigenvalues obtained from 
machine calculations. Also, if for given H and @ enough 
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transitions can be observed to infer all four W,’s, the 
relationships given will be of use in data analysis. 

* This investigation was supported in part by the Air Force 
Office of Scientific Research (ARDC) under contract. 
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Nuclear Magnetic Resonance Spectrum of 
the Triphenylcarbonium Ion* 


R. S. Berry,t R. DEHL, AND W. R. VAUGHAN 


Department of Chemistry, University of Michigan, 
Ann Arbor, Michigan 


(Received December 15, 1960) 


HE relative order of the chemical shifts in the ring 

spectrum of the triphenylcarbonium ion was esti- 
mated by Moodie, Connor, and Stewart! and measured 
by us? from appropriately deuterated species. The 
chemical shifts which we originally reported are essen- 
tially correct: Spara—ortho=0.525 ppm and dpara—meta 
0.355 ppm. However, the coupling constants were in 
error. We have reevaluated the latter by the method 
of total reproduction of the NMR spectrum, based on 
the complete solution of the secular equation for the 
system AB2C:. The calculations followed the general 
procedure used by Schneider, Bernstein, and Pople* 
for pyridine, an AB2X2 spectrum. Our spin wave func- 
tions and Hamiltonian matrix elements were identical 
to those used in the pyridine case, except for the in- 
clusion of a few additional off-diagonal matrix ele- 
ments, made necessary by the removal of the Y approx- 
imation for A B.Xo. 

Table I is a list of the additional nonvanishing 
matrix elements for ABC: in the spin wave notation 
of Schneider, Bernstein, and Pople.* 

The diagonalization of the submatrices of the com- 
plete Hamiltonian and the computation of line intensi- 
ties were performed on an IBM 704 computer for 
several sets of trial coupling constants, using the 
measured relative chemical shifts. Line intensities were 
calculated for each of the 110 transitions allowed by the 
selection rule AF,=-+1, where F, is the total z com- 
ponent of angular momentum of a given spin wave 
function. In order to approximate the general ap- 
pearance of an NMR spectrum, we drew a smooth 
curve through points which were evaluated by (1) 
plotting a Lorentz curve about each of the computed 
transition intensities, using a single value of 7» esti- 
mated from the experimental linewidths and, (2), 
adding up the contributions from all 110 curves at small 
regular intervals over the span of the spectrum. The 
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experimental 60-Mc spectrum of triphenylcarbonium is 
shown in Fig. 1(a), together with the calculated spec- 
trum [Fig. 1(b)] which was judged a best fit after 
several trial sets of parameters. 

The value used for 72 was 0.4 sec, and the chemical 
shifts in cps were as follows: Jom=8.2, Jom/=9.5, 
J mp=8.0, Jop=1.2, Imm=1.7, Joo=1.2. The primes 
are used to denote a proton on the opposite side of the 
ring; Jom’ is very small and could be negative, but the 
signs of the other J’s are all apparently positive, and 
correct within +0.5 cps. 

The relative chemical shifts of the ortho and meta 
protons are the reverse of those estimated by O’Reilly 
and Leftin,’ but their alternative assignments are in 
good agreement with ours. A complete spectral calcula- 
tion identical to that of Fig. 1(b), except for the reversal 
of the meta and ortho shifts, yields quite a different 
spectrum [ Fig. 1(c)_] which does not agree well with the 
observed one. Using these authors’ calculations for the 








(b) 


#——— 3. 2-ps —__-4 








be 3) 2cps 


lic. 1. (a) 60-Mc NMR spectrum of the triphenylcarbonium 
ion. (b) Calculated 60-Mc spectrum. (c) Calculated 60-Mc 
spectrum with ortho and meta chemical shifts reversed. 
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TaBLeE I. Off-diagonal matrix elements of the 4 B.C, Hamiltonian 
not included in the A B:X, approximation, 


Symmetric Antisymmetric *™ 


253) = (4sy | H | 65) (lay | H | 2ay) 
H \3s.4 = (3a, | H | 4a)) 
H | 3s_4) =4(Jomt+ Jom) = (la, | A | 2a.4) 


] a 


(la_y| H | 2a_4) 
3 ae A peor 


359) = (1s, | H | 4sy) 
H \ 6s4 
(lay, | H | 4a,) 
(2a, | H 
H | 5s; (la_y| H 
la_y | H 


a 
=}J B 


3s_4) =1/V2 J op 
4a;) 


3a_y ) 


4a -4) 
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ring-current contribution to the chemical shifts, we 
suggest that the discrepancy may be resolved by asum- 
ing the slightly larger value of 1.2 A for the effective 
van der Waals radius of hydrogen, which increases 
the average inclination angle of the benzene rings to 
about 30° from the horizontal. 

* Supported in part by a grant from the University of Michigan 
Cancer Research Institute. 
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Intrinsic Viscosity of Stiff Chains 
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HE intrinsic viscosity of a solution of partially 
coiled polymer molecules is being investigated by 
us using a procedure developed by Burgers! and ex- 
tended by Kirkwood and Riseman.’? The coiling of the 
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polymer molecules is described by the chain statistics of 
Hermans and Ullman.’ In this treatment, two param- 
eters are important, the length » and a quantity A which 
is large when the chain is tightly coiled and is small when 
the chain becomes straight. Specifically, if @ is the angle 
a tangent to the chain makes with an arbitrary axis, \ 
is one quarter of the average square change in @ per 
unit of chain (see p. 958 of the work cited in footnote 3). 

The formal treatment is similar to that of Kirkwood 
and Riseman, the solution of the problem depending 
on an inhomogeneous integral equation of the Fredholm 
type. The result may be written 


[n | = (NV ‘100M one ) [ ( (Ro:-e, ){ F;- e, ) al 
a 
= (¢N 1200 M omrd*) F (An ), ( la ) 


’ (R x°@,) (Fy, e,) ) ay = (— Ce 6) (Rox: Ro, Ay 


= (©/6rm) | ( (Rex: e, ) (F,-e, av (1/ Ris ads, (1b) 
0 


where [7] is the intrinsic viscosity; mo is the solvent 
viscosity; ¢ is the friction constant per unit length; 
e is the shear gradient of flow; Mo is the molecular 
weight per unit length; Ro, and Ro; are vectors from 
the mass to positions & and / units distance along the 
chain; F; is the force exerted on the solvent by an ele- 
ment of the chain at /; e, and e, are unit vectors in the 
x and y direction. 

The (Rox* Roz) is easy to calculate, but (1/Rx a, the 
kernel of the integral equation, is not. In our treatment 
it is approximated by the formula 


ch Ri )w=(1 Rie w PG(A 1—s ) (2) 
(Ris? w= \l—s |/A— (1/20) [1— exp(— 2a |/—s |) ] 


where G varies from 1.00 to 1.38 as the particle changes 
from a rod to a coil form. 

It is easy to show that if \ is allowed to approach 
zero, Eq. (1a) assumes the form obtained previously 
for the rodlike molecule,‘* and as \ becomes large, the 
solution is essentially similar to the result obtained for 
the random coil.* 

From Eq. (1a), one can recognize that the intrinsic 
viscosity may be considered as a product of two func- 
tions, one of which depends on X the stiffness parameter 
and the other on the product of the stiffness parameter 
and chain length. Multiplying by n? in the numerator 
and denominator, the intrinsic viscosity may also be 
expressed as a product of m? and a function of the stiff- 
ness parameter times chain length. 

The Fredholm equation [Eq. (1b) ] which applies 
to the stiff chain model cannot be solved in terms of 
known functions as could the problems of the works 
cited in footnotes 2, 4, and 5. Instead, numerical compu- 
tations are being used to obtain a solution. A serious 
difficulty is encountered because of the mathematical 
singularity in the kernel of the integral equation. 
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The kernel (1/Rjs)s must necessarily approach 
1/ |l—s| as 1 approaches s. If this is substituted in Eq. 
(1b), no solution exists. The procedure adopted by us 
is the introduction of a cutoff in the kernel as was done 
earlier.4° That is, 1/|/—s| is replaced by zero for 
|I—s|<K, where K is a somewhat arbitrary selected 
constant. This is justifiable on physical grounds because 
of the finite thickness of the polymer chain. The effect 
of this procedure on the results of the calculation is not 
yet known. 
1J. M. Burgers, Second 
North-Holland Publishing 
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TARTING from the Debye equation of state for 
solids, it was shown! by Griineisen that the linear 


TABLE I. Coefficient of linear expansion of metals. (All data refer to room temperature.) 
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thermal expansion coefficient, 


(1) 


where x, V, and C, are, respectively, compressibility, 
volume, and specific heat at constant volume, and 
Griineisen constant y=—d lnv/d InV. 

On introducing a force constant f associated with 
the eigenfrequency v, one obtains 


a= (x6o/3V )y, 


a=— (1/18) (xC./Nero?) (1/f ) (df/dr) pro; (2) 
where 7 is the nearest-neighbor distance and c is the 
packing factor, such that V = Ncr*. The force constant 
f and its first derivative are given by 


f= (1/N) (d?l l dr’), TO 


df/dr= (1/N) (@U/dr*), 

Expressions (3) and (4) can be easily evaluated if 
the energy of the crystal U is known as a function of r. 
In case of metals, the problem of calculating the effec- 
tive potential energy from first principles is an ex- 
tremely difficult one. However, there have been at- 
tempts?* to use certain phenomenological potentials 
to represent and predict some of the metallic properties. 
Slater has suggested the use of the Morse potential 
function to approximate the internal energy of a metal, 

U= Eo{ exp[—2e(r—ro) ]—2 exp[—e(r—ro) ]}; (5) 
E represents the latent heat of vaporization and € is a 
potential parameter that can be evaluated from the 
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® Calculated from Debye formula given in American Institute of Physics Handbook (McGraw-Hill Book Company, Inc., New York, 1957), p. 4-44. 


> See footnote a, p. 2-48. 


© See Kittel,! p. 99. 


d W. B. Pearson, A Handbook of Lattice Spacings and Structures of Metals and Alloys (Pergamon Press, New York, 1958), p. 123. 





LETTERS TO 
measured values of compressibility by 
1/x= (1/9Nero) (PU /dr*) par5= 2 Ey/9Nero. (6) 
On combining Eqs. (2)-(6), one obtains for the 
coefficient of linear expansion of metals 
a= (C,/2) (x/2Nc Eon’). (7) 


Now, for the bcc structures, c=4/3v3 and the axial 
length a=2ro/V3; therefore, 


a= (C,/2) (x/N Eqa*)!. (8a) 


In the case of the fcc structures, c=1/V2 and a= 
V2ro; consequently, 


a= (C,/2) (2x/N Eoa®)!. (8b) 


The calculated values of a from relations (8a) and 
(8b) along with their experimental values are presented 
in Table I. The agreement is remarkably good consider- 
ing the limitations of the theory, viz., (i) use of Debye 
equation of state, and (ii) use of the Morse potential 
function to approximate the internal energy of a cubic 
metal. 


'C. Kittel, Introduction to Solid-State Physics (John Wiley & 
Sons, Inc., New York, 1956), p. 154. 

2 L. A. Garifalco and V. G. Weizer, Phys. Rev. 114, 687 (1959). 
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Heat Capacity of Antiferromagnetic 
CuCl.-2H.O in the Spin Wave Region* 
R. G, PETERSEN 
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Berkeley, California 
AND 
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Department of Chemistry and Lawrence Radiation Laboratory, 
University of California, Berkeley, California 


PIN wave theory predicts a 7* temperature de- 

pendence for the magnetic heat capacity of an 
isotropic antiferromagnet. The presence of anisotropy 
modifies this result to give an exponential temperature 
dependence at temperatures that is small compared with 
the geometric mean of the exchange and anisotropy en- 
ergies.! CuCl,» 2H,O was chosen as an example in which 
to look for these effects because the anisotropy field 
and the 7° lattice heat capacity are both known. We 
have so far been unable to obtain a single crystal large 
enough for the measurement but report here some 
preliminary results obtained with a compressed poly- 
crystalline sample. The relatively long thermal equilib- 
rium times encountered in this sample may have intro- 
duced systematic errors below 0.3°K. Temperature 
measurements were based on an extrapolation of the 
susceptibility of copper potassium sulfate from above 
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Fic. 1. The total heat capacity C of CuCh-2H,O. Higher 
temperature points show a positive deviation from the straight 
line and are omitted in this plot. 


1°K according to a Curie-Weiss law. The experimental 
results are shown in Figs. 1 and 2. 

Nakamura? has shown that, in the long wavelength 
limit, the frequencies w;(k) of the spin wave modes in 
an orthorhombic antiferromagnet are related to their 
propagation vectors k by an expression of the form 


wi(k)222|F|S[bR+2a;} i=1,2, (1) 


in which b, z, J, and S are, respectively, a struc- 
ture factor, the number of nearest neighbors, the ex- 
change integral, and the spin. Here a; and a» are propor- 
tional to the antisotropy fields and can be deduced from 
the antiferromagnetic resonance frequencies or the 
critical fields for flipping of the spins. Eisele and Keffer! 
have shown that for CuCl,-2H2O, Eq. (1) gives, at tem- 
peratures small compared with T,(4.3°K), a magnetic 
heat capacity Cy which satisfies 

Cu/RT*= (2n?/3) (kp/2z\J\S)?Cu'(T, a, a2), (2) 
in which kz is Boltzmann’s constant and R is the molar 
gas constant. The Cy,’ is strongly temperature depend- 














08 10 Le 14 
T (°K) 


Fic. 2. The magnetic heat capacity Cy; of CuCh+2H,O. The 
indicated errors correspond to an estimated error of 2% in the 
total heat capacity. The points designated by squares are from 
the measurements of Friedberg (see the work cited in footnote 3). 
The solid curve represents the calculation of Eisele and Keffer 
(see the work cited in footnote 1). 
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ent at low temperatures but approaches unity for kT 2 
22|J|S(2a)!; Cu/RT* predicted by Eq. (2) is shown ee 
as the solid curve in Fig. 2; J/kg is taken as 5.4°K to on 
give order of magnitude agreement with the experimen- 
tal result. 

Below 0.55°K the total heat capacity can be re- 
solved into components varying as 7~? and T", as [yates 
shown in the figures. The lattice heat capacity® ac- Ww 
counts ror 7% of the 7* term leaving 2.25X10“°RT* 
for Cy and 5.25x10-° RT-? for nuclear alignment von 
effects. The latter part probably arises principally from \J ad 
the magnetic hyperfine interaction between the copper 
nuclei and the electron spins. Upper limits of 132 M¢ rie 
sec and 142 Mc/sec are thus established for the separa- 
tion of the levels of Cu® and Cu®, respectively. 


10°. s(i-xt?), el?/a 


100% Hg 











90:10 





The 7* temperature dependence for Cy is not in 
agreement with Eq. (2). Apart from the possibility of 
an unexpectedly large error in the 7~ term or of 


particle size effects, the discrepancy may arise from 





the phenomenological way in which anisotropy is 
treated in spin wave calculations. A similar situation 
exists with respect to the parallel susceptibility of 
MnF>. Griffel and Stout* have observed the 7? temper- 





ature dependence, predicted by spin wave theory for an 
isotropic antiferromagnet,’ at temperatures for which 





the anisotropy should have brought about a more rapid 
t a ation | s, 
temperature variation. 


— és | - Fic. 1. Intensity functions in electron units. Compositions are 
in part Dy auional science Foundation a 

irt by U.S. Atomic Energy Commission. 

J. A. Eisele and F. Keffer, Phys. Rev. 96, 929 (1954). 

. Nakamura, Progr. Theoret. Phys. (Kyoto) 7, 539 

. A. Friedberg, Physica 18, 714 (1952). 
4M. Griffel and J. W. Stout, J. Chem. Phys. 18, 1455 
5 R. Kubo, Phys. Rev. 87, 568 (1952). RADIAL DISTRIBUTION FUNCTIONS 
SYSTEM Hg-In 
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10°4 + 4wr2p, eA 


X-Ray Diffraction Study of Liquid 
Mercury-Indium Alloys* 


Younc Soo Kiu,t C. L. Stanprey,f{ R. F. Kru, Anp 100% Hg 

Gen T. CLayTon 

and Chemistry, University of Arkansa 

ryetteville, Arkansas 

ber 22, 1960) 

[ an attempt to detect independent distributions 
‘HZ in binary liquid metals, we have studied the mer- 
cury-indium system. In contrast to our study of lead- 
bismuth,! which was treated as monatomic, we expected 
that differences in radii and in atomic number would 
produce a splitting in the first peak of the radial distri- 
bution function, or at least a prominent shoulder on it. 
The expectation was unfulfilled, and this note is to 100% In 
report that the first maximum in each of the several H 


distribution functions is practically symmetrical and o> 








can be accounted for by assuming the same pair distri- Fic. 2. Distribution functions. Compositions are in atom 
bution exists over the entire composition range. percents. 
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70:30 











Fic. 3. Superposition of calculated and observed first maxima 
in distribution functions for binary melts. The mercury-mercury, 
mercury-indium, and indium-indium contributions to the calcu 
lated maximum are centered at 3.15, 3.22,and 3.30A, respectively. 


The liquids studied had mole fractions of 1.0, 0.9, 
0.7, 0.5, 0.3, and 0.0 in mercury. The temperatures were 
24°, 24°, 140°, and 175°; and the densities 

.76, 11.68, 10.28, 9.01, and 7.03 g/cm’, respec- 


Figures 1-3 show the intensity functions, the distri- 
bution functions, and the fit of the first maxima with a 
sum of calculated contributions. The intensity func- 
tions were modified by a sharpening factor before 
Fourier inversion, and the same sharpening factor was 
compensated for in calculating the peak contributions 
expected for mercury-mercury, mercury-indium, and 
indium-indium pairs.” 

The peaks in Fig. 3 are calculated on the assumption 
of a random superposition of these pairs, and are given 
by 


nN Cie T} zg ig (7) + 22H gXIn Tig In|? an? Pin in(r) |, 


where 7 (r) is the peak shape expected for the indicated 
atom pair and where a common number of nearest 
neighbors, n=7.8, is assumed. Each T(r) is centered 
at the sum of the appropriate atom radii. The close 
agreement between calculated and observed maxima 
indicates, within the limited resolution of the distribu- 
tion function, a random participation of atoms in a 
common distribution. This seems reasonable since the 
coordination numbers for pure mercury and pure 
indium are both about 8, and the distribution curves, 
as well as the intensities, are much the same except for 
scale. 


*The support of the U. S. Atomic Commission is 
gratefully acknowledged 

+ Taken in part from master’s thesis, University of Arkansas, 
1901. 

t Taken in part from master’s thesis, University of Arkansas, 
1959. 

1p, C, Sharrah, J. I. Petz, and R. F. Kruh, J. Chem. Phys. 32, 
241 (1960). Experimental methods are given here. 

2 J. Waser and V. Schomaker, Revs. Modern Phys. 25, 671 
(1953). 
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Decomposition: of Dimethyl Carbonate on 


Quartz* 


M. H. J. WIJNEN 
Radiation Research Laboratories, Mellon Institute, 
Pittsburgh, Pennsylvania 


(Received November 16, 1960) 


HILE studying the photolysis of dimethyl 

carbonate we observed that increasing amounts 
of dimethyl ether were produced with increasing 
temperatures. These results could not be reconciled 
with the formation of dimethyl ether through re- 
combination of methyl and methoxy radicals as ob- 
served in other studies.! The possibility of dimethyl 
ether formation by thermal decomposition of dimethyl 
carbonate was, therefore, investigated. Thermal de- 
composition experiments were carried out in a cylindri- 
cal quartz reaction vessel normally employed for photo- 
chemical investigations. Internal diameter of the cell 
was 4.8 cm, length 12 cm. 

Observed as reaction products were CO, CH;0CHs, 
and occasionally CH;OH. Methanol was observed 
only in experiments following previous admittance of 
air to the cell even though the cell had been evacuated 
for some time before the start of the experiment. The 
appearance of methanol coincided with an increased 
production of carbon dioxide. It seems, therefore, 
probable that methanol and in part carbon dioxide 
were formed by hydrolysis of dimethyl carbonate with 
traces of water left behind in the cell after evacuation 
of the air. 

Data obtained for the production of dimethyl ether 
at various temperatures, pressures, and contact times 
are given in Table I. 

The data obtained at 209° and at 232°C show clearly 
that a threefold change in initial pressure does not 
cause any variation in the rate of dimethyl ether 
production. The apparent zero order of this reaction 
indicates that even at the lowest pressure used in our 
investigation, the quartz surface is completely covered. 
It is also interesting to point out that the admittance 


Taste I. Thermal decomposition of dimethyl carbonate on quartz. 
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of small amounts of formaldehyde to the cell caused a 
considerable drop in the rate of dimethyl ether produc- 
tion. Only prolonged evacuation at 260°C restored the 
quartz surface to its original state. The data at 209°C 
also indicate that within the limits of our investigation 
no retardation by the reaction products is observed. 
It is thus possible to calculate the true activation energy 
for the production of dimethyl ether from the obtained 
data for the apparent rate constant. Such calculations 
give a value of 17+1 kcal for the thermal decomposi- 
tion of (CH;,0)2CO into CH;0CH3 and COs. 

It may be interesting to point out that a minimum 
Arrhenius factor may be calculated assuming that the 
cell surface is covered by a monlayer of ester and that 
the surface reaction is unimolecular. Accepting 20 A? 
as cross section of the ester molecule, such a calcula- 
tion yields an Arrhenius A factor of about 10° sec™". 

The decomposition of dimethyl carbonate into 
CH;0CH; and CO; is similar to the decomposition of 
formic acid into Hz and COs, where activation energies 
of 24 to 31 kcal have been obtained? depending on the 
nature of the surface. It should be pointed out that we 
have observed a similar reaction with diethyl carbonate 
which thermally decomposes on quartz to form diethyl] 
ether and carbon dioxide. In this case, however, an 
additional reaction was observed producing ethylene, 
ethanol, and carbon dioxide. 

The author wishes to express his sincere thanks to 
J. A. Guercione for carrying out the experiments de- 


scribed in this note. 

* This investigation was supported, in part, by the | 
Atomic Energy Commission. 

‘1M. H. J. Wijnen, J. Chem. Phys. 27, 710 (1957) ; 28, 271, 393 
1958). 

2C. N. Hinshelwood, Kinetics of Chemical Change 
University Press, New York, 1947), p. 218. 
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Site of Protonation in Methyl Formate* 


GIDEON FRAENKELT 


and Crellin Laboratories of Chemistry, California Institute of 


Technology, Pasadena, California 


Received December 19, 1960) 


HILE it is well known from structural studies! 

and thermochemical evidence? that esters undergo 
considerable resonance stabilization (1), there has been 
no measurement of the barrier to rotation about the 
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Cco—-Cor bond in esters and no experiment to deter- 
mine the basic site. 

Dipole measurement studies*® establish open-chain 
esters to assume the /rans configuration (I). The exis- 
tence of a rapid equilibrium between the two possible 
rotational isomers [reaction (1) ], has been suggested 
from ultrasonic relaxation*> measurements; 


(1) 
R’ 


Methyl formate is one of the few compounds in which 
NMR proton spin coupling across oxygen and two 
carbon atoms, 


HCOCH, 


is large enough to observe. The value is 1.25 cycles. 
This may be ascribed to the 25% double-bond char- 
acter of the central Cco—Oor bond in the molecule, 
see (I). On the other hand, in trimethylorthoformate 
which has only single bonds sp’ we have found that the 
CH, CH; proton coupling is less than 0.05 
cps. 

Empirically it is found that only in unsaturated 
molecules such as olefins, aromatic compounds, acety- 
lenes,® and amides,’ are long-range coupling constants, 
over more than three bonds, large enough to observe. 
Since the main contribution to the coupling constants 
comes from the Fermi contact interaction® and if the 
coupling is carried mainly by s electrons,’ as in aromatic 
molecules, increasing the s character of C—H bonds 
should result in larger coupling constants. This has 
been confirmed for B’—H coupling constants.® Hence 
for N,N-dimethylformamide,’ -methylformamide,’ 
and methyl formate, the formyl-methy] proton coupling 
constants owe their large values to the partial double 
bond character of the central Ceo—N or Ccoo—Oor 
bond in the molecule. 

It is possible to differentiate between the two modes 
of pronation of methhl formate (II) and (III), by 
examining the NMR spectra of this ester 


constant 


HO CH;* QO CH;+ 


7 


H H H 


dissolved in very strong acids: Protonation on’carbony] 
oxygen (II) would yield a spectrum very similar to 
thatof pure methyl formate. On the other hand, protona- 
tion on alcoxy oxygen (III), would cause free rotation, 
excluding the resonance contribution (IV), about the 
Cco—Oor* bond. Hence the formyl-methyl proton 
coupling constant would be too small to observe 
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(IV) 


by analogy to trimethylorthoformate. Thus for the 
case of slow proton exchange on alcoxy oxygen in (11) 
we expect the methyl resonance to consist of a doublet, 
separation 6 cps due to CH;, OH proton coupling. 
Fast proton exchange on alcoxy oxygen would yield a 
single sharp line for the methoxy protons. Similar 
arguments may be applied to locating the site in methyl 
formate most basic to boron trifluoride.!! 

The formyl-methyl proton coupling constants for 
methyl formate under different conditions are listed in 
Table I. 

Although methyl formate decarbonylates in 100% 
sulfuric acid it was possible to observe the Jcu.cu; 
before decomposition became evident. The methoxy 
proton resonance of a solution of methyl formate in 
100% sulfuric acid consists of a doublet, separation 
0.8 cps due to CH; of methyl formate, and a single peak 
0.133 ppm to higher field due to CH, in methyl sulfate. 
The latter peak increases in intensity with time while 
the doublet decreases. After about 30 min at 30° 
an equilibrium solution remains, 90% of the methyl 
formate having decomposed to methyl sulfate and 
formyl sulfate. The formyl proton resonance of pro- 
tonated methyl formate was not clearly resolved but 
is of the correct size to accommodate a 1,3,3,1 quartet, 
separation 0.8 cps. On the high-field side of this band 
is the sharper proton resonance assigned to CH in 
formyl sulfate; a line with an identical chemical shift 
to the latter appears in the NMR spectra of solutions of 
100% sulfuric acid containing only dissolved carbon 
monoxide. Similar results have been found for 100% 
D.SO, solutions of methyl formate. 

Newman showed from cryoscopic measurements that 
methyl p-nitrobenzoate was monoprotonated” in 100% 
sulfuric acid. This implies that methyl formate is also 
monoprotonated in this medium. According to the 


TABLE I. Jon, cn; in methyl formate under different conditions, 
29°, 60 Mc. 


Medium Concentration, Wo Jon, crs eps 


Pure methyl formate 

5M HB in glacial acetic acid 
70% HCIO, 

100% HeSO, 

100% DSO, 

Pure BF3-methy]! formate 
Me.SO, 

CCk 
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criteria outlined above, the results establish that methyl 
formate protonates chiefly on carbonyl oxygen. The 
same conclusion applies to the binding of boron tri- 
fluoride to methyl formate since the complex shows only 
the normal formyl-methyl proton coupling and no 
boron proton interactions. In all these species the 
methyl-formyl proton coupling constants are so similar 
that it may be assumed that the degree of double-bond 
character in the Cco—Oor bond is not appreciably 
altered compared to that of pure methyl formate in 
contrast to the results found for amides.’ 


* Supported in part by the U. S. Public Health Service. 

+ Present address: Chemistry Department, The Ohio State 
University, Columbus, Ohio. 

1R. F. Kurl, Jr., J. Chem. Phys. 30, 1529 (1959). 

2G. W. Wheland, Resonance in Organic Chemistry (John Wiley 
& Sons, New York, 1955), p. 99. 

3K. J. B. Marsden and L. E. Sutton, J. Chem. Soc. 1936, 1383. 

‘J. Karpovitch, J. Chem. Phys. 22, 1767 (1954). 

5D. Tabuchi, J. Chem. Phys. 28, 1014 (1958). 

6L. M. Jackman, Applications of NMR Spectroscopy 
mon Press, New York, 1959), p. 85. 

7A. Berger, A. Loewenstein, and S. Meiboom, J. Am. Chem. 
Soc. 81, 62 (1959); G. Fraenkel and C. Franconi, ibid. 82, 4478 
(1960). 

8M. Karplus and D. M. Anderson, J. Chem. Phys. 30, 6 (1959) ; 
M. Karplus, ibid. 30, 11 (1959). 

®H. McConnell, J. Chem. Phys. 30, 126 (1959); G. A. Williams 
and H. S. Gutowsky, ibid. 30, 717 (1959). 

10W. D. Phillips, M. C. Muller, and E. L. Muetterties, J. Am. 
Chem. Soc. 81, 4498 (1959). 

1M. Waloff and S. Sugden [J. Chem. Soc. 1932, 1492] de- 
scribe the preparation of the methyl formate-BF; adduct. 

2M. S. Newman, H. G. Kuivila, and A. B. Garrett, J. Am. 
Chem. Soc. 67, 704 (1945). 
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Molecular Structure of Diphenylethers 


Hrrosui Sumizv 
Faculty of Pharmaceutical Sciences, the University of Tokyo, 
Tokyo, Japan 
AND 
Suizuo FujiwARA AND YONEZO MorINo 


Department of Chemistry, Faculty of Science, the University of Tokyo, 
Bunkyo-ku, Tokyo, Japan 


(Received October 31, 1960 


HE conformation of diphenylether and its 0,0’- 

disubstituted derivatives has not yet been deter- 
mined. From the measurement of dipole moment, three 
different structures have been proposed. Smyth and 
Walls! proposed a structure in which the two benzene 
rings are perpendicular to the plane of the oxygen 
valence angle, 2=@=90° in Fig. 1, and the rings oscil- 
late at room temperature about this position. Sutton 
and Hampson? proposed a coplanar structure, at the 
suggestion of Pauling, which is stabilized by the reso- 
nance via the lone-pair orbital on the oxygen atom, 
6==0°. According to the suggestion of Morino, 
Higasi and Uyeo* proposed a structure of perpendicular 
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Fic. 1. The conformation of diphenylether. 


Ly pe 


VJ vhich the two rings are placed at nonequivalent 
positions, @=0° and @¢=90°. 

The NMR spectrum at 56.4 Mc of the methyl pro- 
tons of 2,2’-dimethyldiphenylether which is shown in 


Fig. 2 was observed by us at 25°C. The spectrum is 


composed of two lines of equal intensity separated by 
about 1.35+0.07 cps. Since the magnitude of the spin- 


spin Ce 


uuplings between the methyl protons and the 
ring protons is negligible, the appearance of the doublet 
suggests that the two methyl groups are placed at 
nonequivalent positions in the molecule, being 
stricted with respect 


re- 
to the rotation about the C—O 
bonds. This fact is consistent with the conclusion ob- 
tained from the infrared spectrum‘ of this compound 
and from the x-ray analysis! of 2,2’-diiododiphenyl- 
ether. By the nonequivalence of the two rings, the 
structures of Smyth and Walls (the Symth model 
and of Sutton and Hampson 


the Pauling model) are 


to be abandoned. 


1.35 cps 


The NMR spectrum of methyl protons of 2,2’-di- 
enylether. 
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The NMR spectrum of diphenylether was also 
observed, in a mixture (1:1 in volume ratio) with 
carbontetrachloride. The spectrum is composed of a 
number of lines split by the chemical shifts and spin- 
spin couplings between the ring protons, the range of 
the splitting being about 30 cps, about the same magni- 
tude as that of phenol. Assuming the values for the 
bond lengths and the valence angle, C—C=1.39 A, 
C—O=1.40 A, C—H=1.08 A, and ZCOC=120°, 
one can estimate the magnitude of the magnetic shield- 
ing by the neighboring ring current® at each proton of 
diphenylether. The values of the chemical shift between 
the most and the least shielded protons are (a) the 
Smyth model: 15 cps (—0.25~0.0 ppm), (b) the 
Pauling model: 60 cps (—1.10~—0.06), and (c) the 
Morino model: 85 cps (—0.17~+1.30). The compari- 
son with the experimental data indicates that the 
Morino model does not also fit, since the magnitude of 
the expected shift for that model cited above® is far 
larger than the experimental. More extensive and 
detailed investigations on this subject are now being 
carried out by the authors, I. Yamaguchi, and N. 
Hayakawa; results will be reported in this Journal in 
the near future. 


1C. P. Smyth and W. S. Walls, J. Am. Chem. Soc. 54, 3230 

1932). 

2L. E. Sutton and G. C. Hampson, Trans. Faraday Soc. 31, 
945 (1935). 

3K. Higasi and S. Uyeo, Bull. Chem. Soc. Japan 14, 87 (1939). 

4H. Shimizu, M. Katayama, and Y. Morino, J. Chem. Phys 
to be published). 

5C. E. Johnson and F. A. 

1958). 

6 This value refers to the shift between chemically equivalent 
protons attached to the 2 and 5 carbon atoms in the same benzene 
ring. 
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Ground-State Wave Functions for Linear 
Molecules 


ENRICO CLEMENTI 
Laboratory of Molecular Structure: and Spectra, Department of 
Physics, University of Chicago, Chicago, Illinois 


(Received January 12, 1961 


SYSTEMATIC study of the wave functions for 

linear tri- and tetraatomic molecules is in progress 
at the University of Chicago. Here we report the 
LCAO-MO-SCF wave functions for the '2,*+ ground 
states of the molecules C3, N3~, NO.t, and HF;-. 
Slater-type AO’s (STO’s) are used as basis set. The 
STO orbital exponents used were the best free atom 
values! except for Cs, where best-limited LCAO? ¢ 
values for C. were adopted. 

McLean’s program’ for the Univac Scientific 1103 A 
was used in the computations. The coefficients of the 
STO’s and the orbital energies are given in Tables I 
and II for the occupied o, and o, MO’s. Table ITI 
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TABLE I. Coefficients and orbital energies for ¢, MO’s.* 





Molecule 





2p—2po 


2s (41) e (a.u. 


1s(M) 





.0124 
.0052 
.3256 
.6522 


. 0043 
.0123 
. 2871 
. 6670 


.0094 
.0028 
4139 
. 6400 


.0095 
.6563 
. 2898 


-0130 
“1108 
1228 


.0022 
. 7047 
.1018 
. 1309 


7051 
.0001 
.1196 

1288 


. 7049 
.1659 
.0545 


HF;- 


—0. 


—11.2576 
— 11.1845 
—1.0451 
—0.4738 


. 5324 
5.1689 
. 1266 
0.2662 


.3281 
.5455 
-2.0957 
. 2676 


0.0028 0.0180 —0.0083 
0.0019 —0.9958 —0.0306 
0.1626 . 1930 0.5492 
3779 .1018 0.5322 


. 9966 0.0182 
.0030 —0.0098 
. 1992 0.5992 
. 1026 0.4890 


.0004 —0.0056 
.9970 —0.0142 
1654 0.4868 
.1370 —0.6275 


.0037 
.1714 
.5163 


.0024 
.0047 
. 1469 
.3232 


.0028 
.0013 
aSie 


. 2889 
.0011 


.5756 
.9895 





® The coefficients in Tables I-III are for symmetry orbitals. The AO for the middle atom is indicated by (M). 


TABLE II. Coefficients and orbital energies for 7, MO’s.*® 








Molecule 2s—2s 





0.7049 
—0.1436 
—0.0910 


0.7048 0.0127 
—0.1394 0.3845 
—0.0934 0.5721 


0.7051 0.0103 
0.1441 —0.4896 
—0.0934 0.5311 


0.0111 
0.4737 
0.5128 


0.7051 0.0085 
0.1786 0.7310 
0.0004 -0.0027 


HF.~ 


® See footnote a in Table I. 


lists the orbital energies and STO coefficients for the 
occupied x, and m, MO’s. The z axis is chosen to point 
in the same direction for all three atoms. The inter- 
nuclear distances for neighboring atoms were taken 
as 1.28° 1.12:* 1.15,° and 1.13 A‘ for C,, Ns, NOs, 
and HF;-, respectively (these molecules have Da 
symmetry ). 


TABLE ITI. Coefficients and orbital energies for m, and 7, MO’s.® 





€ (a.u.) 


Molecule 2pa+2pr 2pr(M) 


MO 


—0.4012 


—0.3498 
0.0700 


—1.1904 
—0.8814 


0.0294 


C3 0.3813 


N;~ 0.3412 
0.7147 
0.4131 
0.7095 
HF,- 0.7059 
0. 7083 


0.6272 Ts 


0.7035 


0.6515 


® See footnote a in Table I. 


2pa+2po 


0.0036 0.0031 
0.1664 —0.4296 
—0.4522 0.3785 


0.4961 0.0065 
0.1243 —0.5403 
—0.4252 0.4527 


0.0035 0.0060 
0.1351 0.3892 
~—0.4284 0.5023 


0.0005 
0.0115 
0.7124 


—11.2575 
—0.8875 
—0.4316 


— 15.1690 
—0.8876 
—0.1790 


—21.3283 
—1.9582 
—1.1239 

— 25.5754 
—0.9264 
—0.1169 


The total energy in atomic units is —113.08754, 
—162.54219, —202.90110, and —198.28264 for Cs, 
N;-, NO,*, and HF;-, respectively. 

We are extending these calculations to Ci, C2Na, 
OCN-, and SCO. In addition, we are studying ways 
to improve our wave functions with an extended set. 
From preliminary results it appears that inclusion of 
valency and Coulombic polarization® (by including 
3dm and 3do STO’s in the basis set) is important. 


>. C. J. Roothaan, University of Chicago Tech. Rept. LMSS 
. J. Ransil, Revs. Modern Phys. 32, 245 (1960 
. D. McLean, J. Chem. Phys. 32, 1595 (1960). 
See K. S. Pitzer and E. Clementi, J. Am. Chem Soc 

4477 (1959), for references and ground state assignment 

5 J. F. Llewellyn and F. E. Whithmore, J. Chem. Soc. 15, 8 
(1947). 

6 E. Grison, K. Eriks, and J. L. de Fries, Acta Cryst. 3, 
(1950). 

7S. W. Peterson and H. A 
(1952). 

8It is my pleasure to thank Professor R. S. 
several stimulating discussions on this point. 


. Levy, J. Chem. Phys. 20, 704 
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Proton Magnetic Resonance Spectrum 
of Diketene 


DonaLp W. Moore 
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(Received January 9, 1961) 


IKETENE has been investigated by nuclear 
magnetic resonance’? and single crystal x-ray 
diffraction’ and is postulated to have the 3-buteno- 
8-lactone structure (Fig. 1), but high-resolution NMR 
spectra have not been reported. We have determined 
chemical shifts and spin-coupling constants for the 
40-Mc proton spectrum of vacuum-distilled diketene, 
and feel that these data further confirm the proposed 
structure, 
The spectrum shown in Fig. 2 was obtained using the 
pure liquid in a spinning 5-mm sample tube. The chemi- 
cal shifts are referred to tetramethylsilane as an internal 


ral Pi. —_ 
= “Aus Fiala 
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Hs 
Fic. 1. Diketene molecular structure, H, 
plane of the ring. 


and Hp are in the 


standard. Assignment of the H; and H: multiplets 
was based upon the observed spin-coupling between 
these protons and the ring CH»: group. These values 
agree surprisingly well with the values of 1.9 and 1.3 
cps given by Alexander‘ for the corresponding inter- 
actions in butene-1. The measured coupling values are: 
Jy2= 3.92+0.03 cps, =1.82, Jo3= 1.34. 
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Fic. 2. Forty-Mc NMR spectrum of diketene. Chemical shifts 
referred to tetramethylsilane. 


The small long-range interactions are as expected 
for alkyl-substituted ethylenic systems, but the geminal 
H.-H: coupling is comparatively large, usually being 
1-2 cps in ordinary compounds. This may be interpreted 
according to the theoretical predictions of Gutowsky, 
Karplus, and Grant® as arising from a decrease of the 
Hi—C—H, bond angle, which apparently reflects the 
bond strain of the adjacent ring carbon where the 
C—C—O angle is only 91°. 

The relatively small range of chemical shifts involved 
is as expected, the weak shielding of the ethylenic protons 
being almost equaled by the unshielding of the methyl- 
ene protons in the lactone ring. 
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